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Resumen

Esta tesis se centra en el estudio de fluidos confinados en sistemas con
geometŕıa plana (”slit pores”) y medios desordenados. Concretamente, este
trabajo está constituido por tres estudios en los que se tratan sistemas dife-
rentes. El primero de ellos se centra en el modelado y simulación de procesos
de adsorción de ciertas moléculas prueba en una serie de muestras de arcillas
con pilares intercalados [1, 2]. Las arcillas con pilares intercalados (pillared
interlayered clays, PILCs) son unos materiales microporosos con interesan-
tes propiedades adsorbentes y cataĺıticas, de ah́ı el gran interés tecnológico
que poseen, ya que pueden ser utilizadas en numerosos procesos industria-
les, como por ejemplo en métodos adsorción selectiva, almacenamiento de
gases y cracking cataĺıtico [3,4]. En esta tesis se han estudiado dos familias
de muestras sintetizadas a partir de las arcillas Wyoming y Porto Santo.
Dichas muestras fueron fabricadas y caracterizadas por los grupos experi-
mentales de adsorción del Instituto de Qúımica-F́ısica Rocasolano (CSIC),
grupo de espectroscoṕıa del Instituto de Estructura de la Materia (CSIC) y
del departamento de Qúımica y Bioqúımica de la Universidad de Lisboa.

El objetivo de este estudio de simulación es explicar los resultados de
los experimentos de adsorción, es decir, poder conseguir una interpretación
microscópica de las cantidades de adsorbato y densidades de empaqueta-
miento alcanzadas, entendiendo como influyen las propiedades estructurales
de las muestras y comprendiendo el papel que juegan los diferentes tipos de
interacciones en los procesos de adsorción. Para describir la estructura mi-
croporosa de las PILCs se ha utilizado un modelo simple formado por dos
paredes planas, ”slit pore”, y pilares con forma ciĺındrica distribuidos de for-
ma desordenada a lo largo del espacio interlaminar con sus ejes orientados
perpendicularmente a las paredes. Las distribuciones desordenadas de los
pilares dotan al sistema de unas caracteŕısticas especiales, por lo que previa-
mente a los cálculos de simulación se ha llevado a cabo un estudio geométrico
del modelo. Concretamente, con este estudio se ha podido determinar como
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RESUMEN

influyen ciertas propiedades estructurales de las PILCs, como la separación
interlaminar, el tipo de distribución de pilares, la densidad y el diámetro de
los pilares en el volumen accesible para las moléculas de adsorbato. También
se ha realizado un análisis de percolación y escalado de tamaño finito, par-
tiendo de sistemas con una densidad de pilares fija y una molécula prueba
determinada, para poder obtener el diámetro de pilar umbral que determina
la accesibilidad del fluido dentro de las cavidades microporosas. Este diáme-
tro de pilar umbral se define como el diámetro de pilar mı́nimo para el cual
el sistema resulta inaccesible.

Por otro lado, las simulaciones de adsorión se han llevado a cabo uti-
lizando métodos de Monte Carlo en la colectividad macrocanónica. Como
se dijo anteriormente, para poder explicar los resultados experimentales de
adsorción es necesario que las simulaciones, en la medida de lo posible, re-
produzcan estos resultados. A efectos prácticos, esto implica reproducir las
isotermas volumétricas y calorimétricas de adsorción. Para ello se han uti-
lizado los parámetros de los potenciales de interacción adsorbato-PILC y el
diámetro de pilar como variables ajustables. Concretamente, el diámetro de
pilar se utiliza para poder controlar el volumen accesible de los sistemas mi-
croporosos. Es decir, escogiendo los valores apropiados de diámetro de pilar
es posible reproducir los llenados experimentales.

En los cálculos de simulación se han considerado dos modelos de interac-
ción adsorbato-pilar diferentes. En uno de ellos se han utilizado únicamente
interacciones estéricas, mientras que en el otro modelo además de las repul-
siones estéricas se ha considerado interacciones atractivas. Para comprobar
en que grado el modelo de interacción adsorbato-pilar puede influir en el pro-
ceso de adsorción, se han realizado simulaciones de adsorción con tolueno.
Por medio de estos cálculos se ha demostrado que ambos modelos predicen
configuraciones moleculares marcadamente diferentes. Comparando los re-
sultados de ambos modelos con los datos experimentales y comprobando su
consistencia con los requerimientos geométricos del modelo, se llega a la con-
clusión de que el modelo que considera interacciones atractivas obtiene resul-
tados más satisfactorios. Con estos resultados se demuestra, además que las
interacciones atractivas adsorbato-pilar y las distancias interlaminares, que
coinciden aproximadamente con el tamaño de las moléculas aromáticas, son
las propiedades clave por las que la familia de muestras Wyoming obtienen
llenados y densidades de empaquetamiento tan elevados.

Para complementar el estudio anterior se han realizado otras simulacio-
nes de adsorción de tolueno, en este caso utilizando un modelo atomı́stico del
tolueno. El objetivo de estos cálculos fue obtener las funciones de correlación
para posteriormente poder compararlas con las obtenidas por medio de expe-
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rimentos de difracción de neutrones. En estas simulaciones también hemos
considerado los dos modelos de interacción adsorbato-pilar citados anterior-
mente, comprobando que ambos modelos proporcionan resultados aceptables
desde un punto de vista cualitativo. Desafortunadamente, debido a la sim-
plicidad de los modelos utilizados no es posible calcular de forma rigurosa la
contribuciones adsorbato-PILC de la función de correlación total y por ello
no es posible discriminar con certeza entre ellos.

La segunda parte de la tesis se centra en el estudio de suspensiones coloi-
dales repulsivas confinadas en ”slit pores” [5]. Se trata de un estudio teórico
basado en el formalismo de la teoŕıa del funcional de densidad (DFT) [6].
El modelo de interacción considerado entre part́ıculas coloidales es un mo-
delo efectivo de Derjaguin-Landau-Verwey-Overbeek (DLVO) [7, 8] comple-
mentado por un potencial de esferas duras. El funcional de enerǵıa libre de
estas suspensiones coloidales se construye a partir de una contribución de-
bida a las interacciones de esferas duras que obtenemos de la teoŕıa de las
medidas fundamentales [9] y la contribución a largas distancias debidas al
potencial DLVO. Esta última se ha obtenido utilizando dos tipos de apro-
ximaciones. Una de ellas es la aproximación de campo medio (MFA) [6] y
la otra una aproximación basada en un método perturbativo propuesto por
Rosenfeld [10] que utiliza además el primer orden de la ”mean spherical
approximation”(FMSA) [11]. Utilizando estas aproximaciones se han cal-
culado los perfiles de densidad y las presiones de solvatación de sistemas
con diferentes densidades y separaciones entre las paredes para posterior-
mente ser comparados con los resultados de simulaciones proporcionados
por S. Grandner et al. [12–16]. De estas comparaciones se extrae que ambas
aproximaciones proporcionan resultados satisfactorios a densidades bajas de
part́ıculas de coloide. Sin embargo, cuando se consideran densidades de par-
ticulas mayores, se puede apreciar una clara reducción de la precisión de los
resultados. Concretamente, FMSA proporciona en algunos casos resultados
erróneos a altas densidades, siendo capaz de describir correctamente los per-
files de densidad de sistemas cuyas presiones de solvatación están situadas
en las proximidades de los mı́nimos relativos (considerando la representación
de presión de solvatación frente a la distancia entre las paredes). En el caso
de la aproximación de campo medio, a medida que se consideran sistemas
con densidades de part́ıculas mayores, la precisión de sus resultados se de-
grada a un ritmo mayor que los de FMSA, hasta el punto de que a altas
densidades gran parte de sus resultados son erróneos.

En la última parte de este estudio se ha estudiado el impacto de la
existencia de paredes cargadas en la estructura de la suspensión coloidal.
El estudio se ha centrado en el análisis del comportamiento oscilatorio de
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la presión de solvatación en el limite asintótico. Y con ello se ha podido
comprobar que la longitud de onda de dicho comportamiento oscilatorio no
es alterada por los efectos de las cargas de las paredes. También se ha podido
constatar una vez más que FMSA obtiene resultados más satisfactorios que
la aproximación de campo medio.

La última parte de la tesis esta dedicada al estudio de fluidos de esferas
duras adsorbidos en sistemas compuestos por matrices porosas desordenadas.
En este estudio se han utilizado también aproximaciones basados en la teoŕıa
del funcional de densidad, concretamente aproximaciones desarrolladas por
Schmidt dentro del formalismo de la teroŕıa de las medidas fundamentales
para el tratamiento de sistemas porosos desordenados [17]. En primer lugar
se han estudiado fluidos de esferas duras adsorbidos en sistemas formados
por ”slit pores” en cuyo interior se encuentran matrices porosas desordena-
das. En este caso se han considerado sistemas porosos con matrices desor-
denadas construidas con esferas duras y otros con esferas interpenetrables.
Este tipo de sistemas es diferente al que comunmente se trata en estudios
teóricos que emplean teoŕıas de ecuaciones integrales porque la matrices des-
ordenadas presentan una distribución no uniforme debido a la presencia de
las paredes. Para poder verificar la validez de los resultados obtenidos con
las aproximaciones teóricas se han llevado a cabo simulaciones de Monte
Carlo y con ellas se ha demostrado que las aproximaciones teóricas poseen
una gran exactitud cuando se tratan sistemas con bajas e intermedias den-
sidades de part́ıculas de fluido y de matriz. Mientras que a altas densidades
existe un claro desacuerdo entre los resultados de simulación y los teóri-
cos, sin embargo, aun aśı son aceptables desde un punto de vista cualitativo.
Con este estudio demostramos que las aproximaciones teóricas desarroladas
por M. Schmidt [17] poseen un gran potencial en especial para ser utilizadas
en estudios teóricos de sistemas porosos desordenados con distribuciones no
uniformes.

Finalmente, la última parte se centra en el estudio de fluidos de esferas
duras adsorbidos en matrices uniformes de esferas duras. En este caso se
han considerado matrices formadas por part́ıculas con tamaños diferentes a
los de las part́ıculas de fluido. El objetivo de este estudio es conocer como
influye dicha matriz en la estructura del fluido adsorbido. Para ello se han
calculado las funciones de correlación del fluido utilizando la aproximación
de ”test particle limit” [18]. La mayor parte de trabajos que han estudiado
esta clase de sistemas y que podemos encontrar en la bibliograf́ıa [19–21] se
han centrado en el estudio de las funciones de correlación de los fluidos en el
rango de distancias cortas. A diferencia de estos trabajos, en el presente es-
tudio nos hemos centrado en el análisis de las funciones de correlación en el
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dominio de las distacias intermedias, donde es apreciable su comportamien-
to oscilatorio. Hemos podido comprobar que, a bajas densidades de fluido y
en los sistemas que poseen matrices compuestas por part́ıculas de tamaños
mayores que las de fluido, la función de correlación del adsorbato presenta
una longitud de onda determinada por el tamaño de las part́ıculas de la ma-
triz. Y a medida que se aumenta la densidad del fluido, las oscilaciones de
la función de correlación del fluido experimentan un acortamiento hasta que
finalmente se obtiene un comportamiento oscilatorio cuya longitud de onda
viene dada por el tamaño de las part́ıculas de fluido. Se ha demostrado que,
al igual que en las mezclas de esferas duras totalmente equilibradas [22,23],
los fluidos de esferas duras adsorbidos en matrices desordenadas compues-
tos por esferas duras también presentan un cambio estructural (”structural
crossover”).
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Chapter 1:

Introduction

The theory of classical fluids has provided valuable means for under-
standing the microscopic structure and thermodynamics of gases and liq-
uids. These systems are characterized by the absence of translational order
at long distance but at the same time they can have high order at short
distances. The term ”classical fluid” refers to those systems whose micro-
scopical and thermodynamic properties can be appropriately explained by
means of classical statistical mechanics, that is, any quantum mechanics ef-
fect can be neglected. This thesis is focused on the study of inhomogeneous
classical fluids. Such systems are characterized by the fact that their par-
ticles are exposed to external fields or the presence of interfaces between
coexisting phases. As a consequence of these disruptive agents, the average
density of particles is spatially varying, in contrast with the homogeneous
fluids whose average density is constant. In Nature the occurrence of stable
homogeneous systems without the influence of external fields is the excep-
tion rather than the rule, indeed in technological applications the systems
are generally exposed to external fields. Some representative examples of in-
homogeneous fluids are the confined fluids, which are largely represented by
fluids adsorbed in porous materials. This type of systems has been the focus
of an intensive research for the last decades due to their promising indus-
trial applications, e.g. in catalysis, separation and storing processes [4, 24].
There is a long list of porous materials with different pore structures, for
example one can find slit-shaped pores in some activated carbons [25] and
clays [3], cylindrical-like pores in zeolites [26] and carbon buckytubes [27]
and disordered porous structure in many silica and alumina oxides [28] that
are formed from colloidal suspensions by aggregation.

Besides their technological interest, inhomogeneous fluids have a great
importance from a theoretical point of view because they exhibit a very
rich phenomenology caused by the competition between the interparticle
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interactions and the external fields. Normally, the study of these systems
can be tackled within the density functional theory formalism or by means of
computer simulations, and even nowadays important questions in confining
geometries and additional external fields are still open.

The particular focus on this thesis concerns fluids confined in slit-like
systems and disordered porous media. This thesis is divided in three parts
corresponding to studies of three different systems. The first part is cen-
tered on modeling and simulation of molecular adsorption processes in pil-
lared interlayered clays (PILC). One can find in the literature a number of
theoretical and simulation works dedicated to the study of adsorption pro-
cesses in these materials. Namely, some of these works have used molecular
dynamics simulations to study the diffusion of adsorbates inside the pillared
clays [29–32]. Other simulation works [33–37] have employed Monte Carlo
methods to investigate the influence of structural features, such as the in-
terlayer distance, or the diameter and shape of the pillar on the adsorption
isotherms. There are also works that have used theoretical approaches, it
is worth mentioning in this context the works of Pizio et al., in which they
resort to integral equation [38] and density functional theories [39, 40] to
study the phase behavior of Lennard-Jones fluids in pillared slit-like pores.
More recently Lomba and Weis [41] have studied by means of simulation and
replica Ornstein-Zernike approach a simpler situation in which the interlayer
distance is short enough to treat the system as a bidimensional problem.
There is another study of Olivier and Occelli [42], in this case they consider
a cylindrical model and resort to hybrid density functional that uses exper-
imental adsorption data. As a novelty, in this thesis we present a detailed
simulation study of a set of PILC samples in order to characterize their
porous structure. Various structural and interaction models are proposed
and tested by means of both geometric and percolation analyses in combi-
nation with grand canonical Monte Carlo simulations in order to model the
volumetric and microcalorimetric adsorption isotherms. On the basis of this
analysis, we propose a series of structural models that aim at accounting
for the adsorption experimental behavior, and make possible a microscopic
interpretation of the role played by different interactions and steric effects
in the adsorption processes in pillared clays. On the other hand, we also
carried out toluene adsorption simulations for one of the samples to compare
their results to neutron scattering experiment data.

The second part of the thesis is devoted to the study of repulsive colloidal
suspensions confined in slit pores, using density functional theory. Most of
the density functional theory works involving colloidal suspensions are fo-
cused on hard-sphere like interactions between the colloidal particles, with
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special emphasis on the Asakura-Oosawa, additive and non-additive hard
sphere mixtures [43–46]. However, these interaction models are only appli-
cable to very simple systems whose components have similar sizes. There
are also previous works that consider more complex interparticle interac-
tions including soft interactions, but they are focused on potentials with
attractive interactions at intermediate distances, as typically represented by
the Lennard-Jones potential. In the work presented here we consider an
effective potential with a repulsive tail to describe the interaction between
the colloidal particles. The structure of their density profiles and solvation
pressures are analyzed employing classical density functional theory. The
free energy functional describing the colloidal suspension consists of a hard
sphere contribution obtained from fundamental measure theory [9] and a
long range contribution which is treated using two approaches. One of them
is the mean field approximation [6] and the remaining is based on Rosenfeld’s
perturbative method [10] for constructing the Helmholtz energy functional.
These theoretical calculations were carried out at different bulk densities
and wall separations to compare to simulations results. This allow us to
systematically test the theoretical approximations. Moreover, we have also
considered systems with charged walls and we have studied the impact of
these in the structure of the colloidal suspension.

In the remaining part of the thesis we study the adsorption of fluids in
disordered porous systems similarly to the pillared clay study addressed in
the first part of the thesis, nevertheless in this case we use some of the func-
tional theory techniques employed to study the colloidal suspensions (second
part of the thesis). Specifically, this work is focused on the study of hard
sphere fluids adsorbed in systems consisting of disordered porous matrices.
Quenched-annealed mixtures have been proved to be very useful models to
describe disordered porous systems such as gels [47], pillared clays [41] and
other porous materials [48, 49]. Actually, these quenched-annealed mod-
els have been extensively studied employing computer simulations [50–52]
and integral equation theories [19,53–55]. All these works consider systems
whose disordered matrices have uniform distributions, however in the work
presented here we pay special attention to systems with nonuniform disor-
dered matrices, namely we deal with disordered matrix exposed to confining
walls. Although there are previous works considering inhomogeneous situa-
tions of quenched-annealed mixtures [56,57] that use integral equation the-
ories, this type of techniques are more suitable to describe uniform systems.
In this thesis we carry out a theoretical study based on the fundamental mea-
sure theory approach developed by M. Schmidt to study quenched-annealed
mixtures [17]. We have studied a broad range of fluid and matrix densities
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at different wall separations and compare these results to data from simula-
tions in order to verify the validity of the theoretical approach. Moreover,
using this same approach we have calculated the correlation distribution of
hard sphere fluids adsorbed in uniform matrices [18]. The aim of this study
is to ascertain the effect of the disordered matrix on the structure of the
adsorbed fluid. To do this, we focus on the oscillatory behavior of the fluid
correlation function at intermediate distances.

The present thesis proceed as follows: in chapter 2 we provide the back-
ground theory that the studies of the thesis are built upon. This chapter
is a general introduction to the statistical physics with special focus on the
techniques employed in the thesis, i.e. Monte Carlo simulations and den-
sity functional theory. Chapter 3 is devoted to the modeling and simulation
of adsorption processes in PILCs. In Chapter 4 we show the theoretical
work carried out with confined repulsive colloidal suspensions. Chapter 5
is devoted to the theoretical study of hard sphere fluids adsorbed in porous
systems made up of disordered matrices. Finally, the final remarks of the
works presented in the thesis are shown in Chapter 6. We have included sev-
eral appendices where we show in detail some issues related to the studies
discussed.
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Chapter 2:

Principles of statistical
physics and thermodynamics

This chapter is devoted to a brief summary of classical statistical me-
chanics where we shall introduce some of the fundamental principles and
techniques used to address the study of inhomogeneous fluids. Namely, we
will revise some important concepts of the statistical mechanics such as the
statistical ensembles and the distribution functions in Subsecs. 2.2 and 2.3,
respectively. Subsequently, in Subsec. 2.4 we will consider the fluid struc-
ture in terms of the distributions functions and in Subsec. 2.5 we will pay
special attention to the thermodynamics and statistical physics of confined
fluids inside slit-like systems. Finally, the last sections are focused on show-
ing the statistical mechanics methods employed in this thesis: Monte Carlo
simulations [Subsec. 2.6] and density functional theory [Subsec. 2.7].

2.1. Statistical mechanics

According to classical mechanics [58], the mechanical state of a particle
without internal degrees of freedom in a D-dimensional space at a fixed time
(t) is defined by the D coordinates and their corresponding conjugate mo-
menta. If we regard an isolate macroscopic system consisting of N identical
particles, the dynamical state of the system at a given time is completely
determined by the cartesian position coordinates rN = {r1, ..., rN} and mo-
menta pN = {p1, ...,pN} of the particles. A fixed set of values of these
variables defines a point in a 2DN−dimensional space called phase-space.
The fundamental function that contains all the information related to the
dynamic properties of the system is the Hamiltonian function HN (rN ,pN )
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defined as

HN (rN ,pN ) =

N∑
i=1

|pi|2

2mi
+ UT (rN ), (2.1)

where mi is the mass of the particle labeled with the subscript i and UT (rN )
is the total potential energy given by

UT (rN ) = UN (rN ) + Uext(r
N ). (2.2)

In Eq. 2.2, the term UN (rN ) is the interparticle interaction potential energy
and Uext(r

N ) is the potential energy due to external fields. As a consequence
of the temporal evolution, the system state traces a trajectory in the phase-
space (phase trajectory) which is determined by the Hamilton’s equations
[58]

ṙi =
∂HN
∂pi

, (2.3)

ṗi = −∂HN
∂ri

, (2.4)

for i = 1, ..., N . These differential equations should be solved together by
considering 2DN initial conditions of the coordinates and momenta, nev-
ertheless an analytic solution of such equations entails an unapproachable
problem.

Statistical mechanics provides suitable approaches to study many par-
ticle systems such as molecular gases, liquid crystals, colloids, etc. From
thermodynamics we know that all these systems possess certain macro-
scopic properties, which characterize their equilibrium states. One of the
more important achievements of the statistical mechanics is its capability to
explain the macroscopical properties in terms of microscopic descriptions.
Specifically, statistical mechanics states that these macroscopic properties
are temporal averages of certain microscopic variables. The principle of the
statistical mechanics that treats this issue is the so called ergodic hypothesis
and asserts that the system state covers all accessible points of the phase-
space during the measure time [59]. Therefore, this principle establishes a
relation of equivalence between temporal averages and averages of a proba-
bility density function f0 defined by the corresponding statistical ensemble.

Let us consider an equilibrium system with N particles and a macro-
scopic variableA which is the mean value of a dynamical function a(rN ,pN ; t)
over a Gibbs ensemble [59] with a density distribution f0. According to the
aforementioned ergodic hypothesis, it is fulfilled that

A =< a(r,p; t) >time=< a(r,p; t) >f0 , (2.5)
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In Eq. 2.5, < ... >time is the temporal average and < ... >f0 is the ensem-
ble average. The probability density function f0 employed in the ensemble
average fulfills the normalization condition written as∫

drN
∫

dpN f0(rN ,pN ) = 1, (2.6)

where f0 is integrated over the total accessible domain of the phase-space.
The Hamiltonian shown in Eq. 2.1 is a clear example of dynamic function
and hence we can calculate its ensemble average as follows

< H >f0=

∫
drN

∫
dpN H(rN ,pN ) f0(rN ,pN ). (2.7)

The ensemble average of the Hamiltonian [Eq. 2.7] is the total energy of the
system < H >f0= U , which can be identified with the internal energy of the
classical thermodynamics. The definition of the density probability function
depends on the the ensemble employed to describe the system. The next
section is devoted to the statistical ensembles.

2.2. Statistical ensembles

Statistical ensembles are idealizations consisting of microstate collections
associated to a macrostate characterized by a set of macroscopic properties,
such as temperature, pressure and volume. Statistical ensembles can be in-
terpreted as collections of points in the phase space which are distributed
according to a probability density f0. These probability density functions are
determined by the Hamiltonian and a certain set of macroscopic parameters
of the system. Some examples of statistical ensembles are the microcanoni-
cal, canonical, isothermal-isobaric, grand canonical ensembles. We will pay
special attention to the canonical and grand canonical ensembles since these
have been employed in the studies presented in this thesis.

2.2.1. Canonical ensemble

The canonical ensemble [6] is a collection of systems characterized by
the same values of the number of particles N , volume V and temperature
T . The equilibrium probability density of identical and spheric particles is
given by the Boltzmann factor

f
[N ]
0 (rN ,pN ) =

1

h3NN !

exp(−βHN (rN ,pN ))

QN
, (2.8)
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In Eq. 2.8, HN (rN ,pN ) is the Hamiltonian defined in Eq. 2.1 and the
normalization factor QN is the canonical partition function:

QN =
1

h3NN !

∫∫
exp(−βHN (rN ,pN ))dpNdrN , (2.9)

where h is the Planck constant used to ensure the dimensionless of the
expression. The factor N ! assures the right enumeration of microstates, β
is a factor defined as β = 1/kBT and kB is the Boltzmann constant. We
consider a Hamiltonian [Eq. 2.7] that can be separated into the kinetic and
the potential contributions: HN (qN ,pN ) = KN (pN ) + UN (rN ) + Uext(r

N ),
in such a way that the integrals of the momenta variables can be calculated
separately resulting

QN =
1

Λ3NN !

∫
drN exp(−βUN (rN )− βUext(rN )), (2.10)

where Λ is the thermal wavelength defined as

Λ =

√
h2

2πmkBT
. (2.11)

If the system is homogeneous, then Uext(r
N ) = 0. The canonical partition

function can be expressed in a more compact way

QN =
1

N !

ZN
Λ3N

, (2.12)

with the configurational integral ZN defined as

ZN =

∫
drN exp(−βUN (rN )). (2.13)

Note that ZN contains only contributions pertaining to the interactions be-
tween the particles. The suitable thermodynamic potential to treat systems
that can exchange heat but not particles at fixed temperature and volume
is the Helmholtz free energy:

F = U − TS, (2.14)

where S is the entropy and U is the internal energy of the system. The
Helmholtz free energy F is a function of the temperature T , volume V and
N . The link between the thermodynamics and the statistical mechanics of
the system is given by the expression

F = −kBT ln(QN ). (2.15)
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The rest of thermodynamic functions can be determined by deriving respect
to its natural variables [60],

p = −
(
∂F

∂V

)
T,N

, (2.16)

µ =

(
∂F

∂N

)
T,V

, (2.17)

S = −
(
∂F

∂T

)
V,N

, (2.18)

U =

(
∂(F/T )

∂(1/T )

)
V,N

. (2.19)

Substituting the compact expression of the partition function [Eq. 2.12] in
Eq. 2.15, one obtains the Helmholtz free energy. The resulting free energy
expression can be separated into the ideal and the excess contributions:

F = F id + F ex, (2.20)

where the ideal part F id is given by

F id = kBTN(ln Λ3ρ− 1), (2.21)

and the excess part is

F ex = −kBT ln
ZN
V N

. (2.22)

This excess part contains the contributions due to the interparticle interac-
tions.

2.2.2. Grand canonical ensemble

The collection of microstates that belong to a system with fixed tempera-
ture T , volume V and chemical potential µ is called gran canonical ensemble.
Besides the possibility of exchange energy, a system described by this en-
semble can exchange particles with its surroundings. These surroundings
are usually referred to as bulk, so system and bulk are in thermodynamic
equilibrium through exchanges of heat and particles. The grand canonical
probability density is defined as

f0(rN ;N) =
exp(−β UN (rN )− β Uext(rN ) +Nβµ)

Ξ
, (2.23)
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where Ξ is the grand canonical partition function whose expression reads

Ξ =
∞∑
N=0

1

h3NN !

∫
drN

∫
dpN exp(−β(HN (rN ,pN )− µN)) =

∞∑
N=0

exp(Nβµ)

Λ3NN !

∫
drN exp(−βUN (rN )− β Uext(rN )). (2.24)

Analogous to the canonical ensemble, if the system is homogeneous, then
Uext(r

N ) = constant. It is possible to write the grand partition function in
a more compact form taking the configurational integral ZN [Eq. 2.13]:

Ξ =

∞∑
N=0

zN

N !
ZN , (2.25)

with the activity z defined as z = exp(βµ)/Λ3. We mentioned that the
relevant thermodynamic variables of the system are µ, T and V , thus the
suitable thermodynamic potential to study this type of systems is the grand
potential Ω, which can be defined in terms of the Helmholtz free energy

Ω = F −Nµ. (2.26)

The link between the thermodynamics and the statistical physics is estab-
lished through the relation

Ω = −kBT ln Ξ. (2.27)

And the rest of thermodynamic functions are obtained from partial deriva-
tives of Ω [60]:

S = −
(
∂Ω

∂T

)
µ,V

, (2.28)

N = −
(
∂Ω

∂µ

)
T,V

, (2.29)

p = −
(
∂Ω

∂V

)
T,µ

. (2.30)

Taking the equations 2.8 and 2.23, one can relate the equilibrium grand
canonical and canonical distribution densities [61] through the expression

1

h3NN !
f0(rN ,pN ;N) = ℘(N)f

[N ]
0 (rN ,pN ), (2.31)
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where ℘(N) is a weighting factor that provides the probability that the
system contains N particles. Therefore, the grand canonical average can be
expressed as weighted sum of ensemble averages, i.e.

A =< a(r,p; t) >µ=
∑
N

℘(N) < a(r,p; t) >
f
[N]
0

, (2.32)

where A is a macroscopical property of the system and as previously men-
tioned a(r,p; t) is a dynamical function. < ... >µ is the grand canonical
average for a fixed chemical potential and < ... >

f
[N ]
0

is the canonical en-

semble for a fixed number of particles. The chemical potential can also be
expressed in terms of canonical averages as we will see in Subsec. 2.6.5
devoted to the Widom method.

2.3. Distribution functions

In the previous section we have shown the corresponding expressions of
the probability density functions of canonical and grand canonical ensembles
[Eqs. 2.8 and 2.23]. We have also seen that the separable structure of the
Hamiltonian into kinetic and potential parts lets us integrate the kinetic part
independently to finally reduce the partition functions or ensemble averages
to expressions that depend only on the coordinates of the particles, i.e. the
so-called reduced phase-space.

We can be interested in the study of a certain subset of the system with
size n (n < N), hence it is useful to introduce the definition of the generic
n-particle probability density function ρ(n)(rn) [8]:

ρ(n)(rn) =
N !

(N − n)!

∫
f0(rN ) drN−n (2.33)

In Eq. 2.33, the equilibrium probability density f0(rN ) is integrated over the
coordinates of the remaining particles (N − n). The function ρ(n)(rn) can
be interpreted as N !/(N − n)! times the probability of finding the subset of
n particles with coordinates in the element of hypervolume drn, regardless
of the positions of the remaining (N − n) particles.

In fact, the calculation of the potential energy is a clear example in
which emerges the structure of the fluid in terms of its n-particle probability
density functions [Eq. 2.33]. Before applying the ensemble average to the
total potential energy of the system, one can express this as an expansion
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of the different interaction terms,

UT (rN ) =
N∑
i

u1(ri) +
1

2!

N∑
i 6=j

u2(ri, rj) +
1

3!

N∑
i 6=j 6=k

u3(ri, rj , rk) + ..., (2.34)

where the first term of the sum is the one-particle potential which corre-
sponds to the external potential (Uext(r

N ) =
∑N

i uext(ri)). The rest of
terms correspond to potential interactions between two or more particles.
For instance, the second term u2(ri, rj) is the pair interaction potential and
the third u3(ri, rj , rk) corresponds to a three body interaction potential. If
we finally calculate the ensemble average of the expanded potential energy
(Eq. 2.34), then we obtain

< UT >=
1

N

N∑
i

∫
u1(ri)ρ

(1)(ri) dri +
1

2!N(N − 1)

N∑
i 6=j

∫∫
u2(ri, rj)ρ

(2)(ri, rj)dridrj +
1

3!N(N − 1)(N − 2)

N∑
i 6=j 6=k

∫∫∫
u3(ri, rj , rk)ρ

(3)(ri, rj , rk)dridrjdrk + ..., (2.35)

where ρ(1)(r) = ρ(r) is the single-particle density defined as ρ(r) =<
∑N

i=1 δ(r−
ri) >. The functions ρ(2) and ρ(3) are the 2-particle and 3-particle densities,
respectively. The n-order term of Eq. 2.35 contains the n-particle den-
sity whose expression was shown in Eq. 2.33. As aforementioned the first
term of the expansion correspond to the external potential which couples to
the single-particle density ρ(1). This external potential can be due to the
existence of external fields, e.g. electric, gravity fields, or the presence of
interface surfaces.

Most of the soft matter studies including the work presented in this thesis
assumes that fluids particles interact through pairwise additive forces. This
means that higher terms than the second order of Eq. 2.35 are neglected,
that is, only the one-particle and two-particle densities are considered.

2.4. Fluid structure

The particle densities functions [Eq. 2.33] treated in the previous section
provide a complete description of the structure of the fluid. The informa-
tion provided by the low-order equilibrium particle densities is often enough

12



2.4. FLUID STRUCTURE

to calculate any thermodynamic property of the system. This is the case
of systems whose particles interact through pairwise potentials, their struc-
ture and thermodynamic properties can be determined just resorting the
equilibrium 2-particles density function.

Instead of the particle densities functions, it is more common the use of
the particle distribution functions defined as

g(n)(rn) = ρ(n)(rn)/

n∏
i=1

ρ(ri). (2.36)

These distribution functions measure the extent to which the structure of
the fluid deviates from a system of non interacting particles (u2(r1, r2) = 0)
, which corresponds to the ideal gas. If the system is homogeneous then,
g(n)(rn) becomes translationally invariant and then ρ(r) = ρ is constant,
hence g(n)(rn) = ρ(n)(rn)/ρn.

Focusing on the two-particles distribution function g(2)(r1, r2), if the
system is isotropic and homogeneous, then g(2) is just a function of the dis-
tance between the particles r12 = |r2−r1|. In this case, the pair distribution
function is called radial distribution function (RDF),

g(2)(r12) =
ρ(2)(r12)

ρ2
. (2.37)

This function plays an important role in the study of fluids since can be
determined through neutron or X-ray diffraction experiments. From these
experimental techniques the static structure factor S(k) can be determined.
This is a function of the wavenumber k and is related to radial distribution
through the expression [8],

ρ g(2)(r) =
1

(2π)3

∫
exp(ik · r) [S(k)− 1] dk. (2.38)

Note that both functions g(2)(r) and S(k) are connected by the Fourier
transform. The static structure factor S(k) is computed from measures
of the cross-section as a function of the scattering angle. Generally, it is
preferable to use the so called total correlation function h(2)(r) = g(2)(r)−1
instead of the radial distribution, since the relation between S(k) and the
Fourier transform of the total correlation function, ĥ(2)(k), is direct, as we
can see

S(k) = 1 + ρĥ(2)(k). (2.39)

If the interaction potential of the system is pairwise additive, as previously
mentioned, then all the thermodynamic properties of the system can be
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determined as integrals of g(2)(r). For instance, the internal energy U/N
per particle and pressure p are given by the expressions [8]:

U/N =
3

2β
+ 2πρ

∫ ∞
0

u2(r)g(2)(r)r2dr, (2.40)

βp = ρ− 2π

3
βρ2

∫ ∞
0

du2

dr
g(2)(r)r3dr, (2.41)

where β = 1/kBT , V is the volume of the system and u2(r) is pairwise
potential.

A fundamental equation of the liquid theory is the Ornstein-Zernike (OZ)
equation [6, 8]:

h(2)(r, r′) = c(2)(r, r′) +

∫
c(2)(r, r′)ρ(r′′)h(2)(r′′, r′) dr′′. (2.42)

The OZ equation [Eq. 2.42] defines the direct correlation function c(2)(r, r′).
The OZ equation can be solved analytically in some cases e.g. systems with
hard sphere (HS) interactions [62,63], however if the system particles interact
through relatively complex potentials the OZ equation can be numerically
solved, i.e. recursively employing an auto-consistent procedure [8], in such
a way that the equation can be expressed as

h(2)(r1, r2) = c(2)(r1, r2) +

∫
c(2)(r1, r3)ρ(r3)c(2)(r3, r2) dr3 + ...+∫

c(2)(r1, r3)ρ(r3)c(2)(r3, r4)...c(2)(rn−1, rn)ρ(rn)c(2)(rn, r2)dr3...drn

(2.43)

From Eq. 2.43 one deduces that the total correlation function h(2)(r1, r2)
contains all the contribution due to the direct correlations and also the indi-
rect correlations propagated via increasingly large numbers of intermediate
particles. The OZ equation contains two unknown functions, h(2)(r) and
c(2)(r), thus the equation can only be solved if it is regarded an additional
relation for one of the correlation functions. Normally, it is used an ex-
pression that relates the total correlation function and the pair interaction
potential. This additional equation is called closure relation and it is possible
to construct different versions, depending on the approximations considered.
For example, some of the most common closure relations in liquid theory
are the Percus-Yevick (PY) [64] and the hypernetted-chain (HNC) [65, 66]
approximations. The former is suitable to be applied to systems whose par-
ticles interact via short-range potentials (e.g. hard sphere fluids) and the
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Figure 2.1: Sketch of slit pore system where the fluid particles are repre-
sented by black cirles.

HNC version is usually used in systems with long-range interparticle inter-
actions. All these methods developed to determine h(2)(r) and c(2)(r) by
means of the resolution of the OZ equation belong to the so-called integral
equation theories, which are valuable techniques for studying uniform fluids.

Another theoretical approach of the statistical physics is the density func-
tional theory. These methods are well-adapted for studying inhomogeneous
systems as we shall see in Sec. 2.7. Inhomogeneous fluids are characterized
by the rupture of the translational symmetry due to the existence of exter-
nal fields or interface surfaces. As consequence, the single-particle density
becomes a function which depends on the position ρ(r). In the following sub-
section [Subsec. 2.5] we will show an example of inhogeneous fluid confined
in slit pores.

2.5. Fluids confined in slit-like systems

A slit pore is made up of two flat parallel walls separated by a distance h,
as seen in Fig. 2.1. Normally, in order to avoid undesired effects caused by
the interfaces in the edges, infinity size is considered in the x and y directions.
The confining structures can be mathematically represented by a repulsive
potential function, that only depends on the coordinate perpendicular to
the walls:

uext(z) =

{
0 0 < z < h,

∞ otherwise.
(2.44)

According to Eq. 2.44 the fluid molecules are only allowed to stay in the
space between the walls whose separation is h. It is clear the simplicity of
the model, and this makes the implementation under computer simulations
[67,68] and theoretical approaches [69,70] very easy.
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Figure 2.2: Sketch of a system construction composed of two adsorbing walls
repelling with force Af .

We have seen that for a system whose particles interact through a pair
potential, all its thermodynamic properties can be deduced from the density
profile and the pair correlation function. We also explained that the pair
correlation functions are normally determined from diffraction experiments,
nevertheless, these are not the only experimental methods that can provide
information about the structure of a fluid. Along the following lines we
will show that the measure of a macroscopical property, such as pressure
can supply us with valuable information concerning the pair correlation
function. But, firstly, it is convenient to analyze the thermodynamics of
the system. The deduction presented here considers a one-component fluid
and a slit pore composed of two plates with finite surface area [see Fig.
2.2]. The total system consists of two fluids in contact: an inhomogeneous
fluid whose particles are adsorbed on the inner surface of the walls and
a homogeneous fluid commonly called bulk or reservoir. Both phases are
in thermodynamic equilibrium, exchanging energy and particles, thus the
equilibrium conditions [60] can be expressed as

µb = µs = µ, (2.45)

Tb = Ts = T, (2.46)

where µ and T are the chemical potential and the temperature, respectively.
We use the subscript s to refer to the inhomogeneous fluid quantities and
the subscript b to refer to those from the bulk.

In principle, the pressure is not an equilibrium condition as the chemical
potential and the temperature. That is because the pressure is defined dif-
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ferently in the bulk and the inhomogeneous phase. The pressure is constant
in the bulk, hence the pressure is correctly described by a scalar quantity.
However, pressure of the inhomogeneous fluid can depend on the direction
considered, thus the pressure is only appropriately described by a tensorial
quantity.

Although the pressure is not an equilibrium variable, it has a considerable
importance because it is a measurable macroscopic quantity. Specifically, we
are interested in the solvation pressure f , which is defined as the force per
unit of area between the walls. In order to deduce an expression that relates
the solvation pressure f to other properties of the system, we have chosen
a system construction as shown in Fig. 2.2. The walls have a surface area
A and are in equilibrium at a separation h by a force Af applied externally.
The solvation pressure is positive if the walls repel each other. Considering
the equilibrium conditions [Eqs. 2.45 and 2.46], the thermodynamics of
the system is properly described in terms of the grand potentials Ω [Eq.
2.26]. Thus, the differential grand potential of the inhomogeneous and bulk
systems are

dΩs = −ps dVs − Ss dT −Ns dµ+ 2γdA− (Af) dh, (2.47)

dΩb = −pb dVb − Sb dT −Nb dµ, (2.48)

where γ is the fluid-wall interfacial tension. In Eqs. 2.47 and 2.48, pb is the
bulk pressure and the pressure of the inhomogeneous system, ps could be
calculated using Eq. 2.30. Our main aim is the calculation of the solvation
pressure (f), therefore, we will only consider the perpendicular component
of ps, i.e. pzz. Thus, the solvation pressure is given by

f = − 1

A

(
∂Ωs

∂h

)
− pb = pzz − pb, (2.49)

where the quantity pzz differs from the bulk pressure p = pb(µ, T ), and only
in the limit h −→ ∞ it is fulfilled that pzz −→ pb. The intrinsic chemical
potential is defined as µin(r) = µ − uext(r), differentiating the partition
function by this quantity [71], one can obtains the functional relation

β
δΩ̃s

δµin(r)
= −ρ(r), (2.50)

where Ω̃s = Ωs/V . Note that Eq. 2.50 connects the thermodynamics and
the statistical physics of the system. If the fluid-wall potential depends only
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on the z-coordinate (coordinate perpendicular to the walls) as the potential
employed to define the walls of the slit pore [see Eq. 2.44]

uext(z) = uw(z) + uw(h− z), (2.51)

where uw is the potential due to a single wall, then ρ(r) inherits the same
symmetry and dependence. As consequence, the single-particle density is
only function of z, i.e. ρ(z), which is commonly called density profile. From
Eq. 2.50 we obtain the following expression for the normal pressure [69,72]

pzz = − 1

A

(
∂Ωs

∂h

)
µ,T,A

= −
∫ ∞
−∞

dz ρ(z)
∂uext(z)

∂h
. (2.52)

We notice that the normal pressure pzz has contributions from the wall-
fluid and fluid-fluid interactions. Considering the symmetry properties of
the external potential uext(z) = uext(h − z) and the density profile ρ(z) =
ρ(h− z), Eq. 2.52 can be rewritten as [72]

pzz = −
∫ ∞
−∞

dz ρ(z)
duw(z)

dz
. (2.53)

If there exist hard walls with infinitely repulsive potentials, the normal pres-
sure is given by [69]

βpzz = ρ(σ/2) + β

∫ h−σ/2

σ/2
dz ρ(z)

(
−duw(z)

dz

)
, (2.54)

where σ is the diameter of the fluid particle and ρ(σ/2) is the contact value
of the density profile. Note that the final expression [Eq. 2.54] connects a
macroscopic property, pzz, to the microscopic information contained in the
density profile ρ(z).

At sufficiently high densities the presence of the walls breaks the transla-
tional symmetry of the fluid and as consequence its particles arrange forming
parallel layers to the confining surfaces. This layering formation appears as
oscillations in the density profiles. We must bear in mind that the walls
must be considered as the initiators of this layering formation, since they
do not determine the layered structure completely. It is certain that in the
case of highly confined fluids, the layer formation is highly determined by
the wall potentials. However, in systems with large separations between the
walls the layer structure is determined by the interparticle interaction.

Beside the density profile, the representation of the solvation pressure as
function of the wall distance also shows the same oscillatory behavior. The
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density profile and the solvation pressure exhibit asymptotic exponentially
decay behavior at large wall separations (h � σ). Theoretical studies [22,
44, 73, 74] have proved that the exponentially oscillatory decay observed in
the solvation pressure and density profile are determined by the asymptotic
behavior of the total pair correlation function h(2)(r) of the bulk. This
is due to the fact that they share some characteristic parameters of the
oscillatory decay. The asymptotic behavior of h(2)(r) can be analytically
studied through the OZ equation [Eq. 2.42]. Taking the Fourier transform
of both sides of the OZ equation, the equation becomes into an algebraic
relation:

ĥ(2)(q) =
ĉ(2)(q)

1− ρĉ(2)(q)
. (2.55)

where ĥ(2)(q) and ĉ(2)(q) are the Fourier transforms of the total correla-
tion and the direct correlation functions. Of course, from the back Fourier
transform we can obtain the total correlation function again

h(2)(r) =
1

(4π)2i

∮
dqq exp(−i qr) ĉ(2)(q)

1− ρĉ(2)(q)
, (2.56)

The total correlation function in Eq. 2.56 is determined by the poles of the
integrand, that is, the n complex roots qn = α1 + iα0 of H(q) = 1−ρĉ(2)(q).
The simple pole qn fulfills G(qn) = ĉ(2)(qn) 6= 0 and H(qn) = 1−ρĉ(2)(qn) =
0. According to the residue theorem [75], from Eq. 2.56 one obtains

rh(2)(r) =
1

2π

∑
n

Res

[
G(q)

H(q)
; qn

]
. (2.57)

Then, the above expression [Eq. 2.57] reduces to

rh(2)(r) =
1

2π

∑
n

Rne
iqnr, (2.58)

where all the poles contribute to the total correlation function by means of
the coefficients Rn. If the pole is purely imaginary, then its contribution is
a pure exponential term. Whereas, if the pole is a complex number with
|α1| > 0, then its contribution is an exponential damped cosine. The be-
havior of h(2)(r) for small values of r get contributions from all the poles,
while in the asymptotic regime (r −→ ∞) the total correlation function is
determined by the pole with the slowest exponential decay, i.e., the pole
with the smallest imaginary part. This pole is called leading order pole.
For certain fluids which present liquid-gas or liquid-liquid (in the case of
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mixtures) phase separations, there is a well-defined crossover locus called
Fisher-Widom line [76], which separates fluids with monotonic and expo-
nentially damped oscillatory decay.

The total correlation function of a fluid with exponential oscillatory de-
cay at the asymptotic regime is given by the leading pole term qk = αk1 +iαk0 ,

rh(2)(r) ∼ A exp(−αk0r) cos(αk1r −Θ), r −→∞, (2.59)

where αk0 corresponds to the characteristic decay length and αrk to the wave-
length of the oscillations. A number of theoretical [13, 14, 44, 73] an experi-
mental [12] works have demonstrated that the parameters of the exponential
oscillatory decay ξb = 1/αk0 and λb = 2π/αk1 are determined by the bulk fluid
structure, whereas the amplitude A and the phase Θ depend on the external
fields. As aforementioned, this behavior can be found in other system prop-
erties, such as the density profiles and the solvation pressures. In the case
of inhomogeneous fluids, the density profile ρ(z) can be calculated through
DFT or integral equations methods [6], turning out that the density profile
has the same exponential oscillatory decay at sufficiently high densities

ρ(z) ∼ Aρ exp(−z/ξρ) cos

(
2π

λρ
z −Θρ

)
, z −→∞, (2.60)

where ξρ is the decay length, Aρ the amplitude, λρ the wavelength and Θρ

the phase. According to density functional theory studies [44,73], the decay
length and wavelength are given by the total correlation function (ξρ = ξb
and λρ = λb).

The solvation pressure inherits the same damped oscillatory decay at the
asymptotic regime (h −→∞) from the density profile as Eq. 2.54 shows:

pzz(h)− pbulk ∼ Ap exp(−h/ξp) cos

(
2π

λp
h−Θp

)
, h −→∞. (2.61)

In the same way, the characteristic decay length ξp and wavelength λp of the
solvation pressure are determined by the total correlation function (ξp = ξb
and λp = λb).

To sum up, we have shown that it is possible to obtain direct information
about the microscopic structure of a fluid by means of the measure of a
macroscopic property such as the solvation pressure f = pzz − pb.

2.6. Computer simulations

Monte Carlo (MC) and molecular dynamics (MD) simulations are very
extended methods to study fluids and many systems belonging to soft mat-

20



2.6. COMPUTER SIMULATIONS

ter. During the last decades the use of these techniques have experienced
an important rise due to the fast improvement of the computing capabili-
ties. The use of powerful computers have encouraged simulation studies of
more complex models, which require large amounts of calculation, either for
considering many particles or more complex interaction potentials.

2.6.1. Monte Carlo methods

MC techniques are specially designed methods for computing multidi-
mensional integrals through the use of stochastic sampling experiments [77].
Actually, the most representative examples of multidimensional integrals in
statistical mechanics can be found in the calculations of the ensemble aver-
ages, shown in Sec. 2.1.

MC methods can be classified into two groups, one of them is the group
of the static MC methods, which are characterized by the generation of
individual points in the hypervolume of the phase-space according to certain
distribution function. These methods are not suitable to study fluids because
the representative hypervolume of the phase space is normally small. The
remaining is the group of the dynamical MC methods also known as Markov
MC procedures. These methods generate sequences in a manner that the
successive configurations fulfill the requirements of the Markov chains. The
most characteristic feature of the Markov chains is the memoryless of the
process, i.e., the next state of the chain only depends on the current state.
The evolution of the probability density of states is carried out by means
of the Markov chains. Thus, certain system at step t can change to a set
of possible states, and the corresponding probabilities associated with these
states are given by the elements of a vector function q(t) = {qn(t)}. An
important requirement that fulfill this vector function is the normalization
condition

∑
n qn(t) = 1, and the elements qi ≥ 0. The Markov chain can be

expressed as

qn(t) =
∑
m

Dnm qm(t− 1), (2.62)

where qn(t) is the distribution function of probability that corresponds to the
step t of the chain, whereas qm(t− 1) is the distribution function associated
to the previous step t − 1. In Eq. 2.62, D = {Dnm} is a stochastic matrix
called transition matrix whose rows add to one

∑
mDnm = 1. From a

practical point of view, if we pretend to carry out MC simulations of a fluid
system, then we must construct a stochastic and ergodic transition matrix
to properly sample the phase space. For this purpose, the transition matrix
must fulfill the so called microscopic reversibility or detailed balance, which
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can be expressed as
qnDmn = qmDnm. (2.63)

This ensures the fulfillment of the steady-state condition:

lim
t→∞

Dt q(0) = q̃ (2.64)

There exists a limiting distribution q̃ = {q̃n} that is independent of the
initial distribution qm(0). Thus, once the limiting distribution is reached,
an additional transition does not change the distribution∑

m

Dnm q̃m = q̃n. (2.65)

Note that Eq. 2.65 is an eigenvalue equation. In accordance to the Perron-
Frobenius theorem [77], the stochastic matrix must have one left eigenvalue
which equals unity (λ = 1) and hence its corresponding eigenvector is the
limiting distribution of the sequence q̃. The rest of eigenvalues, which are
less than unity, only determine the rate of the convergence of the Markov
process.

The elements of the transition matrix are not defined in advance, however
the limiting distribution of the sequence is known since it is given by the
distribution function of the ensemble. There is a considerable freedom in
choosing the transition matrix but the most widely used method to simulate
fluids is the Metropolis algorithm [78]. This procedure essentially generates
Markov chains of configurations in the phase space in such a way that the
probability to obtain certain configuration is controlled by the ensemble
probability. For example, it is possible to get a new configuration through
the displacement of a fluid particle. Thus, we selected a particle randomly
and after that, it is displaced as follows

x′i = xi + ∆x,

y′i = yi + ∆y,

z′i = zi + ∆z,

(2.66)

where ∆x, ∆y and ∆z are uniform random displacements along each of the
coordinate directions. For instance, in the case of the x coordinates the
value of ∆x is randomly chosen from an interval [−∆xmax,∆xmax], where
∆xmax is a maximum displacement previously selected. As we mentioned,
the state of a system is determined by the space coordinates of the particles
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Xn and the transition probability to go from a system configuration Xn to
Xm is given by Dnm. This transition matrix can be decomposed into the
product of two probabilities αnm and Anm,

Dnm = αnmAnm, (Xn 6= Xm), (2.67)

The probability αnm shown in Eq. 2.67 is a probability that depends on
the method used to carry out the particle displacements, and Anm is the
acceptance probability. It is also important to consider the possibility that
the system remains in the same state, hence the transition probability reads
Pnn = 1 −

∑
n6=mDnm. Taking the steady-state condition from Eq. 2.64

and the expression from Eq. 2.67, we deduce

Anm
Amn

=
αmnq̃m
αnmq̃n

. (2.68)

We might define any acceptation criteria but the most commonly used was
proposed by Metropolis [78] and reads

A(n→ m) = min

[
1,
q̃mαmn
q̃nαnm

]
, (2.69)

where the distributions of probability q̃n and q̃m are represented by the
Boltzmann factor q̃ ∝ exp(−βUT (rN )). Thus, depending on the ensemble
considered and on the type of movements chosen to get new configurations,
the expression shown in Eq. 2.69 can take different representations.

Both, canonical Monte Carlo (CMC) and grand canonical Monte Carlo
(GCMC) simulations consider displacement moves to create new configura-
tions and their acceptance criterium is defined as

A(r → r′) = min
[
1, exp(−βUT (r′

N
) + βUT (rN ))

]
. (2.70)

We saw in Sec. 2.2 that the number of particles of a system described
by grand canonical ensemble is not constant since it is able to fluctuate.
In the case of GCMC we must take into account two additional types of
movements: insertion and removal moves. Basically, an insertion move in-
volves the creation of a new particle at a random position, and its acceptance
probability is given by [79]

A(N → N + 1) = min

[
1,

V

Λ3(N + 1)
exp[β(µ− UT (rN+1) + UT (rN ))]

]
.

(2.71)
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The removal of a particle selected randomly is accepted with a probability

A(N → N − 1) = min

[
1,

Λ3N

V
exp[−β(µ+ UT (rN−1)− UT (rN ))]

]
. (2.72)

In Eqs. 2.71 and 2.72, µ is the chemical potential and UT (rN ) represents
the total potential energy [Eq. 2.2].

2.6.2. Boundary conditions

One of the goals of the computer simulations is to determinate macro-
scopic properties of the system from microscopic descriptions of the inter-
actions. It is well known that the results of the computer simulations im-
prove and become more reliable the larger number of particles is considered.
Nevertheless, the number of particles taken in the computer simulations is
limited by the execution speed of the calculations. The key is to reach a
balance between the computer capacities and the requirements imposed by
the calculation methods. Thus, we are finally forced to perform computer
simulations of finite size systems with not very high numbers of particles.
This choice entails some potential problems, due to the appearance of the
boundary surfaces. Fortunately, these problems are easily solved by taking
into account periodic boundary conditions [77, 79]. The simulation box is
replicated through out the space to form an infinite lattice. If we take a
particle placed out of the unit box, then it is possible to determine the pe-
riodic image of this molecule in the unit box. In practice, to calculate the
distance between certain particle of the system i and the nearest replica of
the particle j, it is used the expression

rij = rj − ri − L× nint[(rj − ri)/L], (2.73)

where ri and rj are the positions of the particles and L is the length of the
simulation box. The function nint works out the closest integer to (rj −
ri)/L. The periodic boundary conditions of the system must be chosen in
accordance to the features of the system. For instance, if we are considering
a homogeneous system, then we must take periodic boundary conditions in
the three directions of the space. However, if we are studying a pore system
composed of two flat parallel walls (a slit pore), then it is convenient to take
periodic boundary conditions in the directions of the space not limited by
the walls.
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2.6.3. Reduced units

As consequence of the use of reduced units in the simulations, all vari-
ables and quantities of the system become dimensionless. Apart from this,
it is also gained a number of advantages, since the consideration of reduced
units facilitates the implementation of the periodic boundary conditions
[Subsec. 2.6.2] and the minimum image convention method [Subsec. 2.6.4].
Moreover, there is a more profound reason for using reduced units which
is related to the existence of a principle of corresponding states [77]. This
implies that if we study different fluids employing reduced units, then all of
them will show the same thermodynamic, structural and dynamic proper-
ties. The principle of corresponding states is only fulfilled by fluids whose
interaction potential takes the form u(r) = εf(r/σ) (e.g. Lennard-Jones
potentials). The exploitation of this principle entails certain advantages,
since the values of the σ and ε parameters do not appear in the simulation
calculations at all and we can use the same computer program to study any
fluid whose intermolecular potential presents the same functional form.

The σ parameter is the interparticle distance at which the interaction
potential between the fluid molecules becomes zero, hence σ can be inter-
preted as the diameter of the fluid particle. In addition, σ is employed to
reduce all of the system quantities with length dimension. The ε parameter
is the depth of intermolecular potential well, so it determines the strength of
the intermolecular interaction. This parameter is employed to reduce quan-
tities with energy dimensions as well as the temperature and pressure. The
reduced variables will be represented by an asterisk as follows

density : ρ∗ = ρσ3 (2.74)

temperature : T ∗ = kBT/ε (2.75)

energy : U∗ = U/ε (2.76)

pressure : p∗ = pσ3/ε (2.77)

Although the magnitudes with length dimensions are reduced by the σ
parameter, when it is implemented the simulation program it is preferable
to use the system length (L) to reduce the molecule positions and the in-
termolecular distances, since in this way the periodic boundary conditions
and minimum image convention [Subsec. 2.6.4] method can be more easily
applied.
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2.6.4. Techniques to improve the efficiency of the computer
simulations

As previously mentioned, the most limiting factor of the computer sim-
ulations is the calculation time. The most time-consuming task in the sim-
ulations are the calculations of the potential energies. In the case of system
with short-range interaction potentials, the most straightforward solution
to reduce considerably the number of calculations is the truncation of the
potentials. As consequence, the potential become discontinuous but this is
easily corrected by a shift of the potential,

u2(r) = u2(r)− u2(rc), (2.78)

where u2(rc) is the value of the interaction potential at the truncation dis-
tance rc. Thereby, the potential energy of a given particle is only determined
by the interactions with neighboring particles, which are closer than the cut-
off distance rc.

A technique commonly employed in computer simulations of fluids is
the minimum image convention [78], which emerges from the use of the
aforementioned periodic boundary conditions and the potential truncation.
According to this technique a given fluid particle interacts only with the
nearest images of the other particles.

Moreover, in order to improve the efficiency of the simulations, there is
another method that uses a cell structure [77]. This technique divides the
simulation box into a regular lattice of cells in such a way that the side of the
cells are bigger than the cutoff distance of the potential (rc). In addition,
one constructs linked lists to register the occupation of the molecules in
these cells. These techniques increase the speed of the neighbor search to
calculate the interaction potential energy. In practice, the cell structures
and linked lists are suitable techniques for implementation in simulation of
homogeneous systems, since they let the division of the entire space. In
relation to inhomogeneous fluids such as confined fluids inside slit pores, the
existence of walls hinders the total division of the space, only allowing the
division of the simulation box as in a bidimensional problem.

Histogram reweighting

Histogram reweighting was developed by Ferrenberg and Swendsen [80]
in the context of the spin systems simulations and subsequently was applied
to study continuous-space fluids [81,82]. This technique was designed to be
applied in MC simulations in order to improve the efficiency of the simulation
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methods. Unlike the methods previously mentioned, histogram reweighting
is not a method that increases the speed of the calculations in the MC
simulations, but it is a technique that let to improve the exploitation of
the data provided by a set of simulations with different conditions of the
thermodynamics parameters. This method makes use of histograms stored
during the simulation to ascertain new results without needing to perform
additional computer simulations. In this work the histogram reweighting
was applied to systems described by the grand canonical ensemble, hence
according to Eq. 2.27, the partition function can be expressed as

Ξ =
∑
N

exp[−βΩ], (2.79)

where β = 1/kBT and Ω is the grand potential. It is convenient to express
the partition function [Eq. 2.24] in terms of the the Helmholtz free energy
F (N,V, T ) [Eq. 2.26]. Thus, the probability to obtain a number of particles
N at chemical potential µ is proportional to the Boltzmann factor

P (N,µ) ∝ e−βΩ(µ,V,T ) = eβµN−βF (N,V,T ). (2.80)

If we take a reference chemical potential µ0, then the probability distribution
is given by

P0(Ni) =
e−βΩ0(Ni)∑
k e
−βΩ0(Nk)

. (2.81)

For sake of simplicity we write the grand potential as Ω(µ0, N) = Ω0(N).
The probability distribution for other chemical potential µi is

Pi(Nj) =
e−βΩ0(Nj)+β∆µiNj∑
k e
−βΩ0(Nk)+β∆µiNk

=
P0(Nj) e

β∆µiNj∑
k P0(Nk) eβ∆µiNk

, (2.82)

where ∆µi = µi−µ0. It is also possible to express P0(N) in terms of Pi(N),

P0(Nj) =
e−βΩi(Nj)−β∆µiNj∑
k e
−βΩi(Nk)−β∆µiNk

=
Pi(Nj) e

−β∆µiNj∑
k Pi(Nk)e−β∆µiNk

. (2.83)

If we multiply both members of Eq. 2.83 by eβ∆µiNj and sum over the
number of particles, then it yields∑

k

P0(Nk) e
β∆µiNk =

1∑
k Pi(Nk)e−β∆µiNk

. (2.84)
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Finally, we obtain the definition of the configurational integrals Z0
i and Zi

from Eqs. 2.83 and 2.84,

Z0
i =

[∑
k

Pi(Nk) e
−β∆µiNk

]−1

, (2.85)

Zi =
∑
k

P0(Nk) e
β∆µiNk . (2.86)

In particular, this method was employed in the study devoted to the
adsorption simulations in the pillared clays [Chapter. 3]. As we will see,
one of the goals of the simulations performed in this work is to determine
the adsorption isotherms. To carry out this task it is necessary to perform a
considerable number of simulations to get curves with a reasonable number
of points. The use of the histogram reweighting let us to interpolate or
extrapolate new isotherm points from the data stored in the histograms.

Here we explain the different steps to apply this method taking as an
example the calculations performed in the adsorption simulations [Chapt.
3]. The first step is devoted to the construction of the histograms dur-
ing the simulations. Each point of the isotherms is the result of a MC
simulation at certain chemical potential µi. So, we carry out several MC
simulations at different chemical potentials µi recording in their histograms
Hi(N) the whole information regarding the particle number of the fluid con-
figurations. After the simulations, we choose a reference chemical potential
µ0, for example taking the arithmetic average of the chemical potentials
considered (µ0 =

∑ns
i µi/ns). According to Eq. 2.85, the configurational

integrals Z0
i can be computed taking the histograms previously normalized

(Pi(N) ∼ Hi(N)). This calculations let us to determine the first estimation
of the distribution function P0(Nk) by means of the relation:

P0(Nj) =

∑
k LkHk(Nj)∑

k Lk exp(β∆µkNj)Z
−1
k

, (2.87)

where Lk is a constant related to the length of the simulations. If all the
simulations have the same length, then Lk can be removed of the expression.
The estimation of P0(Nj) is normalized to calculate the configurational in-
tegrals Zi employing Eq. 2.86. This process is repeated recursively until
the distribution function P0(N) converges to a limit function. Then, with
the final estimation of P0(N), it is possible to determine the distribution
functions Pi(N) through Eq. 2.82. Finally, one can calculate the average
number of particles at chemical potentials µj , which were not calculated
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with the simulations:

N(µj) =
∑
k

P (Nk, µj)Nk. (2.88)

We can also compute other properties of the system such as the potential
energy. However, the histograms must store the energies of the particle
configurations to construct the function U(Nk). Then, one can calculate the
mean potential energy of a system at fixed µi using the following expression

UT (µi) =
∑
k

P (Nk, µi)U(Nk). (2.89)

2.6.5. Calculation of the chemical potential

We explained that the chemical potential µ is a fixed parameter of the
grand canonical ensemble, moreover from Eqs. 2.17 and 2.20, we saw that
this quantity can be separated into its ideal µid and excess µex contributions
as the Helmholtz free energy,

µ = µid + µex. (2.90)

According to Eqs. 2.17 and 2.21, the ideal part of the chemical potential
reads

µid = kBT (ln Λ3ρ− 1), (2.91)

and the excess chemical potential is given by

µex =

(
∂F ex

∂N

)
V,T

, (2.92)

where F ex contains the configurational integrals and hence all contributions
due to interparticle interactions [see Eq. 2.22]. The calculation of the ideal
part is trivial, whereas the excess part requires numerical calculations based
on a particle insertion method known as the Widom method [61]. This
method is established by simple statistical mechanics, since we only need to
consider Eq. 2.92 and suppose a sufficiently large number of particles N .
The excess chemical potential is easily computed considering that

µex = F ex(N + 1, V, T )− F ex(N,V, T ) = KBT ln

[
V ZN
ZN+1

]
. (2.93)
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If we substitute the expression of the configurational integrals [Eq. 2.12] in
Eq. 2.93, then we obtain

µex = −kBT ln

[∫
dsN+1 exp[−βUT (sN+1)]∫
dsN exp[−βUT (sN )]

]
, (2.94)

where s denotes the position of the particles in reduced coordinates. Finally,
the relevant part of the chemical potential is given by

µex = −kBT ln < exp(−β∆UT ) >N , (2.95)

where < ... >N indicates the canonical ensemble averaging over the partial
configuration space of the N-particle system and ∆UT = UT (sN+1)−UT (sN ).
In practice, the excess chemical potential can be calculated carrying out
a conventional canonical MC simulation at a fixed number of particles N
(CMC simulations). During the simulation it is repeatedly inserted a test
particle at random positions inside the simulation box. For each trial it
is computed the quantity exp(−β∆UT ) to calculate the average value of
the Boltzmann factor that appears in Eq. 2.95. This technique is quite
powerful, but unfortunately it cannot be applied on too dense systems, since
it becomes almost impossible to perform insertions of the test particle.

2.7. Density functional theory

As we mentioned in the introduction [Chap. 1], density functional the-
ory (DFT) is the most suitable theoretical approach to study inhomogeneous
fluids. The statistical mechanics of inhomogeneous classical fluids was first
developed employing methods of functional differentiation and cluster ex-
pansion [83, 84]. Subsequently, the functional density formalism used to
study quantum systems as the interacting electron gas [85, 86] started to
be applied to the study of classical inhomogeneous fluids [87, 88]. Dur-
ing the last decades, DFT has suffered a considerable advance due to the
development of powerful approximations for the free energy functional of
systems with hard core interactions, the most remarkable approaches are
the weighted density approximation (WDA) [89–91] and the fundamental
measure theory (FMT) [9]. The later was proposed by Rosenfeld in 1989,
and to date it is the most accurate approach to study hard sphere fluids,
including their mixtures.

Density functional theory is fundamentally based on a variational prin-
ciple for the grand potential by which is determined the one-particle equi-
librium density. Let us consider an inhomogeneous system with a chemical
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potential µ, a temperature T and a volume V . The thermodynamics and
statistical physics of this system is properly described through the grand
canonical ensemble and its corresponding equilibrium probability density
f0 [Eq. 2.23]. Following the procedure employed by R. Evans in Ref. [88]
to demonstrate such variational principle, we start defining a more general
functional [85]

Ω[f ′] =

∞∑
N=0

1

h3NN !

∫
drN

∫
dpN f ′

(
HN (rN ,pN )− µN + β−1 ln f ′

)
,(2.96)

where f ′ is any normalized probability density [88]. The equilibrium prob-
ability density f0 is given by

f0(rN ,pN ) = e−β(HN (rN ,pN )−µN)/Ξ, (2.97)

and fulfills
Ω[f0] = −β−1 ln Ξ ≡ Ω. (2.98)

In Eqs. 2.97 and 2.98, Ξ is the partition function as we defined in Eq. 2.24.
For any normalized probability densities f ′, the functional Ω[f ′] satisfies the
inequality

Ω[f ′] > Ω[f0], f ′ 6= f0. (2.99)

This result can be proved from Eqs. 2.96 and 2.98 (proof in Ref. [88]). The
particle densities functions defined by Eq. 2.36 are also expressible in terms
of δ−functions, hence the equilibrium single-particle density can be written
as

ρ0(r) =
∞∑
N=0

1

ZN

∫
drN exp[−βUT (rN )]

N∑
i=1

δ(r − ri), (2.100)

recalling that ZN was defined in Eq. 2.13. From the fact that the equilibrium
probability density f0 is a function of the external potential uext as the
equilibrium density ρ0(r), one can prove that f0 is a functional of ρ0(r)
(proof in Ref. [88]). This result entails that for a given interaction potential
UN (r), there is an unique functional of the density ρ(r) defined as

F [ρ] =
∞∑
N=0

1

h3NN !

∫
drN

∫
dpN f0(KN + UN + β−1f0). (2.101)

The same variational principle can be expressed in terms of the density
function, hence we write the functional Ω̃[ρ] as

Ω̃[ρ] = F [ρ] +

∫
drN ρ(r)(uext(r)− µ). (2.102)
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According to the minimum principle, the equilibrium density ρ(r) = ρ0(r)
minimizes the functional Ω̃[ρ] over all possible functions ρ′(r) that can be
associated to the external potential uext(r) i.e.

Ω̃ ≡ Ω̃[ρ0] < Ω̃[ρ′] (∀ ρ′ 6= ρ0). (2.103)

This minimum condition on the grand canonical potential can also be ex-
pressed by means of the Euler-Lagrange equation:[

δΩ̃[ρ]

δρ(r)

]
ρ=ρ0

=

[
δF [ρ]

δρ(r)

]
ρ=ρ0

+ uext(r)− µ = 0. (2.104)

In the same manner as Ω̃[ρ], the functional F [ρ] reduces to the intrinsic
Helmholtz free energy F [ρ0] = F [Eq. 2.15]. From Eq. 2.104, we obtain the
intrinsic chemical potential we found in Eq. 2.50,

µin[ρ0; r] = µ− uext(r). (2.105)

This equation [Eq. 2.105] is known as the fundamental equation of the
theory of inhomogeneous fluids. The intrinsic chemical potential can be
directly calculated taking the partial derivative of the intrinsic free energy,

µin[ρ0, r] ≡
[
δF [ρ]

δρ(r)

]
ρ=ρ0

. (2.106)

Moreover, the intrinsic free energy can be split into the ideal and the excess
contributions

F [ρ] = F id[ρ] + Fex[ρ], (2.107)

where F id is given by

F id = kBT

∫
ρ(r)(ln[λ3ρ0(r)]− 1) dr. (2.108)

On the other hand, the intrinsic free energy Fex contains the intermolecular
interaction contribution. In the DFT formalism, the derivative of the excess
intrinsic free energy respect to the density function is used to define the
one-particle direct correlation function c(1)[ρ; r] as

c(1)[ρ; r] = β
δFex[ρ]

δρ(r)
, (2.109)
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where c(1)[ρ; r] is the first member of a hierarchy of functions. The successive
functional derivatives of Fex generate the rest of the higher order functions

c(n)[ρ; r1, ..., rn] = β
δnFex

δρ(r1)...δρ(rn)
. (2.110)

It is particularly interesting the case n = 2, since one obtains the pair
direct correlation function c(2)[ρ0, r, r

′] that we found together with the total
correlation function in the OZ equation [Eq. 2.42].

Many interaction models for fluids takes into account very strong re-
pulsive interactions at short ranges and soft interactions at long distances.
This means that the interaction potential u2(r) can be separated into two
contributions:

u2(r) = urep(r) + usoft(r). (2.111)

where urep is short-range repulsive potential and usoft(r) is the soft com-
ponent of the potential at larger distances. Normally, in DFT the short
range component is modeled by the hard-sphere potential uHS . Thus, the
intrinsic free energy can be also split up according to the two components
of the interparticle potential,

Fex = FexHS + Fexsoft, (2.112)

where FexHS and Fexsoft are the hard sphere (HS) and the soft interaction
contributions to the excess intrinsic free energy, respectively.

In the case of a 3D systems the repulsive interactions at short distances
are correctly modeled by a spheric fluid, however, if we consider systems with
lower dimensions such as 2D or 1D systems, then these cases are suitable
described by hard disk and hard rods. Curiously, the 1D system is the
only case whose excess intrinsic free energy functional can be determined
exactly by analytic procedures [92]. Whereas for the 2D and 3D cases, it
is not possible to determine exact expressions for the excess free energy
functional, hence it is necessary to resort to approximations.

The first successful density functional approach developed to study in-
homogeneous HS fluids was the WDA [89–91]. Its success lays on the use
of a weight function which is the key element that determines the non-local
dependence of FexHS . Later, Rosenfeld proposed a new functional density
theory for inhomogeneous hard sphere fluids under the name of fundamen-
tal measure theory [9]. Specifically, this formalism is employed in this thesis
[Chapts. 4 and 5] and it will be introduced in the next subsection.
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2.7.1. Fundamental measure theory

This functional theory for hard sphere fluids is the most successful and
accurate theoretical approach to study inhomogeneous hard sphere fluids. In
the present section we shall show some of the fundaments and key procedures
to deduce the intrinsic excess free energy functionals provided by FMT [6].
The most immediate way to introduce the foundations of this theory is
taking an expansion of the excess intrinsic free energy of a mono-component
HS fluid at low densities,

FexHS [ρ] = −1

2

∫
dr1

∫
dr2ρi(r1)ρj(r2)f(r12)

−1

6

∫
dr1

∫
dr2

∫
dr3 ρ(r1)ρ(r2)ρ(r3)×

f(r12)f(r13)f(r23) +O(ρ4). (2.113)

In Eq. 2.113, rij = |rj−ri| is the distance between two HS particles located
at the positions ri and rj . The Mayer function, f(rij), is defined as

f(r) = exp(−βu2(r))− 1. (2.114)

The Mayer function depends on the intermolecular potential that in this
case is the hard sphere potential u2(r) = uHS(r),

uHS(r) =

{
∞ r ≤ σ
0 r > σ,

(2.115)

therefore, f(r) is reduced to the definition

f(rij) =

{
−1 r ≤ σ
0 r > σ,

(2.116)

where σ is the diameter of the spherical particles. According to Eq. 2.116,
the Mayer function can be expressed by means of the unit step function
Θ(σ − |r|) that defines the inaccessible volume for the centers of the spher-
ical particles. This makes clear the geometric interpretation of the Mayer
function. Thus, if we consider a system made up of two components with
different diameters and we focus on this geometric interpretation, then the
non-accessible volume due to these HS particles is:

V1,2 = V1 + S2R1 + V2 + S1R2, (2.117)
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where Ri (for i = 1, 2) are the radii of the spheres, Si are their surfaces
and Vi their volumes. The terms SiRi are the volumes of the inaccessible
shells that surround the spheres. The 3D geometry of HS lets us express
the spherical step function Θ(Ri + Rj − |r|) in terms of half-range weight
functions [9],

−Θ(Ri +Rj − |ri − rj |) = ωi3 ⊗ ω
j
0 + ωj3 ⊗ ω

i
0 +

ωi1 ⊗ ω
j
2 + ωj1 ⊗ ω

i
2 + ~ωi1 ⊗ ~ω

j
2 + ~ωj1 ⊗ ~ω

i
2. (2.118)

The symbol ⊗ denotes the convolution operation, ωiα ⊗ ωjγ =
∫
ωiα(ri −

r)ωjγ(rj−r) dr. The weight functions for 3D spheres of radius Ri are defined
as

ωi3(r) = θ(|r| −Ri), (2.119)

~ωi2(r) = (r/r) δ(|r| −Ri), (2.120)

ωi2(r) = δ(|r| −Ri). (2.121)

Whereas the rest of weight functions are defined in terms of the weight
functions above shown [Eqs. 2.119-2.121],

ωi1(r) = ωi2(r)/4πRi, (2.122)

ωi0(r) = ωi2(r)/4πR2
i , (2.123)

~ωi1(r) = ~ωi2(r)/4πRi. (2.124)

The result obtained for the expansion of FexHS at low-density provides use-
ful hints to extend the approaches at higher densities. In order to get this
extrapolation of the intrinsic free energy to high densities, Rosenfeld hypoth-
esized that the excess intrinsic free energy is a function of a set of weighted
functions,

FexHS [ρ] =

∫
dr φHS({nα(r)}, {nγ(r)}). (2.125)

The weighted functions nα and nγ represent the surface and volume-averages
densities shown in Eq. 2.117 and their dimensions are given by [nα] = [nα] =
(V )(α−3)/3. These densities functions are defined as the convolutions of the
weight functions and the single-particle density function,

nα(r) =

∫
ρ(r)ωα(r− r′)dr′, (2.126)

nγ(r) =

∫
ρ(r)~ωγ(r− r′)dr′. (2.127)
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Bearing in mind that the dimensions of the excess free energy density are
[φHS ] = (V )−1, one can apply dimensional analysis to deduce the different
combinations of the weighted densities that can contribute to form φHS .
Turning out that the possible combinations are five: n0, n1n2, n3

2, n1.n2 and
n2(n2.n2). These combinations are the basis for expressing φHS considering
also the dependence of the dimensionless weight density n3. Rosenfeld used
a differential equation from scale particle theory [93] to finally deduce the
following expression for φHS :

φRFHS = −n0 ln(1− n3) +
n1n2 − n1.n2

1− n3
+
n3

2 − 3n2n2.n2

24π(1− n3)2
. (2.128)

It is noteworthy that this functional generates the PY direct correlation

function c
(2)
PY (r), when it is performed two consecutive derivates respect to

the one-particle density [Eq. 2.110]. The Rosenfeld’s functional provides an
accurate description of the thermodynamics and structure of hard sphere
fluids and furthermore can be easily extended to the study of hard sphere
mixtures. Unfortunately, φRFHS fails to account the freezing transition [94],
as consequence of strong divergences that appear in the extreme cases at
very high densities (close to the freezing transition).

Tarazona and Rosenfeld [94] used the dimension crossover test to analyze
the performance of φRFHS . This procedure was previously applied with the
same aim to functionals from the WDA [95], proving that it is a strong test
for the density functional approximations. The dimension crossover is based
on the fact that the 3D functionals contain predictions for 2D distributions of
hard disks (ρ2D(x, y)) and 1D distributions of hard rods (ρ1D(x)). In short,
this means that the 3D functional must describe correctly the system when
it is confined until a quasi-2D or a quasi-1D system. Rosenfeld et al. [96]
proved that the reduction of the functional from 3D to 2D yields a very
accurate functional. Nevertheless, the reduction from 3D to 1D provides an
incorrect functional.

After this finding, the efforts were focused on the search of new methods
to construct correct HS functionals. With this purpose it was developed the
concept of zero-dimensional limit and cavity theory [94]. These concepts
shall be explained in detail in Chapt. 5, where we will use them to deduce
a functional to describe quenched-annealed fluid mixtures [17].

There are several FMT versions for the HS functional, for instance, Tara-
zona [97] deduced a functional by means of the cavity theory avoiding the
pitfalls of the original Rosenfeld’s functional. This Tarazona’s functional is
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given by

φTHS = −n0 ln(1− n3) +
n1n2 − n1.n2

1− n3

+

(
n3

2 − 3n2n2.n2 + 9
2

[
n2n̂m2n2 − tr(n̂3

m2)
])

24π(1− n3)2
, (2.129)

Note that φTHS (Eq. 2.129) has a new weighted density n̂m2. This is a tensor
function and is introduced to avoid the divergences produced in the Rosen-
feld’s version. Specifically, this functional version will be used in Chapt. 5,
where we will also provide further information concerning to the tensorial
weighted density.

There are other versions that improve the results of the Rosenfeld func-
tional at moderate densities [70, 98, 99]. One of them is the White Bear
version [99], which was deduced taking as input the Mansoori-Carnahan-
Starling-Leland (MCSL) equation of state [100] to extrapolate from the low
density limit to higher densities. The White Bear version reads

φWB
HS = −n0 ln(1− n3) +

n1n2 − n1.n2

1− n3

+(n3
2 − 3n2n2.n2)

n3 + (1− n3)2 ln(1− n3)

36πn2
3(1− n3)2

. (2.130)

2.7.2. Density functional approach for soft interactions

Normally, the study of fluids whose particles interact through both soft
(tails) and strong repulsive interactions at short distances is addressed with
perturbative approaches. These theoretical approximations select the com-
ponent due to repulsive short-distance interactions, in our case modeled by
HS potential, as the reference system and the soft interaction is treated as
a perturbation. The excess free energy Fex is expressed as a λ-expansion
writing the pair interaction potential as

uλ(r1, r2) = u0(r1, r2) + λ u1(r1, r2), (2.131)

where λ is a parameter that can takes values from λ = 0 to λ = 1. In the
case λ = 0, the potential uλ is the potential of the reference system (HS
fluid), i.e. uλ=0(r1, r2) = uHS(|r1 − r2|). On the other hand, if λ = 1, then
uλ contains both contributions, the HS interaction and the soft interaction
uλ=1(r1, r2) = uHS(|r1−r2|)+uSS(|r1−r2|). As consequence of the pairwise
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additivity of the potentials, the excess intrinsic free energy can be written
as

Fex = FexHS +
1

2

∫ 1

0
dλ

∫∫
ρ

(2)
λ (r1, r2)uSS(r1, r2) dr1dr2, (2.132)

where ρ
(2)
λ (r) is the pair density of the system with potential uλ(r). In

addition, this pair density can be expanded in powers of λ

ρ
(2)
λ (r1, r2) = ρ

(2)
0 (r1, r2) + λ

∂ρ
(2)
λ (r1, r2)

∂λ

∣∣∣∣∣
λ=0

+O(λ2). (2.133)

Taking only the term of zeroth order of the ρ
(2)
λ expansion (Eq. 2.133) and

inserting this in Eq. 2.132, one obtains that

Fexsoft =
1

2

∫∫
ρ

(2)
0 (r1, r2)uSS(r1, r2)dr1dr2. (2.134)

The key quantity of the expression above [Eq. 2.134] is the pair density of

the reference system, i.e. ρ
(2)
0 (r1, r2) = ρ

(2)
HS(r1, r2), which must be computed

previously. A hypothetical procedure to calculate this pair density is based
on the use of FMT expressions, e.g. choosing one of FMT expressions for
HS free energy and applying Eq. 2.109 to obtain the direct correlation
function. After that, the pair density function can be determined through
the OZ equation (Eq. 2.42). However, this procedure is quite numerical
demanding, hence it is worth assuming more approximations in order to
reduce the calculations. The most common approach used in DFT is the
mean field approximation (MFA) [6]. This neglects any correlation between

fluid particles, that is, g
(2)
0 (r) ≈ 1, therefore the pair density is reduced to

ρ
(2)
0 (r1, r2) = ρ(r1)ρ(r2)g

(2)
0 (r) ≈ ρ2 (2.135)

The excess intrinsic free energy [Eq. 2.132] is transformed into a simpler
expression (chosen the value λ = 1)

Fex = FexHS +
1

2

∫∫
ρ(r1)ρ(r2)uSS(r1, r2) dr1dr2. (2.136)

In some cases it is possible to build tailored approximations of free en-
ergy functionals for specific interaction potentials, an example of this is the
Rosenfeld’s perturbative approach [10] developed to study Yukawa charged-
hard spheres. In this type of systems the fluid particles have strong repulsive
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interactions at short distances, whereas at larger distances the fluid particles
interact through a Yukawa potential (uSS(r) = uY (r)). As previously men-
tioned, the approach proposed by Rosenfeld is also based on a perturbative
method in which the uniform fluid is taken as a reference. The functional
Taylor expansion of the excess intrinsic free energy density is taken in pow-
ers of ∆ρ(r) = ρ(r)− ρb, where ρb is the single particle density of the bulk.
The total excess free energy is given by

Fex = FexHS [ρ(r)] + FexY [{ρb}]− kBTµex[{ρb}]
∫

∆ρ(r) dr

−kBT
2

∫∫
c

(2)
Y b(|r− r′|) ∆ρ(r) ∆ρ(r′) drdr′. (2.137)

The expression shown in Eq. 2.137 is a truncated second-order expansion
whose term FexY [{ρb}] is the Yukawa contribution to the excess intrinsic free
energy of the bulk fluid at density ρb. The excess intrinsic chemical potential
of the bulk µexin [{ρb}] is related to the one-particle direct correlation function

µexin [{ρb}] = −kBTc(1)
Y b[{ρb}] =

δFex[ρ(r′)]

δρ(r)

∣∣∣∣
ρ(r)=ρb

. (2.138)

As in the λ-expansion [Eq. 2.131], we find a key input, but in this case

it is the direct correlation of the uniform Yukawa fluid c
(2)
Y b(r). There are

different theoretical methods to calculate the two-particle direct correla-
tion function, however, the best option is the mean-spherical approximation
(MSA). This approximation plays an important role in the study of Yukawa
fluids since MSA provides exact analytic solutions [101–104]. Unfortunately,
despite this advantage, the use of MSA has certain problems. On the one
hand, it is necessary to calculate the coefficients of its expressions numeri-
cally. On the other hand, a very disturbing problem of MSA is the loss of
solutions [105–108]. To prevent these problems, Tang et al. [11] developed
an approximation taking as starting point the MSA. This approach is called
first order mean spherical approximation (FMSA) and namely we will em-
ploy in this thesis to study confined repulsive colloids [Chap. 4]. Further
information concerning to this approach is shown in Appendix D.

2.7.3. Fundamental measure theory for planar geometry

Most of the systems studied in this thesis are fluids confined in slit-
like pores and therefore all of them possess planar geometry. As previously
mentioned the use of DFT methods provides certain advantages respect to
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the use of other theoretical approximations. The most characteristic advan-
tage is the reduction of a 3D problem into a 1D whose only variable is the
z-coordinate defined in the perpendicular direction to the walls. As conse-
quence, the single-particle density ρ(r) and the weight functions ωα(r) and
~ωγ(r) depend only on the z-coordinate. One can easily express the weight
functions [Eqs. 2.119-2.121] as functions of z taking cylindrical coordinates
and integrating with respect to the radium and the angular variables, re-
sulting

ω3(z) = π(R2 − z2) Θ(R− |z|), (2.139)

ω2(z) = 2πR Θ(R− |z|), (2.140)

~ω2(z) = 2πz Θ(R− |z|)ez, (2.141)

where ez is the unit vector in the normal direction to the walls. The rest
of weight function are defined in term of the functions ω2(z) and ~ω2(z) as
we could see in Eqs. 2.122-2.124. The one-body direct correlation function
that contains the structure of excess free energy within FMT formalism is
given by

c
(1)
HS(z) = −β

δFexHS [ρ]

δρ
= −

∑
α

∫
dz′

∂φHS({nα})
∂nα

δnα(z′)

δρ(z)
. (2.142)

The derivates of the weighted densities are directly calculated taking

δnα(z′)

δρ(z)
=

δ

δρ(z)

∫
dz′′ρ(z′′)ωα(z′ − z′′) = ωα(z′ − z). (2.143)

The scalar weight functions are even, hence they are not affected by the
change of sign

ωα(z′ − z) = ωα(z − z′). (2.144)

Nevertheless, the vector weight functions are odd, and then they are affected
by a change of sign in z

~ωα(z′ − z) = −~ωα(z − z′). (2.145)

The expressions of the soft contribution to the intrinsic excess free energy
[Subsec. 2.7.2] can be as well simplified, resulting expressions that depend
just on the z-coordinate. The expressions provided by the MFA [Eq. 2.134]
and the Rosenfeld’s perturbative method [Eq. 2.137] have in essence the
same structure, the only difference is the key quantity inside the integrals.

The key inputs of both approximations fSS(r) = uSS(r) or fSS(r) = c
(2)
SS(r)
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are simplified in the same way taking cylindrical coordinates and integrating
over the radial and the angular coordinates as follows

Fsoft(|z − z′|) =

∫ 2π

0
dφ

∫ ∞
0

fSS(|r− r′|)ρrdρr, (2.146)

where φ and ρr are the angular and the radial variables, respectively.
The minimization process of the functional Ω̃[ρ] leads to a Euler-Lagrange

equation [Eq. 2.104] that must be solved to determine the equilibrium den-
sity profile. All the functions that appear in the Euler-Lagrange equation
depend on the z-coordinate, thus the equation is written as

δΩ̃[ρ(z)]

δρ(z)
=
δFexHS [ρ(z)]

δρ(z)
+
δFexsoft[ρ(z)]

δρ(z)
+

β−1 ln(λ3ρ(z) + uext(z))− µ = 0, (2.147)

The term ∂FexHS/∂ρ(z) can be computed taking one of the expressions shown
in Subsec. 2.7.1 [Eqs. 2.128, 2.129 and 2.130]. On the other hand, the soft
interaction term ∂Fexsoft/∂ρ(z) can be calculated with the expressions pro-
vided by MFA or FMSA shown in Subsec. 2.7.2 [Eqs. 2.134 and 2.137].
Finally, working out the density profile in Eq. 2.132, one obtains the ex-
pression:

ρ̃j(z) = ρb exp[c
(1)
HS(z) + c

(1)
SS(z) + βµexin − βuext(z)], (2.148)

where ρb is the bulk density and µexin is the excess part of the intrinsic
chemical potential which stems from subtracting the ideal contribution to
µin, i.e. µexin = µin−ln(ρbλ

3). Note that the density profile ρ̃j(z) is calculated

from the terms c
(1)
HS(z) and c

(1)
SS , which also depend on the density profile.

2.7.4. Numerical implementation of the density functional
theory calculations.

An appropriate method to solve Eq. 2.148 is a recursive method based
on a simple Picard iteration scheme [109], where one starts with an initial
guess of the density profile, for instance, a simple choice is to set ρj=0 =
ρb. Subsequently, the new density profile obtained is employed for a new
iteration. This process is repeated until the density profile ρ(j)(z) and the
grand potential Ω̃[ρ(j)(z)] converges to final results. To have better control
of the convergence and prevent from diverging, it is convenient to employ a
mixing procedure

ρ(j+1)(z) = (1− α)ρ(j)(z) + αρ̃(j)(z), (2.149)
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where the mixing parameter α taking values ranged from 0 to 1. It is
convenient to get a balance choosing values of α enough high to get a fast
convergence, but also sufficiently small to avoid instabilities in the iteration
procedure. During the minimization process, it is convenient to make sure
that n3(z) fulfills n3(z) < 1 to avoid divergences in the free energy functional.
In our case we employed fixed values of α during the calculations and as
criterion for convergence we computed the integral of the difference between
the new and the previous guess of the density profile. The iterations were
stopped when this quantity become less than 10−8.

We have seen above that the calculations of the weighted densities and
the one-body direct correlation function is reduced to a sum of one-dimensional
convolution integrals. These calculations can be easily performed using the
convolution theorem in the Fourier space [110]. To do this, it is necessary
to calculate the Fourier transform of the functions concerned. In our DFT
calculations we have employed the subroutine library for computing the dis-
crete Fourier transform called “the Fastest Fourier Transform in the West”
(FFTW) [111]. These numerical tools are based on the fast Fourier trans-
form (FFT), which is proved to be an efficient algorithm to compute discrete
Fourier transforms and its inverse. The discrete convolution of two functions
f and g in the Fourier space is defined as

FT (f ∗ g)j = (f̂ · ĝ)j =

N/2∑
k=N/2+1

f̂j−k ĝk, (2.150)

where FT and the hat symbol denote Fourier transform. In principle, the
commutative property of the convolution operation, i.e. FT (f∗g)j = FT (g∗
f)j , brings to consider indistinctly both functions. Nevertheless, in many
applications such functions have quite different meanings. One of them is
the signal function or data stream and normally is defined in a long interval.
The other is the response function and is frequently represented by a peaked
function that falls to zero in both directions from its maximum.

The definition of the discrete convolution theorem assumes certain cir-
cumstances that are not true in most of the cases. One of the assumptions
is to consider the signal functions as a periodic function. A proof that such
assumptions are not normally hold we can find in our DFT calculations,
the weight functions and density profiles are non-periodic functions, in fact,
they are defined in finite domains. Besides, the convolution theorem con-
siders that the domain of the response function, is the same as the period
of the signal function. Nevertheless, the response functions usually have
much shorter lengths. This latter constraint is easily applied by extending
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the response function to the length of the signal function by padding with
zeros. The calculation of the convolution can be affected by certain artifacts
derived of the periodicity assumption. The most direct consequence is the
pollution of the first output channel (f̂ .ĝ)0 with some wrapped-around data
from the far end of one of the functions. This problem is easily solved if it is
set up a buffer zone of zero-padded values at the end of the signal function,
thereby such pollutions are removed. The extension of zero values must be
equal to the length of the interval of the response function, since any shorter
consideration of zero padding values can pollute other output channels.
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Chapter 3:

Modeling and simulation of
adsorption processes in

pillared interlayered clays

3.1. Introduction

As mentioned in the introduction chapter [Chapt. 1], a fluid adsorbed
inside the pore cavities of a material is a representative example of an in-
homogeneous fluid. Adsorption processes take place on interface surfaces
that delimit common boundaries between two different regions. In these
systems the fluid molecules (adsorbates) are attracted by the surface of the
porous materials (adsorbents). The nature of these adsorbate-adsorbent
interactions depends on the properties of the species involved. According
to the nature of these interactions, the adsorption processes are classified
as physisorption and chemisorption processes. The former involves weak
adsorbate-adsorbent interactions which are normally due to Van der Waals
forces. An important characteristic of this type of processes is that the
chemical composition and the structure of the adsorbates and adsorbents
are not altered. Chemisorption is characterized by the chemical specificity
and the strength of the interactions caused by the formation of new ionic or
covalent bonds. This implies that the chemical nature of the adsorbate and
adsorbent can be altered by surface dissociations or reactions. Specifically,
in the systems studied in this chapter there only exist physisorption-like
interactions and hence there are not structural or compositional changes.
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Figure 3.1: Tetrahedral layer of a clay [112].

Figure 3.2: Octahedral layer of a clay [112].

3.2. Pillared interlayered clays

3.2.1. General description

Clays are inorganic materials whose crystal structures are mainly com-
posed of silicon (Si), oxygen (O) and a smaller amount of metals such as
aluminum (Al), magnesium (Mg), iron (Fe), etc. In particular, the clays
considered in this work belong to the phyllosilicate group, which is charac-
terized by their laminar structure. The clay sheets interact between them
by means of electrostatic and Van der Walls forces to form clay particles
whose sizes are of the order of few micrometers. In order to describe the
crystal structure of these clay sheets, we must pay attention to their atomic
and molecular structure. As we can see in Fig. 3.1 (A), each silicon atoms is
bonded to four oxygen atoms forming a tetrahedral structure. These tetra-
hedrons share their oxygen atoms forming the so-called tetrahedral layer as
depicted in Fig. 3.1 (B). In addition, there is another type of unit cell repre-
sented by metal hydroxides, e.g. Al(OH)6 [Fig. 3.2 (A)]. These hydroxides
possess an octahedral structure and form the so-called octahedral layer [Fig.
3.2 (B)].

The clays used to synthesize PILCs belong to the group of the smectite
clays, whose sheets are composed of an octahedral layer sandwiched between
two silica tetrahedral layers [Fig.3.3]. In some cases the silicon atoms from
the octahedral layer are replaced by metal atoms e.g. aluminum, giving
rise to residual surface charges that in turn enhance the physisorption-like
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Figure 3.3: Layer structure of a smectite clay [112].

interactions.

These clays are able to absorb water or organic molecules between their
layers resulting in a clay expansion. The microstructure of the clay changes
due to the increase of the distance between the sheets. This phenomenon is
called swelling and is a reversible process, that is, clays recover their initial
structure when fluid molecules are removed. The first PILC was prepared
by Barrer and MacLeod [113] in 1954. They started with a parent clay (ca-
pable of suffering swelling processes) and transformed into chemically and
thermally stable material by creating pillars between the sheets of its orig-
inal structure. Normally, in this process the pillaring agents are polymeric
cationic hydroxy metal complexes of aluminium, zirconium or titanium [114].
These polyoxications are adsorbed between the clay sheets and some of them
anchor by cation exchange to the clay. Finally, the initial pillar structures
are fixed by a calcination process. As result of the synthesis process it is
obtained a material with a steady microstructure, whose properties are de-
termined by the preparation conditions (e.g. calcination temperature, type
and concentration of pillaring agents) [115]. It is thus obtained a material
with a micropore structure defined by the distance between the clay layers,
the size of the pillars and their distribution.

The International Union of Pure and Applied Chemistry (IUPAC) [116]
classifies the porous materials into three groups attending the diameter of
their pores (σpore): Micropores if σpore < 2.0 nm, mesopores if 2.0 nm ≤
σpore ≤ 50 nm , and macropores if σpore > 50 nm. According to this classifi-
cation, PILCs are microporous and mesoporous materials. Their micropores
are defined by the spacing between clay sheets and the distribution of pillars,
whereas the mesopores are formed by the aggregation of their micrometre
scale particles.

From a technological point of view, PILCs are of great interest in in-
dustrial processes as catalysts [4], adsorbents [117], and sieves [118]. This
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Figure 3.4: Sketch of the lamellar microstructure of the PILCs.

interest responds in particular to an attempt to design materials whose
micropore size can be tuned by choosing the appropriate preparation condi-
tions. In fact, it is possible to prepare PILCs with interlayer spacings from
0.4 to 2 nm, i.e. lager pores than those of zeolites. Unfortunately, the main
limitation of PILCs are their lack of thermal stability above 800 K, even
so, the catalytic properties together with their low manufacture cost make
PILCs promising materials.

3.2.2. Experimental characterization of the micropore struc-
ture

The adsorbing capabilities of the PILCs depend to a large extent on
the size of the entrances (defined as the outer openings of micropores) and
the volume of micropores. These features are determined by the interlayer
distance, the density, the size and the distribution of pillars. The microstruc-
ture of PILCs is largely heterogeneous, by which its structural characteriza-
tion becomes a highly non trivial problem. In Fig. 3.4 we have depicted a
sketch of the PILC micropore structure, in which one can see the multiple
layers (also called lamellas). The micropore structure cannot be resolved in a
straightforward manner just employing X-ray diffraction (XRD) techniques
as in other micropore materials (e.g. zeolites); it is therefore necessary to
resort to a set of experimental methods of characterization. In the following
we will summarize some of them:

-Diffraction methods are non-destructive analytical techniques employed
to obtain information about the structure, chemical composition, and physi-
cal properties of materials. The most commonly diffraction methods used for
characterization of porous materials are the XRD and neutron diffraction.
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XRD is a very extended technique to study the crystallographic structure
of solids. For instance, the porous structure of a zeolite can be completely
determined with these techniques because these materials possess regular
crystalline structures. On the contrary, PILCs have a largely heterogeneous
structure in part caused by the disordered distribution of the pillars. The
only regular property that can be determined with this technique is the
interlayer distance.

-Neutron diffraction techniques are similar to XRD, however due to the
different scattering properties of neutrons, these techniques provide addi-
tional information concerning the magnetic structure and dynamical prop-
erties of the systems. Moreover, neutron diffraction is usually employed to
determine the static structure factor of gases, liquids or amorphous solids.
It is common the use of this technique in adsorption studies to determine
the structure of fluids adsorbed inside porous materials. Specifically, the
last section of this chapter [Sec. 3.6] is devoted to the study of the structure
of toluene adsorbed in PILCs.

There are more sophisticated neutron diffraction techniques, for instance
the isotopic-substitution neutron diffraction [119], which makes use of iso-
tope substitutions to ascertain the partial pair correlation functions of the
constituents of a system. Another powerful diffraction technique is the small
angle neutron scattering (SANS) combined with contrast matching. This
can provide information about the geometry and morphology of inhomo-
geneities with sizes 1-200 nm. In fact, SANS was employed in a recent
work [120] to study the microstructure of PILCs, however, unfortunately it
was not able to provide quantitative data about the distribution of pillars.

Beside the lack of knowledge about the distribution of the pillars, there
is neither direct information concerning to the structure and sizes of the
pillars. Some experimental studies have developed hypothesis about the
structure of the pillars taking as reference the structure of the pillaring
agents in solution. These pillaring agents can adopt very varied structural
conformations, and this is the reason why several of these works propose
different pillar structures and hence different sizes for the pillar diameter
that range from 0.89 to 1.00 nm [121–123]. At any rate, such estimations
should be considered with caution because the cation exchange and the
calcination processes can modify the structure and dimensions of the pillar
precursors.

-Analysis of adsorption isotherms is a very extended technique used to
determine the textural properties of porous materials. In this context, the
term texture is used to refer to properties such as the dimensions of the
pores, total pore volume and the existence of active centers. The most
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Figure 3.5: IUPAC classification of adsorption isotherms [124].

widely employed adsorption technique is the analysis of nitrogen adsorption
isotherms. This technique takes advantage of some of the favorable nitrogen
features, such as the small size of its molecules and its chemically inert
character, to estimate the volume and surface of the pore cavities. The
volumetric adsorption isotherm is constructed through the data provided by
the nitrogen adsorption experiments. This isotherm represents the amount
of nitrogen adsorbed as function of the bulk pressure. Normally, the pressure
is reduced by the so-called saturation pressure that is the vapor pressure of
the pure fluid at the experiment temperature (p0 ≡ psat), in order to compare
adsorption isotherms of different probe molecules.

IUPAC [124] classifies adsorbents into six different groups according to
the features of the volumetric isotherms as we can see in Fig. 3.5. These
volumetric isotherms correspond to adsorbents with different adsorbate-
adsorbent interactions and porous sizes. The type I corresponds to the
adsorption of a micropore material. This type of isotherm presents nearly
square angle-like shape exhibiting an asymptotic behavior, clear evidence of
the micropore saturation. The isotherm type II pertains to adsorption in a
non-porous material, whereas isotherm type III and V correspond to adsorp-
tion processes in which the interactions between the substrate an the fluid
are weak. The mesopore adsorption is represented by isotherms type IV ex-
hibiting a characteristic hysteresis loops. Finally, the step-wise adsorption
shown in isotherm type VI indicates adsorption by layers.

In Fig. 3.6 we show the experimental nitrogen volumetric adsorption
isotherms of three PILC samples. According to the IUPAC classification,
PILCs exhibit micropore adsorption (curve type I) at low pressures and
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mesopore adsorption (curve type IV) at higher bulk pressures. Micropores
are more energetically favorable places to be occupied by the adsorbate
molecules. For this reason, once micropores are filled up, the adsorbate
molecules start to take up the mesopores. Paying attention to the slope
of the isotherm one can distinguish both stages of the adsorption process,
i.e. the segment of the isotherm with a pronounced slope (at low pressures)
corresponds to the micropore adsorption stage, while the remaining section
with a more moderate slope pertains to the mesopore adsorption stage. Note
that it is easy to distinguish both adsorption stages in the isotherm curve,
but it is not straightforward the assignation of the point that correspond to
the micropore saturation. The isotherm does not show any feature regarding
the location of this point. To overcome this problem, it is commonly used the
t [125,126] and αs [127] methods, which use standard (reference) isotherms.
Once the saturation nitrogen density is determined, the volume of microp-
ores is easily calculated through the equation Vµp = nµp/ dliq(N2), where
dliq(N2) is the liquid density of nitrogen at the temperature of the experi-
ment. Beside micropore volume, it is also possible to estimate the effective
surface area of the microporous cavities using the Brunauer-Emmet-Teller
(BET) theory [128] of adsorption of gas on solid surfaces. In short, the BET
method uses the amount of molecules adsorbed in the first layer over the
surface to deduce the effective surface area.

Another technique for characterizing porous materials is the adsorption
microcalorimetry of probe molecules. Besides the volumetric adsorption
data, these methods allow us to measure the adsorption heats necessary to
construct the calorimetric adsorption isotherm. Calorimetric isotherm rep-
resents the adsorption isosteric heats as a function of the amount of probe
molecules adsorbed within the porous media. In Fig. 3.7 we have depicted
the volumetric [panel A] and calorimetric [panel B] adsorption isotherms
from microcalorimetry measures using toluene in three PILC samples. The
volumetric isotherms exhibit the characteristic nearly rectangular shape,
hallmark of micropore adsorption. As in the nitrogen adsorption isotherms,
the initial rise at low equilibrium pressures is due to adsorption in the mi-
cropores. Subsequently, the slopes of the volumetric isotherms undergo a
sharp decrease, announcing the start of the mesopore filling. Concerning
to the calorimetric isotherms, one observes that the curves have an initial
maxima which takes a value of about 100 kJ/mol, and it is followed by a
fast decrease. This initial maxima is ascribed to the existence of strong in-
teractions centers whose location is hypothesized in the pillars [129]. After
the decrease of the isosteric heats, the isotherms reach a plateau at around
60 kJ/mol which indicates the filling of the remaining micropores [130,131].
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Figure 3.6: Experimental adsorption isotherms of nitrogen on different PILC
samples at 77 K. These curves were obtained by the experimental groups
from “Instituto de Qúımica-F́ısica” Rocasolano and the Chemistry depart-
ment of the Lisbon University.

Figure 3.7: Experimental adsorption isotherms of toluene on PILCs at
315 K. (A) Volumetric adsorption isotherm. (B) Calorimetric adsorption
isotherm. (Experimental data provided by J. M. Guil et al).
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At the end of this plateau the decrease of the isosteric heats announces the
completion of the micropore filling and the beginning of the mesopore filling.
Therefore, a calorimetric isotherm provides valuable information concerning
the point of the adsorption process in which the micropores are filled up and
the existence of strong interacting centers [129].

Adsorption experiments with probe molecules of different sizes and shapes
provide valuable information about the dimensions of the micropore en-
trances. Additionally, the amount of probe molecules adsorbed in the mi-
cropores can be used to estimate the packing densities of these molecules
inside the micropore cavities, using the expression:

dpck =
nµp
Vµp

, (3.1)

where Vµp is the micropore volume obtained with the nitrogen adsorption
experiments. This packing density is usually expressed in relation to the
liquid density. Previous works with zeolites [130, 131] have proved that the
estimated packing densities (dpck) provide valuable information about the
dimensions of the micropore cavities.

3.3. Preparation and characterization of the sam-
ples

The preparation of the PILC samples and the experiments necessary
to obtain the data displayed in this section were carried out by the groups:
“Grupo de Adsorción” from “Instituto de Qúımica-F́ısica Rocasolano” (CSIC)
, and the group of Adsorption and Adsorbent Marerials of the Chemistry
and Biochemistry department of Lisbon University. The PILC samples were
synthesized by the Portuguese group using as starting materials two different
clays. The parent materials for the PILC synthesis were obtained from soils
from deposits of Porto Santo-Madeira archipelago and a Ca+-Na+ montmo-
rillonite from Wyoming commercialized by the American Colloid Company
and designated as Volcay SPV-200. The pillarization process was performed
using fresh solutions of oligomer of ZrOCl2 at different concentrations ([Zr]s)
for each sample [see Table 3.1]. As result, two families of PILC samples
were obtained, three samples from Porto Santo clay, and three others from
Wyoming clay, which will be designated hereafter by PTS and WYO sam-
ples, respectively. These samples were characterized by some of the exper-
imental techniques previously explained in Subsec. 3.2.2, and their results
are shown in Tables 3.1 and 3.2.
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Sample [Zr]s [Zr]p ρp hp ABET Vµp
mmol.g−1 mmol.g−1 pil/nm2 nm m2.g−1 cm3.g−1

PTS-1 1.8 1.71 0.60 0.71 269 0.097
PTS-2 2.5 1.73 0.61 0.70 298 0.106
PTS-3 4.0 1.73 0.61 0.70 335 0.121

WYO-1 1.8 1.71 0.60 0.85 266 0.101
WYO-2 2.5 1.87 0.67 0.85 266 0.103
WYO-3 4.0 2.01 0.73 0.78 204 0.077

Table 3.1: Structural and textural properties of the PTS and WYO PILC
samples. The first column correspond to the name of the sample, [Zr]s
is the zirconium content in the initial solution and [Zr]p is the amount of
zirconium incorporated into the PILC . ρp and hp are the pillar density and
layer separation (or pillar height), respectively. The last column, Vµp(N2),
corresponds to the micropore volume.

The amount of Zr incorporated into the PILC samples, [Zr]p, was deter-
mined employing chemical analysis and the results are shown in Table 3.1.
One notices that despite the different concentration of oligomers ZrOCl2 in
the initial solution ([Zr]s) during the pillarization process, the amount fixed
in the microstructure of the samples is very similar in all of them. The most
significant variations are found for the WYO-2 and WYO-3 samples. From
the zirconium concentration in the dried PILC samples, and using the theo-
retical surface area of a smectite [112], the pillar density (ρp) was calculated
considering the zirconium tetramic cations as the pillaring species [121]. It
is worth recalling, however, that there is no clear consensus regarding the
structure of the pillars [37,122,123]. Other relevant piece of information on
the PILC samples is the interlayer separation, i.e. the pillar height, which
was determined by XRD experiments.

The adsorption volumetry and microcalorimetry experiments were per-
formed using a conventional volumetric apparatus coupled to a Tian-Calvet
microcalorimeter (model C80, Setaran, France). The micropore volume
(Vµp) and the BET specific (ABET ) surface area were determined from the
data provided by the nitrogen adsorption experiments at 77 K. In the case
of nitrogen adsorption only volumetric experiments were carried out since
the experimental setup was not prepared to perform the calorimetric mea-
surements. The adsorption microcalorimetry experiments were performed
with toluene and mesytilene at 315 K, obtaining the amount of molecules
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Toluene Mesitylene
Sample nµp dpck dpck/dliq nµp dpck dpck/dliq

mmol.g−1 mmol.cm−3 % cm3.g−1 mmol.cm−3 %

PTS-1 0.605 6.24 68 0.290 2.99 38
PTS-2 0.470 4.43 48 0.250 2.36 30
PTS-3 0.610 5.04 55 0.320 2.64 33

WYO-1 0.680 6.73 73 0.440 4.36 55
WYO-2 0.725 7.04 77 0.410 3.98 50
WYO-3 0.740 9.61 105 0.390 5.06 64

Table 3.2: Results of the microcalorimetry adsorption experiments with
toluene and mesitylene in the PILC samples. nµp the amount of the probe
molecules adsorbed and dpck is the molar packing density. dpck/dliq is the
packing density respect to the liquid density expressed as percentage.

adsorbed in the micropores (nµp), the molar packing density (dpck) defined
in Eq. 3.1 and the relative packing density of the probe molecules respect
to the liquid density (dpck/dliq) [Table 3.2].

Note that the PTS samples have practically the same pillar densities
and pillar heights, nevertheless, the BET areas and micropore volumes of
these PILCs are curiously quite different. On the other hand, the WYO
PILCs have higher pillar heights and also different pillar densities. Despite
their higher pillar heights, the BET areas and micropore volumes are similar
to and even lower than those from PTS samples. In particular, the lowest
values correspond to the WYO-3 sample, which also has the largest pillar
density. Interestingly, one can observe that a relatively small difference in
pillar density (≈ 20%) brings an important difference in micropore volume
(≈ 50%). These experimental evidences show that the micropore network
of the PILC samples likely have different topologies.

Inspecting the adsorption results shown in Table 3.2, one notices that
the WYO samples adsorb larger amounts of aromatic molecules than the
PTS PILCs. In addition, the packings of the hydrocarbons in the WYO
samples are more efficient than the PTS ones, probably due to their larger
interlayer separation. It is striking that the sample WYO-3, which has the
smallest micropore volume, is the PILC that adsorbs the largest amount
of toluene. Furthermore, the packing in this sample is so efficient that the
bulk liquid density is recovered. In the case of mesitylene, the results are
similar to toluene ones, WYO samples adsorb larger amounts of mesitylene
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Figure 3.8: Sketch of the micropore model.

and their packing densities are also higher. In what follows we will see to
what extent these features can be captured and explained by our computer
models.

3.4. Model

As previously mentioned, we have considered a slit pore model and the
pillars are described as cylinders, in any case, we will explain later in more
detail. Moreover, in order to get a faithful description of the adsorption
processes in the set of samples considered, we have used in our modeling work
the structural data provided by the characterization experiments [Table 3.1].

3.4.1. Geometric model

The model [1] employed to describe the micropore structure is composed
of a slit pore (i.e. two planar parallel walls) and a set of cylindrical pillars,
which are distributed inside the slit in a disordered fashion with their axes
arranged perpendicularly to the walls. In Fig. 3.8, we show a sketch of the
model. The distance between the walls or clay layers is hp and corresponds
to the height of the pillars. In order to analyze the topological properties of
the model we will first focus on a further simplified version in which only the
repulsive component of the interactions (which are the source of all steric
constraints for the adsorbate molecules) will be taken in to account. The
adsorbate molecules inside our idealized PILC are confined by an external
potential whose contributions are

urepext(ri) = urepfw (zi) + urepfp (ri | {Rp}), (3.2)

where urepfw is the repulsive wall-fluid interaction potential and urepfp is the
repulsive fluid-pillar interaction potential given by

urepfp (ri | {Rp}) =

Np∑
k=1

ϕrep(ri,Rk), (3.3)
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In Eq. 3.3, {Rp} denotes the position of the pillar axes and ri indicates
the positions of the fluid molecules. Np is the number of pillars, and the
function ϕrep is defined as

ϕrep(ri|Rk) =

{
0 rik ≥ (σp/2 + σf/2)

∞ rik < (σp/2 + σf/2);
(3.4)

with Rk as the position of the kth pillar. σp is the diameter of the pillar
and rik is the distance between the position of the fluid molecule and the
axis of the kth pillar, i.e.

rik = [(xi −Xk)
2 + (yi − Yk)2]1/2. (3.5)

The repulsive wall-molecule potential is expressed as

urepfw (zi) =

{
0 σf/2 ≤ zi ≤ hp − σf/2
∞ zi /∈ [σf/2, hp − σf/2],

(3.6)

where σf is the diameter of the adsorbate.

PILCs can be considered as quasi-two-dimensional systems because fluid
molecules are constrained to move between two hard walls whose separation
is of the order of adsorbate size. In addition, the disordered distribution of
pillars can be treated as a case of quenched randomness, where the pillars
remain immobilized whilst adsorbate species are allowed to move inside the
micropore cavities and reach the thermodynamic equilibrium. Therefore, the
whole system (PILC model and the adsorbate molecules) is to be deemed
as a partially quenched system.

In order to obtain disordered pillar configurations, we have devised a
simulation method [1] which is based on a CMC method of hard core mod-
els in two dimensions. The purpose of this method is just to serve as a device
to built up well characterized disordered pillar structures corresponding to
particular realizations of a given equilibrium distribution. That is, snap-
shots of this bidimensional system with hard core particles, namely hard
disks (HD), represent configurations of pillars where the position of each
HD corresponds to the position of a pillar. Thus, changing the interaction
model of the hard disk, we can obtain disordered pillar configurations with
different type of distributions. The potential model considered for the HD
reads

uq =

Np−1∑
i=1

Np∑
j=i+1

νpp(Rij |σp,K, κ,Rc), (3.7)
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where νpp is a pair interaction term, we have chosen a hard-core Yukawa
potential. This Yukawa potential depends on the distance between pillar
axes Rij and on the parameters K, κ, σp as follows:

νpp(R) =


∞ if R < σp

VY (R|σp,K, κ)− VY (Rc|σp,K, κ) if σp ≤ R ≤ Rc
0 if R > Rc.

(3.8)

VY (R|σp,K, κ) = −Kσp
R

exp

[
−κ
(
R

σp

)]
, (3.9)

with κ > 0. Within a given selection of parameters and pillar density, the
probability of obtaining certain configuration of pillars is defined by

Π(Rp) ∝ exp [−Uq(Rp|σp,K, κ,Rc)] , (3.10)

where |K| plays the role of the inverse of the temperature and σp is the pillar
diameter. The parameter Rc is the pair potential cut-off distance (which is
introduced for numerical convenience), and κ is a parameter that controls
the range of the interaction. If K = 0, the interaction potential reduces to
that of HD. In the case of K > 0, HDs have an attractive tail, i.e. attractive
hard disks (AHDs). For this choice we must pay attention to the value of K
since a phase separation can occur for K > Kc [132] (where Kc is the critical
inverse temperature, which depends on potential parameters κ and Rc). At
these conditions, the system presents a considerable system-size dependence
losing the self-averaging properties [133, 134]. Finally, if K < 0, then the
hard disks have a repulsive tail, i.e. repulsive hard disks (RHDs).

For each above mentioned case it is obtained a different type of pillar
distribution. In Figure 3.9 we show two examples of pillar configurations
with different type of distribution. These pillar configurations belong to
systems with a pillar density ρp = 0.60 pil/ nm2, system length L = 30
nm, and pillar diameter σp = 0.90 nm. The pillar configuration depicted in
Fig. 3.9 (A) was extracted from RHD simulations, particularly the potential
parameters were K∗ = −1.0, κ∗ = 1.0, and R∗c = 3.0. On the other hand,
the pillar configuration represented in Fig. 3.9 (B) was obtained from AHD
simulations with potential parameters K∗ = 1.0, κ∗ = 1.0, and R∗c = 3.0.
One notices that in the pillar configuration obtained from AHD simulations
the pillars tend to group together generating larger voids, whereas in that
from RHD simulations the pillars tend to be separated from their neighbors
resulting smaller cavities.
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Figure 3.9: Examples of disordered configurations of pillars. It is a bidimen-
sional representation in a plane parallel to the walls and the positions of the
pillars are represented with green circles. The configurations were obtained
employing the method described in Sec. 3.4.1 with a pillar density ρp= 0.60
pil/nm2, a system size L = 30 nm, and a pillar diameter σp = 0.90 nm. The
pillar configuration shown in panel A was obtained from RHD simulations
(K∗ = −1.0, κ∗ = 1.0, and R∗c = 3.0). And the pillar configuration de-
picted in panel B was got from AHD simulations (K∗ = 1.0, κ∗ = 1.0, and
R∗c = 3.0)
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The micropore cavities are delimited by the pillars, so if the distances
between them are very short, then it is likely that some of these voids are
inaccessible for the adsorbate molecules. This brings up to define two im-
portant concepts: available and accessible spaces. Available space refers to
those portions of the microporous sample in which a given probe molecule
can be placed without steric hindrance from pillars or walls. On the other
hand, accessible spaces are those available spaces from which the adsorbate
molecules can diffuse throughout the system. In the following subsections
we will focus on the study of these concepts and we will show the results of
some calculations of available and accessible volumes.

3.4.2. Available space

Considering that the system has the dimensions L × L × hp, the available
volume for an adsorbate with diameter σf at low pillar densities is given by

Vav = (h− σf )
[
L2 −Npπ(σp + σf )2/4

]
, (3.11)

where L is the length of the system in the x and y directions parallel to the
walls. We can define the fraction of available volume Φav as

Φav =
Vav
L2 hp

. (3.12)

The fraction of accessible area φav is easily calculated:

φav =
hp

(hp − σf )
Φav (3.13)

In the limit ρpσ
2
p � 1 (where ρp = Np/L2), one deduces that

φav ≈ 1−
πσ2

pρp

4

(
1 +

σf
σp

)2

. (3.14)

Taking into account that the adsorbate molecules have certain size, the
pillars exclude the presence of fluid molecules in an area a1 around their
location,

a1 =
π

4
(σp + σf )2. (3.15)

When the density of pillars is not low, the pillar exclusion areas can overlap.
In such a case, the available volume depends considerably on the distribution
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σf/σp Square lattice K = 1.0 (AHD) K = 0.0 (HD) K = -1.0 (RHD)

0.000 1− π/8 ≈ 0.6073 1− π/8 1− π/8 1− π/8
0.100 0.5248 0.527 0.526 0.527
0.200 0.4345 0.449 0.446 0.444
0.300 0.3363 0.376 0.370 0.365
0.400 0.2303 0.311 0.300 0.292
0.500 0.145 0.254 0.237 0.227

Table 3.3: Fraction of available area φav for different types of pillar distri-
butions. The reduced pillar density of the systems is ρpσ

2
p = 0.50.

of pillars. The fraction of available volume can be expressed as

φav = 1− 1

L2
Npa1 +

1

L2

Np−1∑
k1

Np∑
k2>k1

S2(Rk1 , Rk2)

− 1

L2

∑
k1

∑
k2>k1

∑
k3>k2

S3(Rk1 , Rk2 , Rk3) + ...

+(−1)n
1

L2

∑
k1

...
∑

kn>kn−1

Sn(Rk1 , ..., Rkn). (3.16)

In Eq. 3.16, S2(Rk1 , Rk2) is the contribution due to overlaps of two pillar ex-
clusion areas, S3 corresponds to triple overlaps and the term Sn corresponds
to overlaps of n pillar exclusion areas, bearing in mind that the maximum
number of overlaps depend on the thickness of the exclusion areas. In any
case, it is possible to compute estimates of φav carrying out MC integration
strategy [77, 110]. This simple technique is based on an insertion method
that uses a test particle. The fraction of available area is easily computed
taking the ratio between the accepted insertions (which correspond to inser-
tions in places without steric restrictions) and the total number of insertion
attempts. We have computed the available area, φav, for adsorbates of dif-
ferent sizes in systems with pillar density ρpσ

2
p = 0.50 and several types of

pillar distributions: an ordered square lattice, HD distribution, AHD distri-
bution (taking the potential parameters κ = 1.0, Rc = 3σp and K = 1.0),
and RHD distribution (whose potential parameters are κ = 1.0, Rc = 3σp
and K = -1.0). The results of φav are displayed in Table 3.4.2. The results
shown in this table were computed using several representative configura-
tions of each type of distribution. The system size was L = 20σp, therefore
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the number of pillars was Np = 200. The results point out that the disorder
in the pillar distributions increase the available area, specifically the avail-
able area is bigger for systems with AHD because the pillars tend to group
together.

3.4.3. Accessible space for adsorbate molecules

We must bear in mind that in the adsorption processes the adsorbate
molecules spread along the micropore channels to reach the micropore cav-
ities. As we mentioned it is possible that some of the cavities could be
isolated because of the narrowness of their entrances. In this subsection we
will first show some accessibility studies of systems whose pillars present
ordered distributions. Subsequently, we will explain the procedure followed
to perform accessibility analysis in systems with disordered distribution of
pillars.

Pillars in a triangular lattice

In this lattice the pillars are found in the nodes and each pillar is sur-
rounded by six nearest neighbors located at a distance given by

Rnn/σp =

[
2√

3ρpσ2
p

]1/2

. (3.17)

The maximum diameter σa of a hard fluid particle that can move inside
the porous medium will be limited by the width of the gate defined by two
nearest neighboring pillars,

σa = Rnn − σp, (3.18)

then it is obtained

σa/σp =

[
2√

3ρpσ2
p

]1/2

− 1. (3.19)

On the other hand, the maximum diameter σf of a hard fluid particle located
inside the cavity delimited by three nearest neighbor pillars (assuming that
hp is larger than Rnn) is written as

σf + σp =
2
√

3

3
Rnn. (3.20)
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Figure 3.10: Sketch of pillars in a triangular latice. It is a bidimensional
representation where the pillars and fluid particles are represented with blue
and green disks, respectively. As proved in the text the maximum accessible
diameter (σa) is shorter than the maximum diameter of a fluid particle inside
the cavity (σf ) delimited by three pillars.

Using the same reduced pillar density as in previous calculations, ρpσ
2
p =

0.50, it is obtained
σf
σp
' 0.755

σa
σp
' 0.520. (3.21)

These results are graphically shown in Fig. 3.10.

Pillars in a square lattice

In this ordered distribution each pillar has four nearest neighbors at a
distance

Rnn/σp =

[
1

ρpσ2
p

]1/2

. (3.22)

The cavities for this lattices are delimited by four pillars forming a square,
so it yields (for hp � Rnn)

σf + σp =
√

2Rnn, (3.23)

therefore, it is obtained that

σa/σp =

[
1

ρpσ2
p

]
− 1, (3.24)

σf/σp =

[
2

ρpσ2
p

]
− 1, (3.25)
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and taking the pillar density ρpσ
2
p = 0.50,

σf
σp
' 1.000

σa
σp
' 0.4142. (3.26)

These two examples illustrate that the maximum diameter of a molecule
which fits in a cavity is bigger than the diameter of a molecule that can
diffuse into the porous medium. Hence, the accessibility of adsorbates is
totally determined by the width of the cavity gates.

Accessible space in disordered systems

In the case of systems with disordered distribution of pillars the ac-
cessibility study become more complicated because the distances between
neighboring pillars are variable. In what follows we will show a procedure
to carried out accessibility studies in this type of systems.

Let us consider a system with a disordered pillar distribution. This
means that the distances between neighbor pillars and the size of cavities
can be different. In order to make easier the explanation, we will make
use of a probe molecule with diameter σa located inside the porous media
(i.e., it does not overlap with either the walls or the pillars). It is worth
remembering that according to our model, the diffusion of this molecule
along the z-direction is hindered by the flat walls. The probe molecule is
able to move freely along x and y directions, however, it can come up against
pillar barriers that hinder its diffusion. Let us consider two locations inside
the micropore system. The adsorbate molecules placed in these places do
not overlap with walls or pillars. The question arising is then, if a probe
molecule is able to diffuse from one location to the other. We state that two
different available spaces located inside the micropore structure belong to the
same cavity if both locations can be connected by means of a continuous
trajectory composed of available spaces. Formally, one can express this
statement taking a 2D representation of the system, that is, a projection
on the xy-plane. Taking r1 and r2 as the positions of the locations referred
above and considering that the accessibility diameter of probe molecules is
σa, we assert that these locations belong to the same cavity if there exits a
path ℘ that connects both positions and fulfills

∀(x, y) ∈ ℘,
√

(x−Xk)2 + (y − Yk)2 ≥ (σp + σa)/2, (3.27)

(k = 1, ..., Np).

In Eq. 3.28, (Xk, Yk) designates the xy-plane coordinates of the pillars and
Np the number of pillars. It is also possible to treat the problem from the
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opposite point of view, instead of searching the available spaces for the ad-
sorbate molecule, one can focus on the search of barriers. These barriers are
formed by pair of pillars whose positions can be represented by the vectors
Rk and Rl. The segment joining these two pillars fulfills Rkl < σp + σa.
When certain number of barriers are linked and enclose a certain region
of the micropore system, this region defines an isolated cavity which can-
not be reached by the adsorbate molecules. Forward looking the adsorp-
tion computer simulations, we must take into account that the insertion
or displacement movements of a standard MC method do not distinguish
between accessible or inaccessible places. Thus, we must first locate these
isolate places to prevent the insertion of fluid molecules in them during the
simulations.

A fluid is adsorbed in a porous system when its molecules can penetrate
and spread along the pore cavities. We resort to a percolation criterion [135]
to determine whether certain adsorbate can be adsorbed in the system. Per-
colation [135,136] is a theory of the statistical physics that studies the effects
in a system when changes are applied to the connectivity of its elements (e.g.
sites, bonds, or particles). These connections between elements are defined
by bonding criteria or connectivity rules to built up clusters. A cluster is
defined as a connected group of elements of the system whose size depends
on some control parameter e.g. density or the connectivity rules. If the
control parameters take certain values to favor the growth of the clusters,
then it is possible that at least one of the cluster can reach a size similar to
the overall size of the system, in such a case it is considered that the system
has reached the percolation limit or has percolated.

According to percolation theory, we identify two types of elements in our
system: the available spaces and the pillar barriers. If we focus on the avail-
able space, then we notice that available space that belong to same cavity
are elements that belong to the same cluster. Thus, in this context the terms
cavity and cluster of available spaces are equivalent. The percolation crite-
rion of accessibility asserts that certain probe molecule can be adsorbed in
a system (with a given pillar distribution), if the available space of the fluid
molecules reaches or goes beyond the percolation limit. Taking into account
that the system has periodic boundary conditions [Sec. 2.6.2], the above
statement means that it is possible to find a continuous path of available
spaces which spreads infinitely through the periodic boundary conditions.
From the point of view of the cluster formation, the system is accessible if
there is at least a cluster of available spaces with infinite size (considering
the periodic boundary conditions). Equivalently, we can consider the pillar
barriers, hence under this standpoint it is fulfilled that a system is inacces-
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sible for a given adsorbate if the cluster of barriers extend infinitely along x
and y directions through the periodic boundary conditions.

In practice, to carry out the accessibility study of a system with a given
pillar distribution, it is necessary to calculate the distances between neigh-
boring pillars and store the available sites and barriers to subsequently per-
form a cluster size analysis. The strategy that we have followed to find
the nearest neighbors is based on the Delaunay tessellation [135] (Further
information about Delaunay tessellation is furnished in Appendix I). As in
the previous calculations [Subsecs. 3.4.3 and 3.4.3], we have considered a
bidimensional representation of the system [Fig. 3.11]. The space is divided
in small triangular portions using an appropriate procedure. This portions
are called Delaunay triangles (DTs) and are constructed taking the cen-
ters of the pillars as their vertices. According to the topological properties
of Delaunay tessellation, pillars linked by triangle sides are first neighbors.
Taking into account the accessibility diameter of the adsorbate, we can de-
termine the pairs of pillars that form barriers. Subsequently, we can carry
out a connectivity analysis of the DTs [1], following these steps: We store
all the information concerning the DTs (e.g., the coordinates of their ver-
tices), and build up a neighbor list for each DT, bearing in mind that two
DTs are considered neighbors whenever they share a side. After that, it
is determined for each pair of neighboring DTs whether they are linked or
not. A pair of neighboring DTs is considered to be linked if their common
side is not a barrier. Thus, a set of linked DTs forms clusters of available
spaces. The final task of the accessibility study correspond to an analysis of
the cluster size; fulfilling that the accessible DTs are those that belong to
a cluster of infinite size, whereas the inaccessible DTs correspond to those
that belong to cluster of finite size (as we can see in Fig. 3.11).

3.4.4. Topological study

This subsection is devoted to study the topological properties of the
model. We will investigate the influence of structural properties such as
diameter, density and type of distribution of pillars in the accessibility of
the adsorbates. As we will see, this study will lead to determine the threshold
pillar diameter, and finally we will compute the fractions of available and
accessible volume of some representative examples.
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Figure 3.11: Sketch of a distribution of pillars in which is represented the De-
launay tessellation necessary to perform the accessibility study. The pillars
are represented with blue disks, the straight lines are the edges of the De-
launay triangles. Specifically the green lines denote sections through which
adsorbate particles can cross, whereas red lines indicate barriers. The trian-
gles filled with red color correspond to isolate spaces that cannot be reached
by the adsorbates, while the accessible triangles are depicted with white.
This example is an accessible system for the corresponding adsorbate be-
cause the accessible spaces spread out along the system.
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L / nm Number of configurations

10.0 4000
20.0 3000
30.0 2000
40.0 2000
50.0 1000
70.0 500

Table 3.4: Number of pillar configuration considered in the accessibility
study for each system size.

Accessibility study

We have performed accessibility studies for two different adsorbates (ni-
trogen and toluene) in systems with different pillar diameters, pillar dis-
tributions and system sizes. The pillar configurations were constructed by
means of the method described in Subsec. 3.4.1 and we have considered
three types of distributions. These have been generated using equilibrium
simulations of hard disks interacting with an additional Yukawa potential,
AHD (K=-1, κ = 1), RHD (K=1, κ = 1) and plain hard disks (K = 0).
For the nitrogen studies, we have regarded a two site model in which each
interacting center is modeled by Lennard-Jones (LJ) spheres with diameters
σN = 0.331 nm [137]. The accessibility diameter of nitrogen is given by
σa(N2) = 0.90σN ' 0.30 nm, where the factor 0.90 accounts for softness
of the LJ cores [2]. In the case of toluene, we have modeled this adsorbate
using the anisotropic united atom (AUA) model [138] in which the CH3, and
CH groups, together with the tertiary C of the molecules represent interac-
tion sites (Further detailed information in Subsec. 3.5.1). In this case, we
have considered the molecule in the most favorable orientations to diffuse
between two adjacent pillars and we have found that the size of the methyl
group determines the accessibility, by which we have define σa(tol) = 0.90
σCH3 = 0.325 nm

It is worth mentioning that these disordered systems possess self-averaging
properties [139], this implies that as the sample size becomes larger more
realizations of disorder are accounted for. As consequence, for large samples
a smaller number of pillar configurations can be used without affecting the
statistical quality of the results [see Table 3.4].

Starting from the calculations of accessibility, one can obtain a quantity
of interest, this is the previously mentioned threshold diameter. For a given
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Figure 3.12: Fraction of accessible configurations vs. pillar diameter. The
pillar configurations were obtained from HD (K = 0.0) simulations and their
pillar density is ρp= 0.60 pil /nm2. The adsorbate considered is nitrogen
whose accessibility diameter is σa(N2) ' 0.30 nm .

adsorbate and pillar distribution, we define the threshold diameter as the
minimum pillar diameter for which the systems becomes inaccessible. We
have depicted in Fig. 3.12 an example of finite-size scaling analysis to obtain
the threshold diameter of systems with a pillar density ρp= 0.60 pil /nm2,
which is taken as representative for the PTS and WYO-1 samples. Note
that the fraction of accessible configurations reaches unity for the smaller
pillar diameters as the pillar diameter increases over a certain threshold
value the number of pillar configurations decreases rapidly to zero. It is
also noteworthy that the curves exhibit a clear dependence on the system
size. According to percolation theory, the threshold limit for finite systems
of size, L, follows a power-law scaling behavior given by

σperp (L)− σperp ∝ L−1/ν , (3.28)

where ν is a critical exponent. The value of the percolation exponent ν for
two dimensional systems [135,136] is ν = 4/3. The curves shown in Fig. 3.12
exhibit an evident step-like shape, and a valid procedure to obtain σperp (L)
is taking the diameter at which the fraction of accessible configurations is
one half. We can use Eq. 3.28 to extrapolate the value of the threshold
diameter σperp for a sample with infinite size (thermodynamic limit), by
fitting the results of σperp (L) for different values of L.
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Adsorbate AD (K = 1.0) HD (K = 0.0) RD (K = -1.0)

Nitrogen 0.949(5) 0.9656(10) 0.975(3)
Toluene 0.924(4) 0.941(4) 0.950(3)

Table 3.5: Threshold pillar diameter, σperp , calculated for two adsorbate
molecules with different accessible diameter and systems with different type
of the disorder. The pillar density of the systems was ρp = 0.60 pil/nm2.

Adsorbate ρp = 0.60 pil/nm2 ρp = 0.67 pil/nm2 ρp = 0.73 pil/nm2

Nitrogen 0.9656(10) 0.901(4) 0.8515(24)
Toluene 0.941(5) 0.875(4) 0.827(3)

Table 3.6: Threshold pillar diameter, σperp , calculated for two adsorbate
molecules with different accessible diameter and systems with different pillar
densities. The pillar configurations were obtained from HD simulation.

The results collected in Table 3.5 correspond to calculations of systems
with different types of pillar configurations. Note that the AHD distributions
yield the lowest threshold pillar diameter. This is due to the fact that
the pillars tend to group, and as consequence the distances between the
pillars are shorter than in the other types of pillar distributions. The RHD
distributions have the highest threshold diameter since the pillars tend to be
separated from their neighbors. The remaining type of pillar distribution,
the HD pillar configurations are the intermediate case whose σperp is between
the values obtained with the AHD and RHD distributions. If we compare the
threshold diameters of nitrogen and toluene [Table 3.5], as expected, toluene
(with a bigger accessibility diameter) obtains smaller threshold diameters,
σperp , than nitrogen. In addition, we carried out calculations for systems with
varying pillar densities representing the various PILC samples we intend to
model [Table 3.6], and the distributions with higher pillar densities lead to
smaller threshold pillar diameters.

Summarizing, through this accessibility study we have seen that the
structural properties of the micropore (e.g. pillar density and pillar distribu-
tion) can determine to a large extent the adsorption of the probe molecules.
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Figure 3.13: Fraction of available area φav (filled symbols, upper curves)
and accessible area, φac (empty symbols, lower curves) for different system
sizes as function of the pillar diameter for pillar distribution generated from
hard disks configurations with a density ρp = 0.60 pil/nm2 (samples PTS
and WYO-1). Lines connecting the symbols are drawn as a guide to the
eye.

Determination of the available and accessible area

Here, we show the results of calculations of the available and accessible
area of systems with different pillar diameters, pillar densities and types of
pillar distribution. Again, we have taken a 2D representation of our 3D
system in order to facilitate the calculations. There is no problem to handle
areas or volumes since both are related through Eq. 3.13. This task was
accomplished by means of a conventional MC particle insertion method also
used in Subsec. 3.4.2. The fraction of available area is computed evaluating
the total fraction of successful particle insertions. While the fraction of
accessible area is calculated only considering those insertions in positions
previously marked as accessible. These calculations were carried out with
a test particle of diameter σtest = 0.37 nm, which corresponds to the σ
parameter of an one-site model for nitrogen [32].

In Fig. 3.13 we show the fractions of available (φav), and accessible area
(φac). Consistently, the former quantity is larger than the later reflecting
the presence of a non-negligible portion of inaccessible voids in the porous
structure. The fraction of available area depends almost linearly on the pil-
lar diameter just like the fraction of accessible area on the pillar diameters
0.85 − 0.90 nm. However, as the pillar diameter is closer to the thresh-
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Figure 3.14: Fraction of accessible area vs. pillar diameter for different
adsorbates molecules; nitrogen solid line and toluene dashed line. The pillar
configurations were obtained from HD simulations with ρp = 0.60 pil /nm2.

old value, the linear behavior of the accessible areas disappears, showing
an abrupt decrease. Actually, at large pillar diameters the accessible area
curves exhibit a clear finite-size scaling dependence resembling the acces-
sibility curves depicted in Fig. 3.12. It is obvious that the fractions of
available and accessible area depend on the test particle used. We have here
employed nitrogen since experimentally it is the standard probe molecule to
determine specific surface areas and microporous volumes in characteriza-
tion experiments of porous materials [Subsec. 3.2.2].

In Fig. 3.14 we plot the fraction of accessible area of nitrogen and toluene
for the same pillar configurations. These calculations were performed with
HD pillar configurations, pillar density ρp = 0.60 pil /nm2 and a system size
L = 10 nm. One observes that for systems with small pillar diameter, both
adsorbates have similar accessible areas, since the distances between pillars
are large enough to allow the access for both adsorbates. Upon increas-
ing the pillar diameter, nitrogen obtains higher fractions of accessible area.
Until it reaches the value σp = 1.05 nm, in which the inter-pillar distances
are so short that most of the micropore cavities are inaccessible for both
adsorbates. These results lead to a simple geometric relation which states:
given two adsorbates with different accessibility diameters and certain sys-
tem (with a fixed pillar distribution, pillar density and pillar diameter), it is

fulfilled that the adsorbate with the smaller accessibility diameter σ
(s)
a has

an accessible volume V
(s)
ac higher or equal than the accessible volume V

(b)
ac of
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the adsorbate with larger σ
(b)
a , i.e.

σ(s)
a < σ(b)

a ⇒ V (s)
ac ≥ V (b)

ac (3.29)

We shall see in the next section that this simple geometric relation will be
useful to assess the results of the adsorption simulations.

3.5. Adsorption simulations

Having defined a geometric model and studied its properties, we will now
carry out computer simulations in order to be able to provide a microscopic
picture of the adsorption processes, and thus obtain an interpretation for
the experimental results shown in Sec. 3.3.

Our approach inevitably has certain limitations. Firstly, PILCs are com-
posed of microcrystallites of hundreds of nanometers in size, nevertheless our
computing capabilities allow us to perform calculations of system with sizes
of tens of nanometers within reasonable times. This implies that we will
not be able to account for the effects of correlations in the porous system
beyond of a few nanometers. Other important limitations are imposed by
the incompleteness of knowledge regarding the pillar distributions and the
structure of the pillars (i.e. their size). Taking into account that at our
approximation level we could not discern between the various types of pil-
lar distributions explored, we have decided to use the pillar diameter as
the quantity to be tuned in order to reproduce the amounts of adsorbate
obtained in the experimental measures.

3.5.1. Potential models

The total potential energy of a system composed of a molecular fluid
adsorbed in the micropore cavities of a PILC is given by the sum of three
contributions:

UT = UA + Up + Uw, (3.30)

where UA is the adsorbate-adsorbate interaction potential energy, Up is the
adsorbate-pillar potential, and Uw is the adsorbate-wall potential energy.
The former is given by

UA =

NA∑
a<b

Nc∑
i∈a

Nc∑
j∈b

φA(rij , εij , σij), (3.31)

where NA is the number of adsorbate molecules, Nc is the number of inter-
acting centers per molecule. Subscripts a and b refer to different adsorbates
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molecules. rij is the distance between molecule sites labeled with the sub-
scripts i and j. The pair potential φA(r) is a cut and shifted LJ potential
and εij and σij are the cross-interaction parameters defined by the Lorentz-
Berthelot (LB) mixing rules [140–142]. This cut and shifted potential is
defined as

φA(rij) =

{
uLJ(rij)− uLJ(rc) rij < rc

0 rij ≥ rc,
(3.32)

where rc is the cut-off radius and uLJ is the full LJ potential,

uLJ(r) = 4εij

[(σij
r

)12
−
(σij
r

)6
]
. (3.33)

For the nitrogen adsorption simulations we have used a one-site interaction
model whose parameter values are shown in Table 3.7. In the case of the
toluene and mesitylene adsorption simulations we have employed the AUA
model [138]. This model is a non-polar version in which dipole moments
or charges are neglected. At first glance, this model can seem too simple,
however there are a number of works [138,143] that used the polar version of
the AUA model and proved that the electrostatic contribution in aromatic
molecules represents approximately less than 10% of the total intermolec-
ular potential energy. The relatively low importance of these electrostatic
interactions in homogeneous systems explains why it is possible to model
liquid-vapor equilibrium using the non-polar version. Furthermore, in our
case we must recall that our system is highly anisotropic, and the fluid-
surface interactions are stronger than fluid-fluid interactions. AUA model
assumes that molecules (toluene and mesitylene) are rigid, i.e. there is no
stretching, bending, or torsional movements. These molecules have planar
geometry and their aromatic rings present hexagonal structure. As depicted
in Figs. 3.15 and 3.16 (sketches on the right), there are three different types
of interaction centers, two of them are CH and C, and are located in the
aromatic ring. The remaining center type is the methyl group CH3 which
is connected to the aromatic ring through the C group. As aforementioned,
both molecules possess a planar structure, this implies that center of the
methyl sites are contained in the same plane as the benzene ring. Moreover,
AUA model considers certain displacements of the sites along the bond di-
rection with the purpose of considering the presence of hydrogen atoms.
This displacements are represented by red strokes in Figs. 3.15 and 3.16
(the sketches depicted on the left). The total potential energy due to in-
teractions between the united atoms (or sites) is expressed by Eq. 3.31,
where the pair potential is also a cut and shifted LJ potential (values of the
potential parameters are displayed in Table 3.7).
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Figure 3.15: Sketch of the molecular structure of toluene according to the
AUA model. In left panel it is depicted the displacement of the interaction
centers CH and CH3 respect to the geometric centers. In right panel it is
shown the different types of interaction centers; yellow and light blue spheres
represent (CH3) and CH, respectively. The dark blue sphere represents the
C interaction center.

Figure 3.16: Sketch of the molecular structure of mesitylene according to
the AUA model. The sketch of mesitylene molecule is represented in the
same way as in Fig. 3.15.
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The adsorbate-adsorbent potential energy has two contributions due to
adsorbate-wall and adsorbate-pillar interactions (Eq. 3.30). The former is
given by

Uw =

Ns∑
i

[φw(zi) + φw(hp − zi)], (3.34)

where Ns = NANc is the total number of interactions sites, zi is the distance
between the interaction site i of an adsorbate molecule and one of the walls.
The function φ(z) is given by the 10-4-3 potential of Steele [144]:

φw(z) = A

[
2

5

(σfw
z

)10
−
(σfw
z

)4
−

σ4
fw

3δ(z + 0.61 δ)3

]
, (3.35)

where A = 2πρwεfwσ
2
fwδ, δ is the separation between lattice planes within

a layer, and ρw, the layer density. The parameters σiw and εiw are the cross-
parameters that are calculated using the LB rules, e.g. εN2w =

√
εN2εw and

σN2w = (σN2 + σw)/2. We set σw = 0.262 nm, which corresponds to LJ
diameter of oxygen anions on the silicate layers. The atomic density of the
clay sheet is ρw= 303.8 nm−3 and the distance between lattice planes within
a PILC layer is δ = 0.216 nm [31,145].

The remaining adsorbate-adsorbent contribution is due to pillars. In
order to investigate the influence of different adsorbate-adsorbent interaction
models on the arrangement and packing of the adsorbate molecules, we
have considered in our simulations two potential models. Assessing their
results we will be able to find out which one is the best suited for the
description of adsorption processes in PILCs. The first model is just a hard-
core interactions model. Henceforth, we shall refer to this potential model as
Model I. The other potential model contains hard-core interaction at short
distances supplemented with an attractive interaction at longer distances.
In this case, we will refer to this potential model as Model II. The total
adsorbate-pillar potential energy reads

Up =

Np∑
i

NA∑
a

Nc∑
a∈j

φkp(|rij|), (k = I, II), (3.36)

where Np is the number of pillars, rij denotes the distance between the j-
site of an adsorbate labeled with a and the axis position of the i-pillar. The
function φIp(r) considered in Model I is the same hardcore potential defined
in the previous Subsec. 3.4.1 [Eq. 3.4]. The attractive interaction of Model
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II is given by an exponential potential, thus the total interaction potential
is defined as

φIIp (rij) =


∞ ; rij < σip,

ϕp(rij)− ϕp(σip + xc) ;σip ≤ rij ≤ σip + xc,

0 ; rij > σip + xc

(3.37)

where
ϕp(rij) = −εip exp [−κp(rij − σip)] . (3.38)

As before, εfp and σfp are the cross-parameters calculated using the LB
rules, κfp is the screening parameter, which determines the range of the
interaction, and xc is the cut-off distance parameter. Actually, this last
interaction model was devised to be employed in the adsorption simulations
of toluene and mesitylene considering the existence of strong interactions
between the pillars and these adsorbates. The interaction of the aromatic
rings of toluene and mesitylene with the strong acid sites are mostly caused
by the π-electrons, by which is clear the quantum mechanical nature of
the interactions. These type of interactions are short ranged and intense
at short distances, thus we have resorted to a simple exponential potential
[Eq. 3.38], similar to the fluid-surface interactions of Ref. [146]. Other
attempts to reproduce the experimental adsorption results with adsorbate-
pillar potentials modeled with LJ chains; or integrated expressions like the
Steele potential or more complex alternatives were unsuccessful [147].

3.5.2. Simulation details

The adsorption simulations were carried out in the grand canonical en-
semble [Subsec. 2.2.2)] at the desired temperature (T), chemical potential
(µ) and volume (V). The simulation box has a cuboid shape whose volume
is given by V = hp×A, where hp is the separation between the walls (or
the pillar height) and A is the area parallel to the walls, which corresponds
to a square surface (A = L × L). The adsorption simulations of nitrogen
and the aromatic molecules were performed in systems with the same box
dimensions L = 10 nm, whereas hp can take different values depending on
the PILC sample [Table 3.1]. The z-axis is defined by the perpendicular
direction to the walls and the x and y directions are considered with peri-
odic boundary conditions. In Sec. 3.3 we could see that PTS samples have
practically the same structural properties (i.e. hp and ρp), thus in order to
to simplify the calculations, we have taken into account for this family of
samples the values: hp = 0.71 nm and ρp = 0.60 pil/nm2.
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Model Group σ (nm) ε/kB (K) rc δb (nm)

one-site LJ potential N2 0.37 95.05 3σN2

(nitrogen) [32]

AUA non-polar CH 0.32464 89.415 4σCH 0.04071
(toluene [138]and C 0.30648 42.079 4σCH
mesitylene) CH3 0.36072 120.15 4σCH 0.0216

Table 3.7: Values of the potential parameters for nitrogen, toluene and
mesitylene. In the AUA non-polar model, the distance between the groups
of the aromatic ring is rC−C = 0.14 nm, whereas the separation between
the methyl group and the carbon of the ring is rC−CH3 = 0.151 nm. For the
same model, δb is a displacement of the interaction centers along the bond
direction with the purpose of taking into account the presence of hydrogen
atoms, increasing in this way the molecular volume.

As we explained in Sec. 2.5, the fluid adsorbed in the porous material
is in thermal and chemical equilibrium with the bulk. The pressure (p) of
the gas in that reservoir can be identified with the experimental pressure
measured in the adsorption experiment. The simulations are performed at
sufficiently low chemical potentials (i.e. low pressures), therefore one can use
the ideal gas law to calculate the pressure from the chemical potential of our
simulations. Otherwise, it is possible to resort to a Redlich-Kwong [148] or
Benedict-Webb-Rubin [149,150] equation of state if corrections were needed.

The GCMC simulations were performed at series of chemical potentials
until the volumetric isotherm reaches a plateau, where the micropore vol-
ume can be considered filled. A significant part of the computer simulations
performed to calculate the results shown in Subsecs. 3.5.3 and 3.5.4 were
carried out in the IBERCIVIS environment. [Further information about
IBERCIVIS project is included in Appendix II]. In addition, we also em-
ployed the histogram reweighting method [Subsec. 2.6.4] to take a full ad-
vantage of the thermodynamical information provided by the simulations
and hence to reduce the number of simulations. Besides the histograms
used for this method, we also employ others to store the potential energy in
order to calculate the isosteric heats required to construct the calorimetric
isotherms. Further details concerning the calculation of the isosteric heats
are shown in Appendix C.

Nitrogen adsorption simulations were carried out at 77 K (p0(N2) =
0.9515 kPa [151]), whereas toluene and mesitylene adsorption simulations
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were performed at 315 K, their respective saturation pressures are [152,153]
p0(tol) = 8.56 kPa and p0(mes) = 0.935 kPa.

A consistent representation of the disordered structure of the pillars is
considered by averaging over quenched disorder, and therefore for each given
case (µ, V, T) we have performed simulations over ten different pillar con-
figurations randomly chosen from a series of hard disk configurations. It is
worth recalling that the adsorbate molecules are only allowed to be inserted
in or moved to accessible regions, which are located, as explained in Subsec.
3.4.3, using a Delaunay tessellation and performing a cluster size study. In
addition, the pillar configurations employed in the adsorption simulations
are chosen among those characterized as accessible, and this bias is removed
correcting the final thermodynamic averages taking into account the fraction
of accessible configurations previously calculated for a given type of pillar
distribution (characterized by ρp and σp) [e.g. Fig. 3.12]. For each of the
10 configurations, we run 4 × 106 GCMC cycles (performing for each cycle
a particle insertion or deletion attempt, and subsequently a translation and
a rotation attempt of randomly selected molecules), and thermodynamic
averages are calculated along the last half of the run.

Some of the quantities obtained from experiments, such as the amounts
adsorbed (nµp) or the micropore volumes Vµp are expressed relative to the
PILC mass. In our calculations, we have calculated the mass of our sys-
tem by taking the density of the WYO clay ρPILC = 2.457 g/cm3 [154], as
average density for all PILC constituents (including both layers and pillars).

3.5.3. Nitrogen adsorption simulations

The goal of the computer simulations is to reproduce the data provided
by the adsorption experiments, or equivalently to reproduce the adsorption
isotherms. To this end, we must find the suitable values of the adjustable
parameters of the model, i.e. σp, εw, εp, κp. We will see that with this strat-
egy the adsorption simulations will provide a semi-quantitative description
of the experimental results.

Nitrogen is a quite chemically inert substance, thus it is expected that
the adsorbate-pillar interactions will be much weaker than those with the
aromatic molecules. Thus, we have employed Model I in the nitrogen ad-
sorption simulations. It is worth mentioning that we also did some tests
with Model II and confirmed that the results provided by both models were
essentially the same.

The procedure adopted in the simulations uses a trial and error strategy,
whose first step lies in tuning the εw parameter to reproduce the increasing
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Sample PTS-1 PTS-2 PTS-3 WYO-1 WYO-2 WYO-3

εw/kB(K) 19.0 19.0 19.0 24.0 24.0 21.0

Table 3.8: Values of the εw parameter obtained from the simulation study
of nitrogen adsorption.

Sample V
(exp)
µp / cm3g−1 σp/ nm V

(simu)
µp / cm3 g−1 φacc Φacc

PTS-1 0.097 0.92 0.096(6) 0.262(7) 0.126(4)
PTS-2 0.106 0.91 0.106(5) 0.279(6) 0.134(3)
PTS-3 0.121 0.87 0.122(4) 0.331(5) 0.1585(24)

WYO-1 0.101 0.91 0.107(5) 0.279(5) 0.158(3)
WYO-2 0.103 0.85 0.104(5) 0.274(5) 0.155(3)
WYO-3 0.077 0.84 0.075(3) 0.181(8) 0.095(4)

Table 3.9: Results of the nitrogen adsorption simulations. V
(EXP )
µp is the

micropore volume obtained from adsorption experiments, σp the pillar di-
ameter of the pillar configurations used in the simulations that reproduce the

experimental uptakes. V
(simu)
µp is the volume of micropore determined with

the adsorption simulations. φacc is the fraction of accessible area and Φacc

the fraction of accessible volume of the systems employed in the simulations.

trend described by the experimental isotherm at the domain of low pressures.
In Fig. 3.17 (A) it is displayed the volumetric isotherms of PTS-1 sample
obtained from simulations and experiments. Unfortunately, the instruments
of measure used in the nitrogen adsorption experiments did not possess
enough precision and the experimental isotherm has only a pair of points at
the region of low pressures. Despite these difficulties, we tuned the potential
parameter εw resulting a volumetric isotherm that approximately reproduces
the trend of the experimental curve. We can see this in detail in Fig. 3.17 (B)
where it is represented the domain of low pressures. The same calculations
were carried out with the other samples, their results are shown in Table
3.8.

Once the εw parameter is determined for each sample, the following step
consists in finding the pillar diameter, σp, that reproduces the experimental
uptake. For this purpose, we carried out adsorption simulation in system
with different pillar diameters and selected those that yield uptakes close to
the experimental values (within the margin of error). In Fig. 3.17 (A) the ex-
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Figure 3.17: Volumetric adsorption isotherms of nitrogen adsorbed in the
sample PTS-1, at 77 K. The isotherm from experiments (red line) and
isotherm from simulations (blue line). The dashed horizontal line repre-
sents the amount of nitrogen molecules that fills up the micropores, which
was deduced from experimental data using the “t” method. In panel B the
same curves are presented in the low pressure region.

perimental value of the amount adsorbed is represented by a green horizontal
line. We can see that the isotherm from simulations tends asymptotically
to this value. Specifically, these results were obtained with pillar configu-
rations whose pillar diameter was σp= 0.92 nm. We performed the same
calculations with the other PILC samples, and their results are displayed
in Table 3.9. In the same table we also show the micropore volumes ob-

tained from simulations (V
(simu)
µp ) and the experimental micropore volumes

(V
(exp)
µp ), noticing that both are quite similar. Moreover, we computed the

fractions of accessible area (φacc) and accessible volume (Φacc) of the systems
employed in the simulations [Table 3.9]. These quantities were calculated
using the same insertion method described in Subsec. 3.4.4. As expected
the largest Φacc corresponds to the highest micropore volume (PTS-3 sam-
ple), and on the contrary the smallest Φacc corresponds to WYO-3 sample.
As we shall see, these quantities will be useful to assess the results obtained
with the aromatic molecules.

3.5.4. Toluene adsorption simulations

Unlike the one-site model used with nitrogen, the toluene molecules de-
scribed by means of the AUA can adopt multiple orientations inside the
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micropore cavities. These arrangements and orientations are determined to
a great extent by the adsorbate-adsorbent interaction model. In order to
investigate the influence of the interaction model on the structure of toluene
adsorbed, we have carried out simulations with the two models previously
defined.

Toluene adsorption simulations with Model I

The procedure followed in these simulations is basically the same as in
the nitrogen simulations. Firstly, the εw parameter is tuned to reproduce the
trend of experimental volumetric isotherm at the domain of low pressures.
In these calculations, besides the volumetric isotherms, we have the calori-
metric adsorption isotherms. The existence of this additional experimental
information makes easier the tuning of the εw because when it is chosen
the suitable value of εw, both isotherms fit to the experimental curves. It
is worth mentioning that at low pressures the adsorption process is hardly
affected by the amount of accessible space of the systems, therefore during
these calculations the simulations can be performed with any pillar diame-
ter, in our case we chose systems with a pillar diameter σp = 0.90 nm. The
results for each sample are shown in Table 3.10. As in the nitrogen simula-
tions, those samples with equal pillar height obtain the same values of εw,
and those PILCs with larger pillar height (WYO-1, WYO-2 and WYO-3)
obtain higher values.

Sample PTS-1 PTS-2 PTS-3 WYO-1 WYO-2 WYO-3

εw/kB(K) 9.0 9.0 9.0 12.0 12.0 10.0

Table 3.10: Values of the εw parameter obtained from the simulations study
of toluene adsorption using Model I.

Subsequently, we determined the pillar diameters that reproduce the
experimental amounts of toluene adsorbed [see Table 3.11] In Fig. 3.18
we plot the volumetric (panel A) and calorimetric (panel B) adsorption
isotherms obtained with sample WYO-3.

In spite of the limitations of the model, the volumetric isotherm from
simulations fits quite well to the experimental curve except at very low
pressures. Moreover, one can see how the volumetric isotherm tends to
the experimental saturation density represented by a dashed line Fig. 3.18
(A). On the other hand, the calorimetric isotherm from simulations passes
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Figure 3.18: Experimental (red symbols) and simulation (blue symbols)
isotherms of toluene in the sample WYO-3 at 315 K using Model I. (A)
Volumetric adsorption isotherms, the dashed horizontal line represents the

amount of toluene molecules that fills up the micropores, n
(exp)
µp [Table 3.11].

(B) Calorimetric adsorption isotherms.
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Figure 3.19: Representation of the different components of the isosteric
heats (Model I). The isosteric heats were calculated from toluene adsorption
simulations in the WYO-3 sample. It is depicted separately the fluid-fluid
(green) and fluid-walls (violet) contributions.

very close to the experimental curve only in the plateau section, which cor-
responds to the micropore filling. As expected, the calorimetric isotherm
computed using simulation does not exhibit the initial maximum since our
potential model does not regard strong attractive centers.

In Fig. 3.19 we have plotted the different components of the isosteric
heats. One can readily see that the fluid-fluid contribution has an increasing
linear trend, whereas the fluid-wall contribution has an almost stationary
behavior, with a slightly decrease in the saturation zone on account of the
total coating of the wall surfaces by the adsorbate molecules.

If we pay attention to the pillar diameters employed in the simulations
[Table 3.11], we notice that the pillar diameters obtained for the different
PTS samples are very similar to each other. However, for the WYO samples
the pillar diameters are quite different and significantly smaller than those
employed in nitrogen simulation. We have computed the fraction of acces-
sible area and volume of the configurations used in the toluene adsorption
simulations [Table 3.11]. Thus, we can now compare these values to those
obtained with nitrogen simulations [Table 3.9]. Inspecting these results we
realize that the geometric relation shown in Eq. 3.29 is not fulfilled by the
samples WYO-1, WYO-2 and WYO-3. This breakdown of the geometric
relation between the accessible volumes of nitrogen an toluene suggests that
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Sample n
(exp)
µp /mmolg−1 σp/nm n

(simu)
µp /mmolg−1 φacc Φacc

PTS-1 0.605 0.91 0.58(4) 0.245(6) 0.117(3)
PTS-2 0.470 0.92 0.47(7) 0.222(11) 0.106(5)
PTS-3 0.610 0.90 0.61(6) 0.259(6) 0.124(3)

WYO-1 0.680 0.89 0.65(4) 0.281(5) 0.159(3)
WYO-2 0.725 0.82 0.73(4) 0.306(3) 0.173(2)
WYO-3 0.740 0.77 0.72(3) 0.311(4) 0.163(2)

Table 3.11: Results of toluene adsorption simulations using Model I. It is

shown the experimental amounts adsorbed n
(exp)
µp , the diameters of the pillar

configurations used in the simulations σp and the amounts adsorbed obtained

in the simulations n
(simu)
µp . φacc and Φacc are the fractions of accessible area

and volume, respectively.

the packing densities in the simulations are significantly lower than those
reached in the real systems.

In order to obtain information regarding the arrangement of the toluene
molecules inside the micropore cavities, we have calculated the density pro-
files of toluene inside three samples with different pillar heights [Figs. 3.20].
In panel A we have depicted the profiles calculated on the basis of the centers
of the aromatic ring, and in panel B it is displayed the profiles obtained from
the positions of the methyl groups. One notices that most of the toluene
molecules arrange their ring centers close to the wall surfaces. If we pay at-
tention to the profiles plotted in panel B, we observe that toluene molecules
also place their methyl group close to one of the walls. According to the
information furnished by these profiles, we deduce that most of the toluene
molecules are adjacent to the walls placing their molecular planes parallel to
them. This is supported by the histogram depicted in Fig. 3.21, in which it
is shown the cos θ defined by the scalar product cos θ = vmol.ez, where vmol
is an unitary vector defined in the direction that goes from the ring center
to the methyl group and ez is the coordinate vector corresponding to the z
direction (perpendicular to the walls).

Adsorption simulations of toluene with Model II

We have followed the same procedure as in the previous calculations,
however, in this case the interaction model considers a different potential
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Figure 3.20: Toluene density profiles obtained with Model I at p/p0 = 0.31
in PTS-1 (hp = 0.70 nm), WYO-3 (hp = 0.78 nm), and WYO-2 (hp = 0.85
nm). The profiles depicted in panel A show the positions of the centers
of the aromatic rings inside the micropore cavity, whereas in panel B it is
plotted the density profile of the methyl group.
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Figure 3.21: Histogram of cos θ for toluene simulations with Model I in PTS-
1 (hp = 0.70 nm), WYO-3 (hp = 0.78 nm), and WYO-2 (hp = 0.85 nm).
cos θ is defined by cos θ = vmol.ez, where vmol is an unitary vector defined
in the direction that joins the ring center and the methyl group and ez is
the coordinate vector corresponding to the z direction.

for the adsorbate-pillar interactions. Thus, besides the εw parameter, we
must also tune the εp and κp parameters [Eq. 3.38]. With the aim of
making the calculations easier, we have taken the same values of εp and κp
for all samples, getting εp/εCH = 40.0 and κp = 10.77nm−1. The values
of the parameter εw pertaining to the adsorbate-wall potential are shown in
Table 3.12. Note that the value of εp is several orders of magnitude larger

Sample PTS-1 PTS-2 PTS-3 WYO-1 WYO-2 WYO-3

εw/kB(K) 4.6 4.6 4.6 5.4 5.4 4.3

Table 3.12: Values of the εw parameter obtained from the simulation study
of toluene adsorption using Model II.

than εw. This is due to the fact that εw enters into the potential through
the factor A in Eq. 3.35. When inserting the values of εw, and εp in Eqs.
3.35 and 3.37 one finds that adsorbate-wall and adsorbate-pillar potential
energies are of the same order of magnitude.

In Fig. 3.22 we have plotted the adsorption isotherms of toluene in
WYO-3 sample. Paying attention to the volumetric isotherms [Fig. 3.22
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Figure 3.22: Adsorption isotherms of toluene in sample WYO-3 at 315 K
using Model II. (A) volumetric adsorption isotherms, the dashed horizontal
line represents the amount of toluene molecules that fills up the micropores,

n
(exp)
µp [Table 3.13]. (B) Calorimetric adsorption isotherms.
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Figure 3.23: Representation of the different contributions to the isosteric
heats (Model II). These calorimetric isotherms were calculated in WYO-3
sample. The curves depicted correspond to the fluid-fluid (green), fluid-walls
(violet) and fluid-pillar contributions (black).

(A)], the shape of the curve obtained from simulations is very similar to
the experimental isotherm. Even so, one can see that there is a substantial
difference between the curves at low pressures, caused by the high surface
heterogeneity and the existence of active centers inside the micropores that
our model is not able to reproduce. Regarding the calorimetric isotherms,
the simulations reproduce qualitatively the initial drop of the isosteric heats
(qσst), which is typically attributed to active centers. The Model II considers
these strong interaction centers in the pillars as experimental researchers
hypothesize [129]. The plateau region of the isosteric heat is well reproduced,
and the curve from simulations even develop a small positive slope due to
adsorbate-adsorbate interactions (i.e. lateral interactions) [155,156].

Here, we have also calculated the different components of the isosteric
heat [Fig. 3.23]. One can see how the adsorbate-pillar interactions come
into play in the first stages of the adsorption process, while at intermediate-
high loadings the fluid-fluid interactions are responsible of the rise of the
isosteric heat. The adsorbate-wall contributions remain essentially constant
during the adsorption process. In some cases, if the fluid-pillar interactions
are too strong, this veils the effect of the fluid-fluid contribution to the total
calorimetric isotherm. As result, qσst can exhibit a final plateau or even a
drop as the coverage increases before the micropore filling.
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Sample nexpµp /mmolg−1 σp/nm nsimuµp /mmolg−1 φacc Φacc

PTS-1 0.605 0.93 0.58(8) 0.194(8) 0.093(4)
PTS-2 0.470 0.94 0.49(9) 0.158(5) 0.076(3)
PTS-3 0.610 0.92 0.68(7) 0.222(11) 0.106(5)

WYO-1 0.680 0.92 0.73(7) 0.222(11) 0.125(6)
WYO-2 0.725 0.86 0.67(9) 0.198(5) 0.112(3)
WYO-3 0.740 0.81 0.72(7) 0.221(11) 0.116(6)

Table 3.13: Results of the toluene adsorption simulation using Model II. It
is shown the same type of information as in Table 3.11.

The results obtained in the adsorption simulations with Model II are
shown in Table 3.13. At first glance one realizes that the pillar diameters
employed to reproduce the experimental data are larger than those used
with Model I. It is clear that, for a given PILC sample, the values of σp
obtained for nitrogen and toluene using Model II are closer to each other
than those coming from Model I. Paying attention to Φacc and φacc [Table
3.13] one realizes that the values obtained are lower than those obtained
with Model I. Moreover, we realize that the only sample that does not fulfill
the geometric relation [Eq. 3.29] is WYO-3 sample. Curiously, this sample
has the smallest micropore volume, but it adsorbs the highest amount of
toluene molecules. We suspect that the accessible spaces of nitrogen and
toluene in this sample may be practically the same. Therefore, the fail of
the computer simulation makes apparent that the packing densities reached
in the simulations are below the experimental densities. Despite this only
discrepancy, it is clear that the simulations performed with Model II yields
more satisfactory results. As we have seen, the isotherms are more faithfully
reproduced, including the initial maximum of the calorimetric isotherms on
qualitative level.

In order to determine the molecular arrangement inside the micropore
cavities, we have calculated the density profiles [Figs. 3.24]. As with Model
I, in Fig. 3.24 (A) we have depicted the profiles obtained from the position
of the ring centers, whereas in Fig. 3.24 (B) it is displayed the profiles of
the methyl groups. One immediately observes that a significant fraction of
the toluene molecules arrange their aromatic rings in the intermediate space
of the micropore cavity. The methyl profiles as those obtained with toluene
and Model I have two clear peaks close to the walls, whereas the density
practically vanish at the center of the micropore. From these profiles one can
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Figure 3.24: Toluene density profiles obtained with Model II in PTS-1 (hp =
0.70 nm), WYO-3 (hp = 0.78 nm), and WYO-2 (hp = 0.85 nm). (A)These
profiles show the positions of the centers of the aromatic rings inside the
micropores. (B) Profile determined from the positions of the methyl groups.
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Figure 3.25: Histogram of cos θ for toluene simulations with Model II in
PTS-1 (hp = 0.70 nm), WYO-3 (hp = 0.78 nm), and WYO-2 (hp = 0.85
nm). cos θ is defined by cos θ = vmol.ez, where vmol is an unitary vector
defined in the direction that joins the ring center and the methyl group and
ez is the coordinate vector corresponding to the z direction.

deduce that if the molecules arrange their aromatic rings about the center of
the cavity, then the ring prefers to be more or less perpendicular with respect
to planes defined by the clay layers. On the other hand, another fraction of
toluene molecules are placed near the clay layers with their aromatic rings
parallel to them. All these deductions are supported by the information
shown in the histogram plotted in Fig. 3.25. As in the previous subsection,
cos θ is defined by the scalar product cos θ = vmol.ez, where the unitary
vector vmol is defined in the same way. As the pillar height increases more
toluene molecules move towards the center of the pore with their methyl
groups pointing to the walls, and the bilayer structure in the center of the
pore become much more pronounced. In fact, the most structured profile
occurs for sample WYO-3, whose pore height is 0.78 nm, more or less the
length of the toluene molecule (≈ 80 nm) [Fig. 3.15].

Comparison between the packing densities obtained in the simu-
lations and the experiments

A stringent test of the model can be achieved by considering for each
PILC sample a fixed value of σp for different probe molecules, and check
whether it can account for the packing densities ratios, r = dpck/dliq. To
do this, we have selected the pillar diameters obtained in the toluene simu-
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Sample V exp
µp (mmol g−1) V sim

µp (mmol g−1) rexp rsim
PTS-1 0.097 0.093(3) 0.67 0.68(9)
PTS-2 0.106 0.084(5) 0.47 0.63(11)
PTS-3 0.121 0.101(3) 0.55 0.73(8)
WYO-1 0.101 0.104(3) 0.73 0.76(7)
WYO-2 0.103 0.098(6) 0.77 0.74(10)
WYO-3 0.077 0.100(5) 1.05 0.78(8)

Table 3.14: Experimental micropore volume V exp
µp and micropore volume of

the pillar configurations used in toluene adsorption simulations with Model
II. rsim and rexp represent the simulation and experimental results for the
ratio of the molar packing densities of the toluene inside the pore and in the
bulk liquid at the saturation pressure.

lations with Model II [Table 3.13]. The volumes of micropore necessary to
compute the packing densities were calculated by simulating the adsorption
of nitrogen on the same pillar configurations used in the toluene simulations
but considering the accessible spaces of nitrogen. Finally, taking nexpµp and
V exp
µp one can calculate the packing densities dsimupck by means of the expres-

sion shown in Eq. 3.1. In Table 3.14 we have displayed the packing density
ratios r = dpck/dliq, where dliq is the density of the bulk liquid. Note that
the model captures to some extent the values of the ratios in some samples
(PTS-1, WYO-1 and WYO-2), however, it does not provide a quantitative
explanation of the whole set of experimental results. If we pay attention
to the values of the micropore volume obtained from simulations and ex-
periments [Table 3.14], we realize that those samples whose V sim

µp values are
close to the experimental results obtain satisfactory packing density ratios,
i.e. the mentioned PTS-1, WYO-1 and WYO-3 samples. This means that
for the cases with unsatisfactory results of rsim, the pillar configurations
used are not suitable to describe nitrogen adsorption.

Toluene densities reached in the simulations

In the previous subsection we have calculated the packing density ra-
tio rsim from the packing density dpck [Eq. 3.1]. Paying attention to the
definition of dpck, one notices that the volume considered (V sim

µp (N2)) is the
accessible volume of nitrogen, which in principle for PILCs may not be the
same as the accessible volume of toluene. Hence, if we pretend to compute
the density of toluene molecules reached in the simulations, the dpck quan-
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Model I Model II
Sample ξ(tol) ξ(tol)

mmol.cm−3 mmol.cm−3

PTS-1 6.4(6) 8.0(9)
PTS-2 5.9(9) 8.2(8)
PTS-3 6.3(6) 8.1(6)

WYO-1 6.2(4) 8.8(6)
WYO-2 6.3(3) 8.6(8)
WYO-3 6.2(3) 8.5(5)

Table 3.15: Toluene Densities reached in the simulations with Models I and
II.

tity is not suitable for this purpose. The experimental determination of
the accessible volume of toluene is not possible, nevertheless we can easily
compute this quantity from the idealized systems used in the simulations.
Resembling the experimental procedure employed to calculate the volume of
micropores V sim

µp (N2), we have performed nitrogen adsorption simulations
but only considering the accessible spaces of the toluene molecules, to finally
obtain the micropore volume accessible for the toluene molecules V sim

µp (tol).
In this way we can calculate the density of toluene molecules reached in the
simulations ξtol by taking the expression ξtol = nµp/V

sim
µp (tol); where nµp is

the amount of toluene molecules adsorbed. The results of these calculations
are displayed in Table 3.15. As expected, Model I yields lower densities than
Model II. The molecular arrangements parallel and adjacent to the walls lose
most of the space located in the intermediate part of the micropore cavities.
If we pay attention to the Model II results, we can see that the samples with
larger pillar height (WYO PILCs) exhibit higher densities.

3.5.5. Mesitylene adsorption simulations

Since Model II yields more satisfactory results, we have only consid-
ered this model in the adsorption simulations of mesitylene. As we did
with toluene, we tuned the potential parameters εw, εp and κp. The values
of εw for each PILC sample are shown in Table 3.16. The correspond-
ing values of the adsorbate-pillar potential parameters are εp/εCH = 80.0
and κp = 10.77nm−1. Notice that the value of εp is significantly higher,
this means that the attractive adsorbate-pillar interactions are substantially
stronger than in the toluene simulations. In Fig. 3.26 we show the ad-
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Sample PTS-1 PTS-2 PTS-3 WYO-1 WYO-2 WYO-3

εw/kB(K) 4.3 4.3 4.3 4.9 4.9 4.5

Table 3.16: Values of the εw parameter obtained from the simulation study
of mesitylene adsorption.

sorption isotherms of the WYO-3 sample. As can be seen, the volumet-
ric isotherm pertaining to simulations become closer to the experimental
curve at medium and at high coverages. Unexpectedly, simulations obtain
a calorimetric isotherm located at lower isosteric heats than those from the
experiments. Such high isosteric heats were also found for mesitylene ad-
sorbed on aluminum-pillared clays by Guil and coworkers [129], ascribing to
the presence of strong specific interactions. The quantum mechanical na-
ture of these interaction cannot be captured by our interaction model and
consequently we have not been able to reproduce the experimental isosteric
heats without spoiling the volumetric isotherms.

The diameter of the pillar configurations used in the simulations are
displayed in Table 3.16, together with the fraction of accessible volume of
the pillar configurations. As consequence of the large size of the mesitylene
molecule, the amounts adsorbed of molecules are lower than those obtained
in the toluene simulations. If we compare the fractions of accessible volume,
then we realize that the geometric relation [Eq. 3.29] is fulfilled, i.e. the
accessible spaces of mesitylene are smaller or equal than those of toluene
and nitrogen.

Sample nexpµp /mmolg−1 σp/nm nsimuµp /mmolg−1 φacc Φacc

PTS-1/PTS-2 0.250− 0.290 0.94 0.33(7) 0.158(5) 0.076(3)
PTS-3 0.320 0.93 0.36(8) 0.194(8) 0.093(4)

WYO-1 0.440 0.94 0.44(6) 0.158(5) 0.089(3)
WYO-2 0.410 0.87 0.47(7) 0.178(9) 0.101(5)
WYO-3 0.390 0.82 0.40(5) 0.169(7) 0.089(4)

Table 3.17: Results of the mesitylene adsorption simulations. It is shown
the same type of information as in Table 3.11.

We also calculated the density profiles of the mesitylene molecules [Fig.
3.27] and as in the previous cases we have plotted the profile of centers of
the aromatic centers [panel A] and the profile of the methyl groups [panel
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Figure 3.26: Adsorption isotherms of mesitylene adsorbed in sample WYO-3
at 315 K. (A) Volumetric adsorption isotherms, the dashed horizontal line
represents the amount of mesitylene molecules that fills up the micropores,

n
(exp)
µp [Table 3.17]. (B) Calorimetric adsorption isotherms.
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B]. One notices that the pillar height of the samples plays an important
role in the arrangement of the mesitylene molecules. In the case of the PTS
sample, there is a higher fraction of molecules that places adjacent to the
walls, whereas in the WYO samples most of the molecules put their aromatic
rings in the intermediate space of the micropore cavity. From the profiles
of the methyl groups [Fig. 3.27 (B)] we can infer that in the PTS sample
the adsorbates adjacent to the walls arrange their aromatic rings parallel to
the walls. On the contrary, those with their rings placed in the intermediate
space adopt non-parallel orientations with their methyl groups pointing to
the walls. In the WYO samples the interlayer separation is enough to host
mesitylene molecules with their molecular planes perpendicularly oriented
to the wall surfaces as we can see in Fig. 3.28 This is supported by the
histogram of cosθ depicted in Fig. 3.28, cos θ is computed averaging over
cos θ = vimol.ez, where vimol are the unitary vectors defined in the direction
of one of the three axes that passes through the geometric center of the
ring and one of the methyl groups, and ez the coordinate vector on the z
direction.

Interestingly, the density profiles of sample WYO-2 have an extra peak
located in the center of the slit, which is absent for the samples with shorter
pillar height. Inspecting the molecular configurations obtained with the sim-
ulations, together with energy and excluded volume considerations indicate
that the central peaks are due to mesitylene molecules with molecular planes
perpendicular to the slit walls, with one of the methyl groups pointing to
the lower wall, another one pointing to the upper wall, and the remaining
one at the center of the slit (see the configuration on the right in Fig. 3.29).
The slit width required to accommodate this configuration is precisely 0.86
nm, which is close to the pillar height of the WYO-2 sample.

Sample ξmesi/mmol cm
−3

PTS-1/PTS-2 5.4(1.3)
PTS-3 5.1(1.3)

WYO-1 7.1(1.3)
WYO-2 6.8(1.2)
WYO-3 5.9(1.0)

Table 3.18: Mesitylene densities reached in the simulations.

As with toluene in Subsec. 3.5.4, we have calculated the densities of
molecules reached in the simulations (ξmesi). Inspecting the results displayed
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Figure 3.27: Mesitylene density profiles obtained in PTS-1 ( hp = 0.70 nm),
WYO-3 ( hp = 0.78 nm), and WYO-2 (hp = 0.85 nm). The profiles depicted
in panel A show the positions of the centers of the aromatic rings inside the
micropores. (B) Profile determined from the positions of the methyl groups.
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Figure 3.28: Histogram of cos θ for mesitylene simulations in PTS-1 (hp =
0.70 nm), WYO-3 (hp =0.78 nm), and WYO-2 (hp = 0.85 nm). cos θ is
computed averaging over cos θ = vimol.ez, where vimol corresponds to an
unitary vector defined in the direction of one of the three axes that passes
through the geometric center of the ring and one of the methyl groups, and
ez the coordinate vector on the z direction.

Figure 3.29: Sketch of two possible perpendicular orientations that mesity-
lene molecules can adopt inside the micropore cavities. With the red hor-
izontal lines it is shown the three different layer separations of the PILC
samples, i.e. hp = 0.71 nm, hp = 0.78 nm and hp = 0.85 nm.
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in Table 3.18, one realizes that the differences detected in the density profiles
become also apparent in ξmesi values. As the pillar height increases, the
effectiveness of the molecular arrangement grows. Specifically, we observe
that PTS samples (with the shortest pillar height) lead to lower densities,
whereas the WYO-1 and WYO-2 samples yield the highest values. We
conclude that the steric restrictions imposed by micropore structure become
crucial in the adsorption processes of large molecules as mesitylene.

Inspecting the simulation results shown in Fig. 3.26 (A) and even for
those pertaining to toluene [Figs. 3.22 (A) and 3.18 (A)], one notices that
the size of the error bars is considerable. This is consequence of the averaging
over disorder. Recall that in order to perform these averages 10 different
pillar configurations were employed, and precisely the dispersion of their
accessible spaces are the cause of the relatively large errors.

3.6. Neutron diffraction study

Besides the adsorption experiments, neutron diffraction measures were
carried out with the purpose of gaining experimental evidence concerning the
structure of toluene adsorbed inside the PILC micropores. The structural
data from diffraction experiments will be compared to simulation results in
order to assess the performance of the models considered. We will first show
some details about the diffraction experiments and the computer simulations
specifically performed to this study. Finally, we will show and discuss the
results.

3.6.1. Neutron diffraction experiments

The diffraction measures and the subsequent treatment of the experi-
mental data were carried out by Dr. C. Cabrillo and Dr. A. Sanz of the
spectroscopy department of the “Instituto de Estructura de la Materia”
(CSIC), and Dr. S. J. Khatib, former member of the Adsorption group of
the “Instituto de Qúımica-F́ısica Rocasolano” (CSIC). The neutron diffrac-
tion measurements were performed in the SANDALS instrument at the ISIS
pulsed neutron scattering and muon spectroscopy facility, Rutherford Apple-
ton Laboratory (UK). SANDALS is a time of flight neutron diffractometer
especially built for investigating the structure of liquids and amorphous ma-
terials. With this instrument it is possible to measure the static structure
factor of a sample over a wide range of momentum transfer, from ∼ 0.05 to
∼ 50 Å−1.
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The diffraction measurements were only made with the PTS-2 PILC.
The experimental researchers prepared two different samples, namely one of
them with this PILC empty and other with a PILC from the same production
batch with 0.561 mmol/g uptake of fully deutered toluene (C6D5-CD3).
They opted to use fully deutered toluene because hydrogen nuclei (protons)
produce stronger incoherent scattering effects. The beam size was set to 3
× 3 cm2 centered at the sample holder. The total data acquisition time per
sample was around twelve hours divided in four runs.

The data reduction was done using the Gumdrum program. This pro-
gram subtracts the container and the background signals and performs all
necessary corrections, e.g. neutron adsorption, multiple scattering, etc.
From the processed diffraction data it is determined the so-called interfer-
ence function I(Q) which relates to the neutron scattering weighted average
of the pair distribution function, gbb(r), by means of a sine Fourier transform,

4πρr[gbb(r)− < b̄2N >] =
2

π

∫ ∞
0

sin(Qr)QI(Q)dr, (3.39)

where < ... >N denotes average over the nuclear species and the bar averages
over isotopes and nuclear spin states. The parameter ρ is the density of the
sample and b̄N is the neutron scattering length. The gbb(r) distribution is
given by

gbb(r) =
∑
µν

b̄µb̄νcµcνgµν(r), (3.40)

i.e. the sum of the partial pair distributions gµν(r) weighted by the neutron
scattering lengths b̄µ and the number concentration cµ of the species. The
Greek subscripts denote the nuclear species. The measured diffraction pat-
terns are shown in Fig. 3.30. The pristine PILC sample shows a rather well
defined broad peak at Q ' 0.38 Å−1 caused by the layered structure and
consistent with the XRD results. This peak disappears in the diffraction
pattern of the toluene loaded sample as a consequence of the diminished
scattering length contrast. Nevertheless, one can still see a shallow shoul-
der in the 0.4-1.0 Å−1 Q-range likely due to the spatial scale of the pillar
distributions.

3.6.2. Computer simulations

The structural information obtained from diffraction experiments is en-
coded in terms of pairwise correlation distributions [6], and such correlations
are referred to the distances between the atoms of the sample. In order to
calculate these pair distributions through computer simulations, we have
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Figure 3.30: Log-Log representation of I(Q) + 1 for pristine (solid black)
and loaded with deutered toluene (solid blue) PTS-2 samples. The inset is
a zoom of both interference function in a linear scale.

Atom σ (Å) ε/kB (K)

C 3.55 35.25
H 2.42 15.11

Table 3.19: Potential parameters of the atomistic model of toluene [157]

used an atomistic model for describing the toluene molecules. This model
considers that each toluene molecules is composed of seven carbon atoms and
also explicitly includes the eight hydrogen atoms (in this study deuterium
isotopes). As the AUA model used previously, the model considered here
is also an apolar and rigid model. This implies that there is no stretching,
bending or torsional movements. The intermolecular potentials are given by
cut and shifted LJ potentials whose parameters were taken from the values
proposed by Jorgensen et al. [157] [Table 3.19, and the bond lengths in Table
3.20].

We have carried out adsorption simulations with the adsorbate-adsorbent
models considered in Subsec. 3.5.4, i.e. Models I and II, on accounting for
diffraction results, in this case comparing them to diffraction results. The
procedure followed is the same as in the previous simulations [Subsec. 3.5.4],
the set of parameters σp, εw and εp was tuned to reproduce the adsorption
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C-C C-H C-CH3

1.40 Å 1.08 Å 1.51 Å

Table 3.20: Bond lengths of the atomistic model of toluene [157].

εw/kB (K) εp/εC κp (nm−1)

Model I 11.0 0.0 0.0
Model II 4.0 140.0 9.86

Table 3.21: Values of the potential parameters obtained from the simulation
study of toluene adsorption using an atomistic model.

data (the results are shown in Tables 3.21 and 3.22). This simulations were
performed at the same temperature as the adsorption experiments, i.e. 315
K. Note that the values of σp obtained with the fully atomistic model are
the same as those got with AUA model. This is a clear evidence that both
models describe toluene molecules with basically the same sizes.

The partial radial distributions, gµν , were calculated from the molecular
configurations extracted from CMC simulations at the saturation densities
and at temperature 298 K of the diffraction experiments. In particular, col-
lections of molecular configurations were recorded to construct the histogram
nµν(r) from which the partial pair distributions gµν were determined [60]:

gµν(r) = nµν(r)/nidµν(r), (3.41)

The term nidµν corresponds to the average number of interaction centers in a
ideal gas at the same density of molecules. As known, the system in hand is
non-uniform with a planar geometry. Thus, instead of considering spherical
shells, we have considered cylindrical shells as follows [77]

nidµν(r) = πρhp[(r + δr)2 − r2], (3.42)

σp (nm) nsimuµp (mmol g−1)

Model I 0.92 0.47(9)
Model II 0.94 0.46(8)

Table 3.22: Results of the adsorption simulations obtained with the atom-
istic model of toluene.
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where r is the distance between the atoms.

An aspect to bear in mind is that our models use a coarse-grained de-
scription of the pillars and clay layers, thus the calculations of the toluene-
pillar correlations were performed by discretizing the structure of the pillar
into eight points resembling the structure of Zr-tetramers, as explained in
Refs. [122, 123]. Regarding the toluene-lamellar correlations, these were
omitted in our calculations. Taking into account the complexity of the
lamellas, it seems sensible to try first such a simplified approach. Once the
partial pair distributions are calculated, the total pair distribution gbb(r) is
computed through the expression shown in Eq. 3.40. However, to determine
gbb(r) from the simulation data, it is necessary to assign a scattering length,
b̄p to the discretized pillar scattering centers. Since the composition of the
pillars is not well known, we have left b̄p as an adjustable parameter.

Our model considers rigid toluene molecules, thus to properly compare
the simulation results to those from experiments it is convenient to introduce
in the partial pair distributions from simulations the experimental broaden-
ing due to thermal effects and other caused by the filtering process of the
experimental signal. Such modifications were performed by the experimen-
tal group, and actually these were readily implemented by convolving gµν(r)
distributions with suitable functions.

3.6.3. Results

In order to favor the comparison between the simulation and diffraction
results, we have subtracted the PILC-PILC contributions from the struc-
tural data obtained from the experiments. This was performed by properly
subtracting the I(Q) of the pristine sample to the I(Q) of the loaded sample.
As result, it is obtained an interference function, Itpc, in which the lamel-
lar contributions (lamellar-lamellar and lamellar-pillar) and the pillar-pillar
contributions are neglected. The Itpc(Q) function obtained from diffraction
measures is shown in Fig. 3.31. In the inset of the same figure it is de-
picted its corresponding gbb(r) distribution function as well as the gbb(r)
obtained from simulations. Specifically, these results pertain to simulations
with Model I and pillar configuration with a pillar diameter σp = 0.92 nm
(b̄p = 1.19). Although our computer calculations do not include toluene-
lamellar contributions, the qualitative agreement is really satisfactory. This
demonstrates that the subtraction of the PILC-PILC contributions through
the diffraction data of the pristine sample was properly performed.

An aspect to take into account is that the gbb(r) distribution defined in
the real space is suitable to distinguish the short range contributions in more
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Figure 3.31: Representation of the Itpc(Q) function obtained from diffraction
experiments. The inset shows the corresponding experimental gbb(r) (solid
blue) and the gbb(r) distribution calculated through computer simulations
(dashed red line). The computer simulations were performed with Model I
and pillars with a 0.92 nm diameter (b̄p = 1.19).

detail. However, the toluene-pillar correlations are located in the range of
intermediate scales, therefore in this case it is preferable to resort to the re-
ciprocal space representation, i.e. the Itcp(Q) function representation. The
pronounced minimum exhibited by the Itcp(Q) function in Fig. 3.31 comes
as consequence of the relevance of the toluene-pillar cross-correlations. The
form factors of the toluene and pillars distributions should be at these inter-
mediated length scales approximately one negative of the other. We found
that for certain values of b̄p this minimum develops in the Itpc(Q) functions
from simulation data. In Fig. 3.32 (A) the Itpc(Q) from experiments is
compared to those obtained from simulations. Namely, in Fig. 3.32 (A)
the simulation results were determined with Model I with σp = 0.92 nm,
b̄p = 1.19, whereas in Fig. 3.32 (B) the result from simulations was ob-
tained with Model II, σp = 0.94 nm and b̄p = 1.24. With sufficiently high
values of b̄p, certainly the negative peak is reproduced. However, it is re-
quired some reference value to compare to avoid unphysical high values of
b̄p. The pillar structure that presumably amounts for the highest b̂p values

is a pure monoclinic ZrO2, b̂ZrO2 = 3.11, as assumed in Ref. [122]. As shown
in Fig. 3.32, the b̄p values employed in the simulations are well below such
a reference denoted by b̄ZrO2 .
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Figure 3.32: A comparison of the Itpc(Q) functions obtained with models
(Models I and II) and diffraction experiments. The solid blue line represents
the measured Itpc(q) in both panels. (A) The red solid line represent the
results from Model I, σp = 0.92 nm and b̄p = 1.19, whereas the curve
in (B) corresponds to Model II with σp = 0.94 nm and b̄p = 1.24. The
black dashed lines represent the results of the coarse-grained calculations
explained in the text, matching the pillar diameters and concentrations of
the computer simulations. The black dotted line in panel (A) is the coarse-
grained calculation with a 1.3 nm diameter.

106



3.6. NEUTRON DIFFRACTION STUDY

If we pay attention to Fig 3.32 (A), one realizes that the overall oscilla-
tions of the Itpc(Q) from simulations matches those from the experimental
curve but fails by a substantial amount in the positions of the main min-
ima and first maxima. At a first glance, the obvious implication is that the
pillar diameter should be larger. In order to investigate such a hypothesis,
Cabrillo et al. carried out a zero order coarse-grained approximation using
the numerical methods provided by SANS Tools [158]. These coarse-grained
calculations were performed for systems with the same pillar diameters and
densities as in the computer simulations. In Fig. 3.32 the coarse-grained
results are represented with black dashed lines and in both cases the first
maxima are significantly shifted with respect to the position of the first
maximum of the experimental Itpc(Q). Using the pillar diameter as a pa-
rameter to try to reproduce the experimental results, they obtained that
for σp ∼ 1.3 nm, the coarse-grained results reproduce quite well the overall
peak structure but at the expense of much higher diameter values than those
determined from the previous adsorption study. We must take into account
that in our accessibility and adsorption studies we have considered the pillar
density ρp, which, as we recall, was deduced under the assumption of zirco-
nium tetramers as intercalating species [121]. So, a different supposition of
the composition of the pillars would lead to a different value of ρp. Thus,
a pillar diameter σp ∼ 1.3 nm might be possible, considering that the pillar
density is substantially lower.

The differences between the results from simulations and experiments
show the clear limitations of the model employed, since among other things,
the simulation results do not contain the diffraction signal due to the lamellar
structure that acts as structure factor. Unfortunately, this peak is narrow
enough to dominate the overall shape of minima and maxima. Notice that
such a modulation is intrinsic to the system and whatever we would do
to enhance the contrast of the pillars will also enhance the contrast of the
lamellar peak. These results make clear that it is required a more detailed
model to fully exploit the information provided by the neutron diffraction
measures. Assuming such limitations, if we pay attention to the results
shown in Fig. 3.32, we can see that the results of Itpc(Q) clearly discriminate
between the two interaction models pointing in this case towards Model
I [panel a]. Nevertheless, without a correct atomistic description of the
micropore structures of the PILC and a properly modeling of the lamellar
peak the results are not conclusive.
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Chapter 4:

Theory of repulsive charged
colloids

4.1. Introduction

Colloids [159] are systems make up of two or more components where
at least one of them is dispersed in other. The dispersing phase behaves
as a continuous medium, whereas the dispersed components consist of par-
ticles whose sizes at least in one direction can ranges from 1 nm to 103

nm [160]. There are colloids in any of the aggregation states (solid, liquid
and gaseous), and specifically they can be classified according to the aggrega-
tion state of the dispersed and the continuous components. For instance, in
emulsions, a liquid is dispersed in other liquid. This type of disperse phases
normally occur between immiscible fluids. Foams are other examples, where
gas bubbles are trapped in a liquid or solid medium. There exists a great
number of colloidal systems in the nature (e.g. blood, cloud and fog) and
also artificially made colloids which are employed in numerous technological
applications (e.g. lubricants, photonic crystals and new drugs) [161–163].
So then, the colloid science is characterized by its interdisciplinarity since its
field of interest overlaps several scopes such as physics, chemistry, biology
and material science. Besides the technological interest, colloids have also
a considerable importance from a theoretical point of view, since colloids
play a prominent role as ”model systems” for condensed matter in general.
The relevant length scale for colloidal systems lies in the mesoscopic range,
hence their experimental measures are able to capture detailed information
on the microscopic level to investigate collective many-body effects induced
by cooperation of many particles. A representative example in which these
cooperative processes take place are the pattern formation in the structure
of the fluid and the phase transitions.
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This part of the thesis is devoted to the study of confined colloids by
means of DFT approximations. Specifically, this work was carried out in
collaboration with the ”Computersimulationen und Theorie komplexer Flu-
ide” group at the Technische Universität (TU) of Berlin headed by Prof. Dr.
Sabine Klapp. This group has a wide experience in the study of confined
colloids employing simulation and theoretical methods. Their investigations
are focused on the description of real systems, for this reason Klapp’s group
collaborate with the experimental group at the TU Berlin headed by Prof.
Dr. Regine v. Klitzing. Most of this modeling and simulation work consti-
tute the doctoral thesis of one of the members of the Klapp’s group, Stefan
Grandner [164]. His research is mainly focused on the study of the impact
of the system parameters on the structure of these colloidal suspensions.
The colloidal particles employed in the experiments are silica nanoparticles
whose charge can be controlled by addition of salt to the solvent. As experi-
mental setup, Klitzing’s team used a colloidal probe atomic-force microscope
(CP-AFM) [165]. This experimental technique makes use of a colloidal silica
sphere with radius R = 3.35µm which is glued to the apex of a tip-less sur-
face force apparatus (SFA) cantilever [166]. This is mounted in a molecular
force probe setup such that a force acting on the silica sphere is detected as
a defection. The colloidal suspension is placed on a silica wafer and subse-
quently the cantilever is immersed into the solution, therefore the colloidal
suspension is confined between the sphere and the wafer (a sketch of the
experimental setup is displayed in Fig. 4.1). According to this experimen-
tal setup, any force exerted by the colloidal suspension can be measured as
function of the separation between the surfaces. In this way, the solvation
pressure is experimentally determined to subsequently be compared to the
results provided by either simulations or theoretical approximations.

Here we present a theoretical study of repulsive confined colloid suspen-
sions based on DFT approximations. Colloidal systems are normally made
up of particles with very different sizes and hence different length scales.
As consequence, the description of the entire system considering in detail
each of the constituents becomes unaffordable. To solve this problem, it
is resorted to a coarse-graining approach in which the degrees of freedom
pertaining to the smaller particles are integrated out, in such a way that
the influence of these particles are implicitly incorporated to the free en-
ergy of the system. Therefore, the relevant constituents of the system are
the larger particles (macroions), which are negatively charged. As we will
explain in the following section, we model this multicomponent colloidal sus-
pension on a effective level within the Derjaguin-Landau-Verwey-Overbeek
(DLVO) theory [6, 7]. We use a perturbative approximation to construct
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Figure 4.1: Sketch of the experimental setup used to study a confined col-
loidal suspension (figure taken from Stefan Grandner thesis [164])

the Helmholtz energy functional [see Sec. 2.7], where the short range repul-
sive part of the effective interaction is described by FMT, which is known
to give excellent results for pure hard sphere systems. On the other hand,
the long range component is essentially treated considering two different
approximations: MFA and FMSA [Subsec. 2.7.2]. To date, the former is
the most popular approximation employed in DFT calculations, since it is
computationally efficient and can describe rather accurately some inhomo-
geneous systems [167, 168]. Nevertheless, it is known that its performance
is highly system-dependent and can yield wrong results due to the fact that
it neglects the correlations between the interparticle interactions. There
have been several efforts beyond mean field approaches, which take into ac-
count these correlations, an example is the perturbative method proposed
by Rosenfeld together with the FMSA [Subsec. 2.7.2]. We will consider
MFA and FMSA in our DFT calculations to compute the density profiles
and solvation pressures. This allows us to test both theoretical approaches
comparing their predictions to GCMC results.

4.2. Model

The colloidal suspensions considered in this work are formed by macroions,
counterions, salt ions, and solvent molecules. As previously explained, the
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relevant particles are the macroions which in our case are negatively charged
particles. The coulomb interactions between them are screened exponen-
tially by the surrounding counterions and salt ions. Following the earlier
works [12–15], the bulk colloidal suspension is described on an effective level
by the electroestatic part of the DLVO potential [7]. The corresponding
macroion-macroion interaction takes the form of a Yukawa repulsive poten-
tial,

uDLV O(r) = W
exp(−κr)

r
, (4.1)

where r is the distance between the centers of the macroions and the pref-
actor W is defined as

W =
(Z̃e0)2

4πε0ε
exp(κσ), (4.2)

with ε0 and ε as the permittivity of the vacuum and the relative permittivity
of the solvent, respectively. The parameter σ is the diameter of the macroion
and e0 is the elementary charge. Z̃ = Z/(1 + κσ/2) is an effective valency,
in which κ is the inverse Debye screening length given by the expression:

κ =

√
e2

0

ε0εkBT
(Zρb + 2INA). (4.3)

In Eq. 4.3, ρb is the macroions bulk density and NA is the Avogadro’s
constant. The salt contribution is measured by the ionic strength I [15]
defined as I = 1/2

∑K
k=1 ρkz

2
k , where ρk and zk are the number and valency

of the salt ions, respectively . Thus, the effective macroion interaction and
more specifically, the screening parameter κ depends on the temperature T
and the macroion concentration. Further information about the deduction
of Eq. 4.3 is illustrated in Refs. [12, 15,16,164].

Macroions also undergo short range interactions due to steric repulsions.
In the previous studies based on computer simulations the DLVO potential
is supplemented by a sort-range soft core. In particular, this interaction is
modeled by taking the repulsive part of the LJ potential [12, 15,16],

uss(r) = 4εSS

(σ
r

)12
, (4.4)

where the LJ parameter is set to εSS/(kBT ) = 1. However, in the case of
DFT calculations, we have supplemented the DLVO potential by a HS in-
teraction. We choose a different potential because HS interaction is a more
convenient starting point for this kind of theoretical approximations. In fact,
we have checked that the differences between both models are negligible at
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least in the range of densities and temperatures considered in this work.
Supporting this assertion, we find that the diameter of the soft-sphere de-
scribed with uSS + uDLV O is practically equal to its corresponding effective
Barker-Henderson diameter [169, 170]. We will come back to this issue and
show some results from computer simulations at the beginning of the Sub-
sec. 4.4. The total macroion-macroion (MM) interaction for the simulation
calculations is given by

uSIMU
MM (r) = uDLV O(r) + uSS(r), (4.5)

and for the DFT calculations is

uDFTMM (r) = uDLV O(r) + uHS(r) =

{
∞ r < σ,

uDLV O(r) r ≥ σ,
(4.6)

where uHS(r) is the HS potential. The parameters of the DLVO potential
are chosen according to the CP-AFM experiments described in Refs. [12]
and [15]. These experiments were carried out at a temperature T = 298 K
with suspensions of Ludox silica particles whose diameter and charge are σ
= 26 nm and Z = 35, respectively. The suspensions are characterized by
the dielectric constant ε = 78.5, and an ionic strength I = 10 mol/l.

According to the experimental setup depicted in Fig. 4.1, at first sight
the surface corresponding to the big particle attached to the cantilever is
not flat. However, taking into account that the size of this spherical particle
is much larger than the macroions, it is appropriate to consider this surface
as a flat surface, i.e. the Derjaguin approximation (DA) [171, 172]. Thus,
we finally regard the colloidal solution to be confined between two plane-
parallel walls at positions z = 0 and z = h. The confining potential is given
by the integrated soft-wall (SW) potential [8]

uSWMS(z) =
4

45
πεW

(σ
z

)9
, (4.7)

where z is the distance of the center of the fluid particle from the wall at
position z = 0. The energy parameter of the potential [Eq. 4.7] is set to
εW /kBT = 1. Moreover, we have also investigated the impact of charged
walls over the fluid structure. These cases are modeled by a modified version
of the linearized Poisson-Boltzmann (PB) theory using linear superposition
approximation (LSA) and DA [173]. The resulting screening parameter
depends on the distance of the macroions from the wall and the wall charge.
Finally, the interaction potential between a macroion and a charged wall is
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given by

uLSAMS = 64πε0εγFγS
σ

2

(
kBT

e0

)2

exp
[
−kW (z)

(
z − σ

2

)]
, (4.8)

where γM |S = tanh(e0ψM |S/4kBT ), ψM |S is the surface electric potential of
the macroions (M) and the solid walls (S). These calculations were carried
out with silica macroions which are characterized by a surface potential of
ψM = -80 mV. The expression for the screening parameter kW (z) is defined
as

kW (z) =

√
e2

0

ε0εkBT

(
Zρb + 2INA +

|σS |
e0z

)
. (4.9)

In Eq. 4.9, σS is the surface charge density and is related to the surface
potential via the Grahame equation [174],

σS =
√

8c0ε0εkBT sinh

(
e0ψS
2kBT

)
, (4.10)

where c0 is the total macroion concentration of the bulk suspension. More
detailed information about potential parameters and their values are given
in Ref. [14]. Finally, the total macroion-solid (MS) interaction is given by

uMS(z) = uwMS(z) + uwMS(h− z) =

uSWMS(z) + uLSAMS (z) + uSWMS(h− z) + uLSAMS (h− z). (4.11)

In Eq. 4.11, if we recall, h is the distance between the walls, uSWFS is the
confining potential of the walls and uLSAFS is the potential due to the charged
walls. Of course, we have implicitly assumed that the single-wall potentials
from the two charged walls are additive.

4.3. Methods

4.3.1. Density functional theory methods

As we explained in Sec. 2.7, perturbation approaches are used to de-
termine the expression of the excess free energy functionals. The HS con-
tribution is treated via FMT, namely we have used the expression for the
excess free energy density called ”White Bear” version [99] (see Eq. 2.130).
On the other hand, the excess free energy due to the DLVO interaction is
calculated taking into account two types of approximations, the well-known
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MFA and the perturbative method proposed by Rosenfeld together with the
FMSA [Subsec. 2.7.2].

The equilibrium density profiles are determined by means of the varia-
tional principle on which is based the DFT formalism [Eq. 2.104]. As we
know, the density profiles provide valuable information about the micro-
scopic structure of the fluid confined within the pore cavity. These profiles
let us compute the normal pressure pzz [Eq. 2.54] and hence the solvation
pressure f [Eq. 2.49] as functions of the wall separation. Solvation pres-
sure has a great importance because this quantity can be experimentally
measured by e.g. CP-AFM techniques [12,15]. Furthermore, we must recall
that according to theoretical studies, the behavior of the solvation pressure
at the asymptotic regime (h >> σ) is determined by the correlations of
the interparticle interactions [Sec. 2.5]. Therefore, this macroscopic quan-
tity can provide valuable information about the microscopic structure of the
fluid [Eq. 2.54].

The bulk pressure pb appearing in Eq. 2.49, is calculated by taking the
limit h→∞ of the function pzz(h), i.e., by searching those wall separations
(normally at h∗ ' 10−15) where the oscillations in pzz(h) practically disap-
pear. To ensure the reliability of the calculation of the bulk pressure through
the asymptotic procedure, we performed some test calculations determining
the bulk pressure via the contact theorem, i.e., through the density profile
at the hard wall. The results turned out to be consistent with those from
pzz →∞.

4.3.2. Simulations methods

The simulations results shown up in this chapter were carried out by
S. Grandner, appearing most of them in the Ref. [14, 16] and his doctoral
thesis [164]. We explained that the macroion-macroion interaction depends
on the bulk density [see Eq. 4.3], this means that the starting property is
the density of the bulk. Thus, before performing the GCMC simulations
of the confined fluid it was necessary to calculate the required equilibrium
chemical potential. In order to calculate this quantity, CMC simulations of
the bulk system were carried out together with the Widom insertion method
[Subsec. 2.6.5]. Finally, once the chemical potential was determined, it was
possible to make the GCMC simulations.

The bulk simulations were carried out in cubic simulation cells with
periodic boundary conditions in all three spatial directions. In the case of
the GCMC simulations, the simulation box considered was a cuboid, where
h generally differs from the lengths in the plane parallel to the walls, that
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is, x and y directions. In addition, the periodic boundary conditions were
only applied in these directions.

Just like DFT calculations, the density profiles were determined as well
as the effective forces induced by the particles on the walls. This effec-
tive force per unit area is defined as the normal pressure pzz, which was
determined by using the virial expression: [172]

pzz = kBT

〈
N

hA

〉
−
〈

1

A

∂UT
∂h

〉
, (4.12)

where the first term is the ideal pressure contribution and the last term is
a derivative of the total potential energy UT (involving both fluid-fluid and
fluid-wall interactions) with respect to the distance between the walls.

4.4. Results

Firstly, we will show the results obtained for systems with uncharged
walls and subsequently we will show those from more complex systems with
charged walls. However, before going into the discussion of the results,
we briefly remember that the DFT and simulations methods use different
models for the short-ranged repulsive interactions. In order to prove that
the assumption of different interactions do not entail significant differences,
we have performed several GCMC simulations involving hard spheres to-
gether with DLVO interaction (as in the DFT calculations), and on the other
hand, we have regarded soft-spheres plus DLVO interactions. Then, we have
calculated density profiles with both models for strongly confined systems
(h∗ = h/σ = 2.9) characterized by two different bulk densities. These results
are depicted in Fig. 4.2. According to these figures, one concludes that the
differences between both models are negligible; i.e. hard- and soft-sphere
repulsion yield essentially the same profiles at the parameters considered.

4.4.1. Repulsive colloids confined by uncharged walls

Again, it is worth recalling that the value of the screening parameter κ
depends on the bulk density ρb [Eq. 4.3]. Thus, each bulk density has dif-
ferent fluid-fluid interaction, with the range of this interaction (determined
by the inverse of κ) decreasing with increasing ρb. As consequence, it is
not possible to compare directly the results from different bulk densities.
This issue becomes particularly important when we try to compare the per-
formance of different DFT approximations. Keeping this in mind, we now
focus on the DFT results.

116



4.4. RESULTS

Figure 4.2: Density profiles of systems with wall separation h∗ = 2.9 and
uncharged walls obtained with GCMC simulations. The left panel (A) cor-
respond to a system with a bulk density ρ∗b = 0.063, and the right panel (B)
ρ∗b = 0.440.

In Fig. 4.3, we show density profiles obtained from the two DFT versions
(MFA and FMSA) and simulations for a fixed wall separation h∗ = 2.9 and
different bulk densities ρ∗b . One notices that at the lowest bulk density ρ∗b =
0.063 [Fig. 4.3] none of the DFT versions yield satisfactory results, however
the FMSA predicts correctly the existence of two layers, underestimating
the heights of the peaks as compared to the GCMC data. The MFA yields
totally wrong results predicting the existence of only one layer. If we pay
attention to the remaining density profiles depicted in Fig. 4.3, we realize
that the agreement between DFT and simulation results improves as the
bulk density becomes higher.

Specifically, in Fig. 4.3 (B), already at ρ∗b = 0.200, the FMSA yields
satisfactory results and MFA becomes at least qualitatively right predict-
ing two layers. At the two highest densities [Figs. 4.3 (C) and 4.3 (D)],
the agreement between the FMSA and the simulation results is very good.
MFA also provides satisfactory results for the height of the peaks, but it
overestimates the density of particles between the two layers.

We show in Fig. 4.4 the density profiles of systems with different wall
separations h∗ and a fixed value of the bulk density. Inspecting these results,
we notice that the performance of the DFT approaches depends not only
on the bulk density, but also on the the wall separation. As we see in Figs.
4.4 (A) and 4.4 (B), the FMSA yields satisfactory results at h∗ = 4.2, but
not at h∗ = 4.8. In the latter case the GCMC predicts the formation of four
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Figure 4.3: Density profiles of systems with a wall separation and uncharged
walls; h∗ = 2.9; (A) ρ∗b = 0.063, (B) ρ∗b = 0.200, (C) ρ∗b = 0.440, and (D)
ρb = 0.500.

Figure 4.4: Density profiles of systems with bulk density ρ∗b = 0.440 and
uncharged walls; (A) h∗ = 4.2, (B) h∗ = 4.8, (C) h∗ = 5.1, and (D) h∗ = 5.5.
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layers of particles, whereas the FMSA predicts only three. At h∗ = 5.1, the
FMSA profile correctly exhibits four layers, however the height and position
of the peaks still deviates from the corresponding GCMC result. Finally,
at h∗ = 5.5 [Fig. 4.4 (D)], there exists very good agreement between the
FMSA and simulation results, as in the case h∗ = 4.2.

According to the results depicted in Fig. 4.4, FMSA is characterized by
a “delay” (as compared to simulations) in predicting a new layer upon an
increase of the wall separation at fixed ρ∗b . If we pay attention to the MFA
results, we realize that this ”delay” is even much larger. It is clear that
FMSA and MFA present failures to describe the layer formation and these
are likely caused by the approximations assumed to determine the excess
free energy functional. We will come back to this point later.

We have also computed the normal pressure as a function of the wall
separation. This quantity provides valuable information about the interplay
of the bulk density and the wall separation in the context of our DFT ap-
proaches. We have calculated normal pressures at different bulk densities.
Results are displayed in Figs. 4.5 and 4.6. An important piece of informa-
tion is the corresponding asymptotic value that the normal pressure takes at
large wall separations. This value is the bulk pressure p∗b and as we will see
it is a significant result to take into account for assessing the performance of
the DFT approximations. In Fig. 4.5 (A) we show the normal pressure for a
bulk density ρ∗b = 0.063. At this density, both approaches MFA and FMSA
provide quite accurate results of the bulk pressure. Note that both theoreti-
cal curves tend to a constant value for large h∗, which is slightly higher than
the corresponding GCMC value. At smaller values of h∗, the DFT curves
exaggerate the oscillations, specifically in the first minimum and maximum
of p∗zz(h

∗). Even so, both theoretical approaches can be considered satis-
factory for this bulk density. Fig. 4.5 (B) shows results for systems with a
bulk density ρ∗b = 0.200. At first glance we notice that the DFT results have
lower values for the normal pressure than those predicted by the computer
simulations. In fact, the MFA yields a very slow decay of the oscillations
and only the values near the maxima of p∗zz(h

∗) are close to the GCMC
results. On the other hand, FMSA reproduces satisfactory the oscillations
and their decay, there is only a slightly overestimation particularly at short
wall distances.

As the bulk density of the system is increased, the DFT predictions for
the normal pressure become worse. DFT approximations predict much lower
values of the normal pressure than those from simulations. This is clearly
observed at the asymptotic regime of the curves, that is, the DFT approxi-
mations predict much lower bulk pressures. These difficulties in describing
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Figure 4.5: Reduced normal pressure p∗zz as a function of the wall separation
h∗. The corresponding bulk densities are (A) ρ∗b = 0.063 and (B) ρ∗b = 0.200.

Figure 4.6: Reduced normal pressure p∗zz as a function of the wall separation
h∗. The corresponding bulk densities are (A) ρ∗b = 0.440 and (B) ρ∗b = 0.581.

more concentrated systems also concern to the oscillations. This is illus-
trated in Figs. 4.6 (A) and 4.6 (B), where we find that the DFT predictions
generally exhibit too weak and shifted oscillations. However, the FMSA pro-
vides bulk pressure values nearer to simulation data and at least the decay
trend is similar to the GCMC results. It is worth mentioning that GCMC
and FMSA data coincide exactly in some points located in the vicinity of
the relative minima of p∗zz at small h∗. In fact, these coincidences are due
to cases in which the FMSA yields particularly accurate density profiles.
This is exactly what we observed in Figs. 4.3 (C), 4.3 (D), and 4.4 (A),
which are the density profiles of systems with a wall separation h∗ = 2.9.
If we try to locate these cases in the normal pressure representations, their
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corresponding normal pressure values are localized near the second relative
minimum of the oscillatory pressure curve [see Figs. 4.6 (A) and 4.6 (B)].

In order to better understand these findings we have confirmed that
in both, DFT and GCMC results, a minimum in the normal pressure an-
nounces the formation of a new layer in the density profiles. For example,
this can be seen in the density profiles depicted in Fig. 4.4 and their cor-
responding normal pressure in Fig. 4.6. Focusing on the FMSA results we
notice that, at h∗ = 4.2 [Fig. 4.4 (A)], the profile has three layers of colloidal
particles. Its corresponding normal pressure is located between the second
relative maximum and the third relative minimum of the function p∗zz(h

∗).
At h∗ = 4.8, where the (FMSA) pressure is in a minimum, the central peak
has become much wider. Upon further increase of the wall separation, the
normal pressure increases again, and the density profile shows an additional
layer, adding up four layers of particles [Figs. 4.4 (C) and 4.4 (D)]. The same
trends are observed in the GCMC results, with the appearance of the new
layer at somewhat lower wall separation. As a consequence of the relative
”delay” of the FMSA, all the minima of their normal pressure curves are
shifted towards larger values of h∗, if they are compared to the simulation
results. For instance, in the Fig. 4.6 (A), at ρ∗b = 0.440, the second relative
minimum of p∗zz is located at h∗ = 3.2 for the GCMC results, whereas the
FMSA and MFA curves have their second relative minima at h∗ = 3.4 and
h∗ = 4.0, respectively.

Note that at high bulk densities [Fig. 4.6], the shifts of the FMSA normal
pressures respect to the GCMC results are more pronounced for large values
of the wall separation. Specifically, at short wall separations the system is
dominated by the fluid-wall interactions, whereas at large wall separations
the system becomes more bulk-like, playing a greater role the interparticle
interactions. As we know, the asymptotic behavior of the pressure oscilla-
tions, namely their wavelength and decay length is governed by the bulk pair
correlation function. Bearing this in mind, the existence of more pronounced
deviations at larger wall separation can be understood as a hint to a cor-
responding failure of the FMSA in predicting the correct bulk structure at
high densities. A clear example of this failure is the bulk pressure predicted
by FMSA, which differs significantly from the corresponding GCMC result.
In the case of the MFA, the disagreements are even more marked, since the
shifts are larger in the entire range of wall separations and it predicts lower
bulk pressures.

We note that at high bulk densities [Fig. 4.6] both FMSA and MFA
are not capable of predicting the GCMC results. Logically, these differences
are also reflected in the density profiles. In Fig. 4.7 we depict the density
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Figure 4.7: Density profiles of systems whose normal pressures are located in
the two first relative maxima. (A) ρ∗b = 0.440 and h∗ = 2.5; (B) ρ∗b = 0.440
and h∗ = 3.7; (C) ρ∗b = 0.581 and h∗ = 2.4; (D) ρ∗b = 0.581 and h∗ = 3.4.

profiles of systems at wall separations close to the first and second relative
maxima of the normal pressure curves [Fig. 4.6]. The first maximum of
p∗zz [see Figs. 4.7 (A) and 4.7 (C)] corresponds to systems with two layers
in both DFT and GCMC calculations. However, it is clear that the DFT
density profile underestimates the height of the peaks. The systems with
pressures located in the second maximum [see Figs. 4.7 (B) and 4.7 (D)]
have three layers. Note that the central peak of the profiles determined
with DFT approximations are much shorter. We conclude that the FMSA
generally has difficulties in describing ”sharp” density profiles corresponding
to normal pressure maxima, but provides better results when the system
have pressures located in the minima (whose profile has shorter peaks).

There is a recent study carried out by Louis el al. [146] that also uses DFT
approximations and comes up with similar conclusions. In Ref. [146] they
used the same FMSA to study Yukawa fluids with repulsive and attractive
interaction. In addition, this study considers a somewhat smaller interaction
strength and a fixed bulk density ρ∗b = 0.191. They also found a satisfactory
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agreement between their DFT and simulation results. We must bear in mind
that the model considered in our work and Ref. [146] are different since in
their case the screening parameter does not depend on the bulk density of
the system. Nevertheless, the conclusions concerning the performance of the
FMSA are very similar.

Summarizing this section, we have seen that both DFT approximations
give quite satisfactory results for low bulk densities. However, at higher
bulk densities, the MFA yields unsatisfactory results (even from a qualita-
tively point of view), presumably due to the fact that its excess free energy
functional entirely neglects correlational effects beyond those of the HS in-
teractions. The FMSA generally provides more satisfactory results, since
it predicts the correct number of layers in more cases (due to the fact that
the ”delay” in the formation of layers is smaller than in MFA). Moreover,
we have seen that FMSA reproduces correctly the general trend of the os-
cillatory decay, however even so, it has to be used with some caution. We
have seen that the DFT results present certain ”delay” in the formation of
new layers upon increase of the wall separation. The failure of the DFT
approaches seems to be more pronounced at the larger wall separations.
Furthermore, our calculations have shown that FMSA is not capable of pro-
viding sharp density profiles, which are characteristic of systems with normal
pressures close to maxima in the function p∗zz(h

∗).

4.4.2. Repulsive colloids confined by charged walls

As we explained in Sec. 4.2, the fluid-wall interaction of systems with
charged walls is described by a potential derived from a linearized PB theory,
but with a space-dependent screening parameter [see Eqs. 4.8 and 4.9]. This
description of the fluid-wall interaction takes into account the fact that the
charged walls release additional (wall) counterions which accumulate in a
thin layer at the surfaces. As it is observed in the experiments, these thin
layers at the surface of the walls contribute to the increase of the screening
effects when the wall charges are high. This causes that the potential behaves
non-monotonically as function of the wall charge. In practice, we observe
a decrease in the repulsion range upon increasing the surface potential and
hence a widening of the slit.

As in the previous studies carried out by Klapp et al. [12,14,15], we have
regarded the same values for the charges and the potential taken from the
colloidal-probe experiments. We set the surface potential of the negatively
charged colloidal particles to ψM= -80 mV, whereas the surface potential
of the (likewise negatively charged) walls varies between -160 mV ≤ ψS ≤
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0 mV. Experimentally, these potential values are obtained by using silica
(ψS=-80 mV) and mica (ψS=-160 mV) surfaces.

The purpose of these experiments is to gain knowledge about the effect of
the charged surfaces over the oscillations of the solvation pressures (defined
as f(h) = pzz(h)− pb [Sec. 2.5]). We have seen that such oscillations occur
already for the case of uncharged walls [see Figs. 4.5 and 4.6]. In Sec. 2.5,
we explained that at certain conditions the solvation pressure, the density
profiles or the total correlation function present damped oscillatory behavior
and their decay lengths ξf and wavelengths λf at the asymptotic regime are
determined solely by the pair structure of the bulk system. Whereas the
amplitude Af and the phase Θf depend on the nature of the external fields.
Klapp et al. proved that this theoretical statement is true for real colloidal
silica systems [12]. In addition, the same group found by means of GCMC
simulations that the variation of the surface potential of the walls influences
only the Af and Θf parameters [14]. Here, we present and discuss the
corresponding DFT results. We focus on the FMSA results since we have
seen in Subsec. 4.4.2 that this approach generally provides better results
than MFA.

We compare FMSA and GCMC results for the solvation pressures in
presence of different charged surfaces. Specifically, Figs. 4.8 and Fig. 4.9
show results of systems with bulk densities ρ∗b = 0.200 and ρ∗b = 0.440,
respectively. In order to make easier the comparison, the solvation force
curves are shifted along the y-axis. When we change the surface potential
of the walls from ψS = 0 mV (uncharged walls) to ψS= 40 mV, the FMSA
solvation pressure decreases in the amplitude Af , in the same way as GCMC
results. Moreover, if ψS is changed from -40 mV to -160 mV, the amplitude
of the oscillation increases again, in consistency with the GCMC simula-
tions. Note that the shifts of the solvation pressures [see Figs. 4.8 and 4.9]
decrease as ψS becomes more negative, reflecting that the fluid-wall poten-
tial effectively broadens. When ψ=-40 mV the fluid-wall potential becomes
narrower hindering the entrance of colloidal particles into the slit pore par-
ticularly at small h∗. In this range of surface potentials, the interaction is
governed by the pure surface charges. However, when the surface potential
is changed from ψ=-40 mV to ψ=-160 mV, the screening effect due to the
counterions become apparent. As consequence, there is a widening of the
fluid-wall potential well, resulting in an increase of the amplitude of the
oscillations. At the same time, the phase shift of the solvation pressures
decreases as ψ becomes more negative. So far we have seen how FMSA is
capable of predicting the experimentally detectable effect of surface mod-
ifications, that is, the variation of the amplitude Af and the phase Θf of
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Figure 4.8: Reduced solvation pressure f∗ as a function of the wall separa-
tion h∗ at different surface potentials ψS= 0, -40, -80, -120, -160 mV. The
corresponding bulk density is ρ∗b = 0.200. For clarity the curves has been
shifted along the y axis.

Figure 4.9: Reduced solvation pressure f∗ as a function of the wall separa-
tion h∗ at different surface potentials ψS= 0, -40, -80, -120, -160 mV. The
corresponding bulk density is ρ∗b = 0.440. For clarity the curves has been
shifted along the y axis.
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ρ∗b = 0.200 ρ∗b = 0.440
ψs/mV MC FMSA MFA MC FMSA MFA

0 1.60 1.74 1.93 1.24 1.32 1.63
−40 1.65 1.71 1.90 1.24 1.34 1.60
−80 1.63 1.71 2.00 1.22 1.35 1.63
−120 1.60 1.73 1.83 1.22 1.33 1.63
−160 1.60 1.73 1.83 1.22 1.34 1.63

Table 4.1: Comparison of the wavelengths λ∗ obtained from fits for the cases
with a bulk density ρ∗b = 0.200 and ρ∗b = 0.440

the pressure oscillations when the absolute value of the surface charge is
increased.

Additionally, we have examined the behavior of the wavelength λf , which
is interpreted as a measure of the distance between the particle layers formed
parallel to the walls. As previously explained, at the asymptotic regime this
wavelength λf is determined by the bulk pair correlation function, thus
this quantity must remain unaffected in spite of the existence of charged
walls. To probe that in the context of the present DFT approximation,
we have fitted our results for the solvation pressure [Figs. 4.8 and 4.9]
according to the expression given by Eq. 2.61. Bearing in mind that this
expression holds only in the asymptotic limit, the fit has been started from
the first relative maximum of the solvation pressure curve. The results are
summarized in Table 4.1, where we have also included fitting results from
GCMC [15] and from MFA calculations. We notice that the FMSA and the
MFA wavelengths remain practically constant when ψS is changed, as one
could expect based on the previous theoretical and simulation works [23,44].
If we pay attention to the wavelengths, one can see that the DFT approaches
overestimate them. Comparing both DFT approaches to the GCMC results,
we confirm again that the FMSA provides better results than the MFA. For
instance, at the bulk density ρ∗b = 0.200 [Table 4.1], the FMSA value for λ∗f
has a relative error of about 6% as compared to the corresponding GCMC
value. On the other hand, for MFA the relative deviation is 17%. At a
higher density ρ∗b = 0.440 [Table 4.1], the deviations increase to 9% and
32% in the cases of FMSA and MFA, respectively. Paying attention to
the solvation pressure curves depicted in Figs. 4.8 4.9, it becomes evident
that the apparent ”delay” obtained in the layer formation by the different
approximations is consequence of their larger values of λ∗f .

Notwithstanding the failures of the DFT approaches, these fulfill that
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their wavelengths λ∗f are not determined by the external fields. In agreement
with previous studies [12], the wavelength decrease as the bulk density of the
system increases. It is worth mentioning that in the case of MFA, the varia-
tion of the wavelength when we increase the ρ∗b seems somehow unexpected,
if we take into account that MFA is a ”structureless” approximation which
neglects correlation effects. Nevertheless, we must take into account that
excess free energy functional has the HS contribution. As we explained this
hard-core contribution is treated with FMT formalism in both of our DFT
approaches. Thereby the observed density dependence of the wavelength in
the case of the MFA results is essentially due to HS interaction effects.
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Chapter 5:

Study of hard sphere fluids
adsorbed in disordered

porous media: a density
functional theory approach

5.1. Introduction

This chapter is centered on the study of HS fluids adsorbed in disordered
porous media using a DFT approach based on the versatile and powerful
FMT formalism. Fluids adsorbed in porous systems constituted by disor-
dered porous matrices are suitably described by quenched-annealed (QA)
mixtures. In this type of systems one can find two different sets of variables:
the annealed variables used to describe the position of the fluid particles,
which are allowed to equilibrate, and the quenched variables that corre-
spond to the fixed positions of the matrix particles. Therefore, this type of
system is partially equilibrated, since it is not in thermal equilibrium with
respect to the quenched variables. Nevertheless, it is in thermal equilibrium
with respect to annealed variables for a fixed configuration of the matrix
particles [139].

The first integral equation studies of QA fluid mixtures were developed
by Madden and Glandt [175, 176], who calculated cluster expansions to de-
termine the thermodynamics and structure of these fluids. Alternatively,
Given and Stell [177] resorted to the continuum replica trick, which lies in a
mathematical technique to reduce a function of a variable into powers (repli-
cas) of such a variable. The replica trick was originally applied to study spin
glass systems [178,179] to deduce a set of integral equations which relate the
pair correlations functions. These are called replica Ornstein-Zernike (ROZ)
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equations, and are expressed as

h00(r1, r2) = c00(r1, r2) + (c00ρ0 ⊗ h00)(r1, r2), (5.1)

h10(r1, r2) = c10(r1, r2) + (c10ρ0 ⊗ h00)(r1, r2)

+(ccρ1 ⊗ h10)(r1, r2), (5.2)

h01(r1, r2) = c01(r1, r2) + (c00ρ0 ⊗ h01)(r1, r2)

+(c01ρ1 ⊗ hc)(r1, r2), (5.3)

h11(r1, r2) = c11(r1, r2) + (c10ρ0 ⊗ h01)(r1, r2)

+(ccρ1 ⊗ h11)(r1, r2) + (cbρ1 ⊗ hc)(r1, r2), (5.4)

hc(r1, r2) = cc(r1, r2) + (ccρ1 ⊗ hc)(r1, r2), (5.5)

where the subscripts 0 and 1 refer to the matrix and fluid particles, re-
spectively. As defined in Sec. 2.4, hij denotes the total pair correlation
function and cij the direct pair correlation function (for i,j = 0, 1). In or-
der to shorten the writing of the equations it is used the following notation
(cρ⊗ h)(r1, r2) =

∫
dr3c(r1, r3) ρ(r3)h(r3, r2). The correlations functions of

the annealed particles are separated into two contributions

h11(r1, r2) = hc(r1, r2) + hb(r1, r2), (5.6)

c11(r1, r2) = cc(r1, r2) + cb(r1, r2). (5.7)

Borrowing the notation of the percolation theory [180], the subscripts c and
b are used to indicate the connected and blocked parts of the correlation
functions, respectively. The connected parts account for correlations only
mediated by fluid particles, whereas the blocked part of the fluid-fluid cor-
relations functions stem from the correlations between fluid particles medi-
ated by one or more matrix particles. Curiously, the thermodynamic of the
system is completely determined by the connected parts of the correlation
functions [181,182].

There have been several attempts to introduce the replica trick to the
DFT formalism, but hitherto the most successful approach is based on the
FMT [17, 48]. We will see that this DFT approach allows the study of
uniform situations as well as a broad range of inhomogeneous cases.

5.2. Quenched-annealed density functional theory

It is worth mentioning that the QA free energy functional can be deduced
without resorting the replica trick, as Lafuente and Cuesta [182] demon-
strated by developing an alternative derivation based on first principles.

130



5.2. QUENCHED-ANNEALED DENSITY FUNCTIONAL THEORY

Nevertheless, here we will present the procedure devised by Schmidt [17]
to construct the QA functional resorting to zero-dimensional limit together
with the replica trick. This procedure is really inspired by the formulation
proposed by Tarazona and Rosenfeld [94] to build the density functionals
taking as starting point the above mentioned zero-dimensional limit and
the cavity theory [94]. Essentially, it consists in the extrapolation of a
zero-dimensional functional to higher dimensions, 1D, 2D or 3D systems.
According to the cavity theory, the free energy density functional for a 3D
system, Φ3D, is given by

Φ3D(ρ(r); r) =

3∑
l=1

φ3D
l ({nα}, {nγ}, n̂m2; r), (5.8)

where {nα}, {nγ} and n̂m2 are the weighted densities. The free energy
density is defined by the sum of three terms Φ3D = φ3D

1 + φ3D
2 + φ3D

3 . In
the case of mixtures of HS fluids the first two terms are the same as the
Rosenfeld version shown in Eq. 2.128:

φ3D
1 = n

(i)
0

(
∂βAex1

∂n
(i)
3

)
, (5.9)

φ3D
2 = (n

(i)
1 n

(j)
2 − n

(i)
1 .n

(j)
2 )

(
∂2βAex1
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(i)
3 ∂n

(j)
3

)
. (5.10)

The free energy density terms shown in Eqs. 5.9 and 5.10 depend on the
weighted densities previously defined in Eqs. 2.126 and 2.127. The third
term is written as

φ3D
3 =

1

8π

(
n

(i)
2 n

(j)
2 n

(k)
2 /3− n(i)

2 n
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3 ∂n

(j)
3 ∂n

(k)
3

)
. (5.12)

In Eqs. 5.9, 5.10 and 5.12, i, j and k label the species (taking the values 0
and 1) and Aex1 is the excess Helmholtz free energy of the system in zero-
dimensional limit. One can see that the third term shown in Eq. 5.12 is
different from the Rosenfeld version [Eq. 2.128], in fact, it contains a new
tensor density n̂m2 defined as

n̂m2(r) =

∫
ρ(r)ŵm2(r− r′) dr′, (5.13)
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where ŵm2(r) is a matrix-like weight function defined as ŵm2(r) = δ(r)
[
rr/r2 − 1/3

]
.

The combination of this tensor with the scalar and vectorial weighted den-
sities in the third term is such that adding the other terms Φ3D

1 + Φ3D
2 , the

sum recovers the bulk PY direct correlation for ρ(r) = ρ [97, 183].
Hence, we have seen that the use of the zero-dimensional limit together

with the cavity theory provides to FMT formalism a powerful tool for con-
structing free energy functionals. Schmidt applied this procedure to deduce
the free energy functional of QA mixtures and used to study HS fluids ad-
sorbed in either HS or ideal sphere matrix. We will show this deduction in
detail in Subsec. 5.2.2.

5.2.1. Model

In the line with the previous chapters, here we will deal with non-uniform
cases of QA mixtures, namely QA mixtures confined in slit pores. We have
considered two simple models attending to the type of particles making
up the disordered matrix. In one of the models the matrix consists of HS
particles, while in the other model the matrix is constructed with ideal
sphere particles. The interaction potential functions considered to describe
the fluid-fluid and fluid-matrix interactions in both models are given by

u01(r) =

{
∞ r < (σ0 + σ1)/2,

0 otherwise,

(5.14)

u11(r) =

{
∞ r < σ1,

0 otherwise.
(5.15)

Recalling that the subscript 0 refers to matrix particles and 1 to the fluid
particles. The potential, u00(r), considered to construct the matrices are:

Hard sphere matrix.

uHS00 (r) =

{
∞ r < σ0,

0 otherwise,
(5.16)

Ideal sphere matrix.

uIS00 (r) = 0. (5.17)

132



5.2. QUENCHED-ANNEALED DENSITY FUNCTIONAL THEORY

The matrix as well as fluid particles are confined by two flat parallel walls
which are treated as a confining external field, uext(r), given by

uext, 0(z) = uext, 1(z) =

{
0 < z < h,

∞ otherwise,
(5.18)

with z as the distance in the perpendicular direction to the walls in such a
way that one of the hard walls are located in the position z = 0 and the
other at z = h.
The second part of the chapter will be devoted to the study of uniform QA
mixtures, i.e. uext, 0(r) = uext, 1(r) = 0.

5.2.2. Deduction of the functionals of quenched-annealed mix-
tures.

Construction from the zero-dimensional limit

We start from the zero-dimensional limit, in which the system is reduced
to a cavity that allows the occupancy of an only particle (a fluid or matrix
particle). This can be described by a hard cavity of radius (σi/2) + ε,
thus each particle center is allowed to move in a volume 4πε3/3. The zero-
dimensional limit is applied by taking ε → 0, assuring that if there is more
than one particle inside the cavity, such particles overlap. The first step lies
in the calculation of the grand partition sum, Ξ0, for the matrix particles.
This problem is the same as determining the grand partition sum for pure
HS in 0D. We must count all possible states that are allowed considering
the hard-core exclusions. We can enumerate two possible states: the empty
state and the state with only one particle inside the cavity. Then, Ξ0 can
be expressed as

Ξ0 = 1 + z0, (5.19)

where z0 is the fugacity z0 = exp(βµ)(4πε3/3)Λ−3
i . The grand potential

is expressed as Ω0 = −kBT ln Ξ0 and the mean particle number, η0, is
computed by taking the thermodynamic relation η0 = z0∂ ln Ξ0/∂z0. The
Helmholtz free energy is calculated using the expression βAtot0 (η0) = βΩ0 +
η0 ln(z0), however we are really interested in obtaining its excess contribution
βAex0 = βAtot0 − η0[ln(η0) − 1]. Finally, we use all these expressions to
determine βAex0 as a function of the mean number of particles:

βAex0 (η0) = (1− η0) ln(1− η0) + η0. (5.20)

The zero-dimensional excess free energy of the annealed particles are ob-
tained in a similar way, but in this case we use QA averages instead of fully
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annealed ones. As with the matrix particles, there are only two possible
cases: the cavity is empty or a matrix particle is present. Therefore, we find
that the grand partition sum Ξ1 is

Ξ1 =

{
1 + z1 no matrix particle,

1 matrix particle.
(5.21)

In the case without matrix particle the contributions to Ξ1 are the state
empty of fluid particles and the state with a single adsorbate particle.
Whereas in the case with a single matrix particle the matrix-fluid hard-core
repulsions only allow the state where no adsorbate particles are present. The
quenched-annealed free energy is determined averaging the logarithm of Ξ1

over all matrix configurations. Only the first line of Eq. 5.21 contributes
multiplied by the statistical weight 1/Ξ0 due to the matrix configurations.
Finally, the grand potential of the fluid, Ω1, is written as

−βΩ1 =
ln(1 + z1)

1 + z0
. (5.22)

The procedure to determine the zero-dimensional excess free energy Aex1
is basically the same as described with Aex0 . The mean particle number
is determined by η1 = −z1∂βΩ1/∂z1 and the total free energy βAtot1 =
βΩ1 + η1 ln(z1). The excess zero-dimensional free energy is βAex1 = βAtot1 −
η1[ln(η1)− 1], thus expressing βAex1 as function of η0 and η1, one gets

βAex1 (η0, η1) = (1− η0− η1) ln(1− η0− η1) + η1− (1− η0) ln(1− η0). (5.23)

On the other hand, if we consider an ideal sphere matrix model, the
grand partition sum of the matrix particles is [17]

Ξ0 = exp(z0). (5.24)

As in the ideal gas the excess free energy vanishes,

Aex0 (η0) = 0. (5.25)

The QA grand potential for the fluid is determined by averaging the loga-
rithm over all matrix configurations,

−βΩ1 =
ln(1 + z1)

exp(z0)
. (5.26)

Finally, one obtains that the excess free energy is given by

βAex1 (η0, η1) = [exp(−η0)− η1] ln[exp(−η0)− η1] + η1 + η0 exp(−η0). (5.27)
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In the zero-dimensional limit ηi is the mean particle number, but when
the excess free energy is extended to the 3D limit, ηi becomes the packing

density which at the same time is related to the weighted density n
(i)
3 .

The relation between the Schmidt’s analysis and the replica trick can
be establish considering that the adsorbate is replicated s times. According
to this approach, the system is fully equilibrated and the replicas do not
interact between them but interact with the matrix particles. One can
apply the above analysis to the replicated system and calculate its zero-
dimensional excess free energy, Aex2 . The zero-dimensional QA free energy
can be obtained from Aex2 applying the limit:

−β Aex1 = lim
s→0

[
∂(exp(−β Aex2 ))

∂s

]
exp(β Aex2 ), (5.28)

where Aex2 = Aex0 (η0) + sAex1 (η0, η1).

Extrapolation of the free energy functional to 3D

As previously explained, the functional expressions for 3D systems are
derived by resorting to the cavity theory [94]. The excess Helmholtz free
energy is expressed as

F ex[ρ({r)}] = kBT

∫
dr′Φ3D({nα}, {nγ}, n̂m2; r), (5.29)

where Φ3D is the 3D free energy density shown in Eq. 5.8 which is function
of the weighted densities. According to the cavity theory, Φ3D is expressed
as the sum of three terms [Eqs. 5.9, 5.10 and 5.12].

Depending on the model considered, one takes the corresponding 0D
excess free energy expression Aex1 (n0

3, n
1
3) [Eqs. 5.23 and 5.27]. Once Φ3D

is deduced, it only remains the minimization task to calculate the density
profile of the adsorbate. To this end, it is first necessary to calculate the
density profile of the matrix particles ρ0. The grand potential functional for
the matrix particles is

Ω̃0[ρ0(r)] = F ex0 [ρ(r)] + kBT

∫
drρ0(r)[ln(ρ0(r)Λ3

0)− 1] +∫
dr(uext, 0(r)− µ0) ρ0(r), (5.30)

Just as the fluid particles, the matrix particles are also confined by the walls
of the slit pore, thus we must consider the effect of these walls by introducing
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the external potential term uext, 0 in the grand potential expression. The
density profile of the matrix particles is obtained by minimizing the grand
canonical potential δΩ̃0/δρ0(r) = 0. It is worth pointing out that those
cases with matrices composed of HS particles are representative examples of
systems with non-uniform distributions of matrix particles. After obtaining
ρ0(r), we can proceed with the calculation of the density profile of the HS
fluid, ρ1(r). The grand canonical potential of the fluid is given by

Ω̃1[ρ1; ρ0] = F ex1 [ρ1(r); ρ0(r)] + kBT

∫
drρ1(r)[

ln(ρ1(r)Λ3
1)− 1

]
+

∫
dr(uext, 1(r)− µ1) ρ1(r), (5.31)

where ρ0 is an input for the grand potential expression and the minimization
process is only performed over ρ1(r), δΩ̃1/δρ1(r) = 0. According to Eq.
5.31, the influence of the matrix over the fluid particles could be seen as an
external field.

5.2.3. Computer simulations

In order to assess the accuracy of the theoretical approximation employed
in this chapter, we have carried out MC computer simulations in the canon-
ical and grand canonical ensembles. One must bear in mind that the input
quantity of the functional expressions is the density of the bulk, while one of
the input quantities required to carry out GCMC simulations is the chemical
potential. Therefore, to compare the results from both methods, we must
first compute the chemical potentials that correspond to the bulk densities
considered. In this case, we have chosen to perform CMC simulations of the
bulk (homogeneous system) to determine the chemical potential using the
Widom method [Subsec. 2.6.5]. Once the chemical potential is computed,
GCMC simulations can be carried out to determine the density profiles of
the adsorbate. Similarly to the DFT calculations, before performing the
simulations of the HS fluid, we must previously obtain a set of matrix parti-
cles configurations. To this purpose, we first performed GCMC simulations
with the matrix particles [see Fig. 5.1 (A)]. Subsequently, we carried out
GCMC simulations of the HS fluid taking configurations of matrix particles
with their positions fixed [Fig. 5.1 (B)]. All results from simulations pre-
sented throughout the chapter have been averaged over the disorder, that
means that we have averaged over the results of simulations performed with
ten different matrix configurations. For those systems composed of a slit
pore we used cuboid simulation boxes with dimensions (h∗ × L∗ × L∗),
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Figure 5.1: Sketch of the porous system. (A) First, the matrix particles
configurations are obtained. (B) Subsequently, taking a configuration of
matrix particles is performed the adsorption simulation of the HS fluid,
recalling that the position of the matrix particles remain fixed.

specifically for systems with wall separation h∗ = 2.0 we choose a length
L∗ = 27.0 and for h∗ = 4.5 we took L∗ = 24.0. Periodic boundary condi-
tions were considered in the directions parallel to the walls. The simulations
with uniform systems were performed in cubic and periodic simulations box
(L∗ × L∗ × L∗), L = 14.0. We allowed equilibration for a million MC steps
per fluid particle and subsequently carried out the same number of steps for
data production.

5.3. Results

5.3.1. Hard sphere fluids adsorbed in slit pores filled with
disordered matrices.

We begin by showing the density profiles determined with QA DFT
and simulations. In these first calculations, we have considered that the
adsorbate and matrix particles have the same size, i.e. the size ratio is
q = σ1/σ0 = 1. In Fig. 5.2 (A) we have depicted the density profiles of the
fluid and HS matrix particles of a system with a wall separation h∗ = 2.
The matrix density inside the slit is ρ∗0 = 0.13 and the bulk density of the
HS fluid is ρ∗1(bulk) = 0.35. The profiles shown in panel B correspond to a
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Figure 5.2: Density profiles of HS fluids confined inside slit pores filled with a
disordered matrix of HS (q = σ1/σ0) = 1. GCMC results are represented by
symbols: (red circles) fluid profiles and (blue squares) matrix profiles. The
FMT results are depicted with lines: (blue solid line) fluid profiles and (green
dashed line) matrix profiles. The profiles shown in panel A corresponds to
a system with h∗ = 2.0, ρ∗0 = 0.13, and ρ∗1(bulk) = 0.35; whereas in panel B
to h∗ = 4.5, ρ∗0 = 0.17, and ρ∗1(bulk) = 0.45.

system with h∗ = 4.5, matrix density ρ∗0 = 0.17 and bulk density of the fluid
ρ∗1(bulk) = 0.45. The theoretical results displayed in Fig. 5.2 are found to
be in good agreement with simulation results.

In order to explore a broader range of fluid and matrix densities, we
have computed the amounts of fluid particles adsorbed, ρ∗1, as function of
the fluid bulk density, i.e. ρ∗1(bulk), for different matrix densities ρ∗0. These
results are displayed in Figs. 5.3 and 5.4.

At first glance the general agreement between the results from QA DFT
and MC is rather good. If we pay attention to the curves depicted in Figs.
5.3 and 5.4, we notice that the agreement is better for those cases with
lower matrix densities. Moreover, one also realizes that the performance of
the DFT approach degrades as ρ∗1(bulk) becomes higher. This can be seen
at high coverages for the cases with ρ∗0 = 0.06 and ρ∗0 = 0.13, where DFT
approach underestimates the amounts adsorbed, by contrast for the results
with ρ∗0 = 0.28 and ρ∗0 = 0.37, the QA DFT overestimates the adsorbed
amounts.

We have also carried out the same calculations for systems with matrix
constructed by using ideal spheres (overlapping spheres). As above, we first
show the density profile of two cases with two different walls separations,
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Figure 5.3: Adsorption curves of systems with a wall separation h∗ = 2 and
HS matrices (q = σ1/σ0 = 1). (Symbols) MC, (Solid lines) DFT results.

0 0.2 0.4 0.6 0.8

ρ
1

*
(bulk) 

0

0.1

0.2

0.3

0.4

0.5

0.6

ρ
1

*

ρ
0

*
 = 0.08

ρ
0

*
 = 0.17

ρ
0

*
 = 0.26

ρ
0

*
 = 0.35

Figure 5.4: Adsorption curves of systems with a wall separation h∗ = 4.5
and HS matrices (q = 1). Symbols like in Fig. 5.3
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Figure 5.5: Density profiles of HS fluids confined inside slit pores filled
with disordered matrix of ideal spheres (q = σ1/σ0 = 1). GCMC results
are represented by symbols: (red circles) fluid profiles and (blue squares)
matrix profiles. The DFT results are depicted with lines: (blue solid line)
fluid profiles and (green dashed line) matrix profiles. The density profiles
shown in panel A corresponds to a system with h∗ = 2.0, ρ∗0 = 0.20, and
ρ∗1(bulk) = 0.65; whereas in panel B to h∗ = 4.5, ρ∗0 = 0.10, and ρ∗1(bulk) =
0.55.
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Figure 5.6: Adsorption curves of systems with a wall separation h∗ = 2
and overlapping sphere matrices (q = 1). (Symbols) MC, (Solid lines) DFT
results.
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Figure 5.7: Adsorption curves of systems with a wall separation h∗ = 4.5
and overlapping sphere matrices (q = 1). Symbols like in Fig. 5.6

h∗ = 2 and h∗ = 4.5 [Fig. 5.5] and q = 1. One realizes that the theoretical
approximations yields very accurate results. In Figs. 5.6 and 5.7 we have
displayed the adsorption curves obtained from systems with ideal sphere
matrix. In a similar manner to the results obtained with HS matrices, at low
matrix densities (ρ∗0 = 0.08 and 0.17) the QA DFT yields very satisfactory
results even for high ρ∗1(bulk), while at higher matrix densities (ρ∗0 = 0.26
and 0.35) this theoretical approach overestimates the amount of adsorbate
particles.

According to these results, we conclude that the QA DFT approach
is a valuable tool to consider for studying non-uniform QA mixtures. We
have seen that this theoretical approximation is very accurate at low and
intermediate densities (ρ∗0 and ρ∗1(bulk)), while at high densities the results
can be considered acceptable from a qualitative point of view.

5.3.2. Solvation pressure of hard sphere fluids adsorbed in
disordered porous systems.

A consequence of the existence of matrix particles inside the slit pore
is the reduction of the available space for the fluid particles. Nevertheless,
the effects of the disordered matrix go beyond the excluded volume effects,
in fact the structure of the adsorbate is largely affected. This was inves-
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tigated in a number of works [19–21], which mainly focused on the short
distances of the correlation functions. Here, we focus on the fluid struc-
ture at the range of the intermediate distances paying special attention to
the damped oscillatory behavior of the fluid correlation functions. Evans et
al. [184] proved by means of theoretical methods that simple fluids whose
interactions are described by purely repulsive potentials with finite range
(e.g. HS fluid) only exhibit exponentially damped oscillatory decay. This
implies that the correlation function of these systems cannot exhibit pure
exponential (monotonic) decay, and as consequence there does not exist the
so-called Fisher-Widom line [76].

Following the line of the previous Chapter 4, we have computed the
solvation pressure as function of the wall separation. This quantity is easily
obtained through the DFT formalism. As we know, the solvation pressure
at the asymptotic regime is given by the bulk correlation function, thus it
is also a fast way to access structural information. For this type of models
with perfectly hard walls, the solvation pressure is easily computed taking
f∗(h) = [ρ1(σ/2)σ3

1/β]−p∗b [see Eqs. 2.49 and 2.54], where ρ1(σ/2)σ3
1 denotes

the value of the density profile at contact with the walls. These results are
displayed in Figs. 5.8 and 5.9. In order to take better account of the
oscillatory behavior of the curves we have plotted the logarithm of this
quantity. In this case we have considered systems with different size ratios, so
it is simpler to use packing densities, η, instead of densities. This quantity is
obtained from ρ by means of the relation η = πρσ3/6. Each curve displayed
in Figs. 5.8 and 5.9 corresponds to a fixed value of the packing fraction
of the matrix bulk ηbulk0 , and the packing fraction of the fluid bulk, ηbulk1 .
We must bear in mind that the amount of matrix particles inside the slit
pore (or equivalently the packing fraction η0) is not the same for all wall
separations, indeed, at short wall separations the densities of matrix particles
are lower, and as h increases, ρ0 becomes closer to ρbulk0 , (η0 ≈ ηbulk0 ). Such
differences in the packing fraction of the matrix particles inside the slit pore
(i.e. η0) are not a problem at all because our main concern focuses on the
range of intermediate and long distances where as we know η0 ≈ ηbulk0 . We
have studied four different cases with size ratios: q = 1, q = 0.5, q = 0.3
and q = 2. Inspecting the results displayed in these figures one realizes
that in the systems with q = 0.5 [Fig. 5.8 (B)] and q = 0.3 [Fig. 5.9
(A)] the oscillations of the solvation pressures develop on the length scale of
the matrix particles. On the other hand, the solvation pressures provided
by the systems with q = 2 exhibit wavelengths of the order of the fluid
diameter. According to these results, it seems that in those systems with
q < 1 the layer structure of the fluid is clearly influenced by the matrix
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Figure 5.8: Plots of ln|p∗zz − p∗b | as a function of the wall separation, h/σ1,
for systems: (A) q = 1 and (B) q = 0.5, in both cases the HS matrix
are obtained with bulk packing fractions ηbulk0 = 0.157. These results were
obtained with DFT calculations. For shake of clarity, the curves have been
shifted vertically.
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Figure 5.9: Plots of ln|p∗zz − p∗b | as a function of the wall separation, h/σ1,
for systems: (A) q = 0.3, ηbulk0 = 0.105 and (B) q = 2 ηbulk0 = 0.052. These
results were obtained with DFT calculations. For shake of clarity, the curves
have been shifted vertically.
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particles. In order to investigate this influence at broader range of fluid and
matrix packing densities, in the next subsection we have centered on the
study of the structure of uniform QA mixtures (i.e. QA systems without
walls).

5.3.3. Bulk correlation function of quenched-annealed mix-
tures

It is well known that the DFT formalism is appropriate to study inho-
mogeneous systems, however the test particle procedure [10, 185] provides
the means of addressing uniform systems. According to this method, the
one-body distribution of a fluid in presence of a test particle, which is fixed
at the origin, is related to the pair correlation function in the bulk. This
method was first used in fully equilibrated systems [22, 23, 168], and subse-
quently Schmidt [18] developed a procedure to calculate the partial correla-
tion function of QA mixtures.

One of the requirements to apply the test particle limit is to identify
the external potential with the pair potential; this is easily accomplished
by fixing a test particle of one of the species (matrix or fluid particle) at
the origin. Additionally, it is imposed spherical symmetry on the density
distributions, thereby the spatial dependence is given by r = |r|. If we set
the external potential uext, i = uij(r) in Eq. 2.149, one obtains

ρ
(j)
i (r) = ρib exp{c(1)(r, [ρ

(j)
0 , ρ

(j)
1 ])− βujj(r) + βµexi }, (5.32)

where ρ
(j)
i (r) denotes the density profile of the species i in the presence of a

test particle of species j. The partial pair correlation functions are obtained
by a normalization procedure:

gij(r) = ρ
(j)
i (r)/ρ

(j)
i (r →∞), (5.33)

where ρ
(j)
i (r →∞) = ρii(bulk) is the bulk density of species i. Further details

about the calculation of the correlation functions are shown in Appendix E.
In this subsection we have focused on the study of HS fluids adsorbed

in HS matrices with size ratios are q = 0.5 and q = 0.3. When dealing with
QA mixtures, we must be cautious with regard to the density of matrix
particles considered, since too high densities may lead to systems without
available spaces for the fluid particles. We must be also careful when we
select the density of fluid particles because the porous system can be exces-
sively saturated. Thus, in order to avoid these cases we have considered in
our calculations systems with total packing fraction η0 + η1 < 0.5.
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Figure 5.10: Pair correlation functions of HS fluids adsorbed in a disordered
matrix of HS (q = 0.5). The packing fraction of the matrix is η0 = 0.08 and
fluid packing fractions: (yellow) η1 = 0.04, (blue) η1 = 0.08, (green) η1 =
0.13, (red) η1 = 0.17 and (black) η1 = 0.22. The DFT results are represented
with solid line and the simulations results with symbols. The fluid pair
correlation functions, g11(r), are shifted vertically for sake of clarity.
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Figure 5.11: Pair correlation functions of HS fluids adsorbed in a disordered
matrix of HS (q = 3). The packing fraction of the matrix is η0 = 0.13 and
the fluid packing densities: (yellow) η1 = 0.04, (blue) η1 = 0.08, (green)
η1 = 0.13, (red) η1 = 0.17 and (black) η1 = 0.21. The DFT results are
represented with solid line and the simulations results with symbols. The
pair correlation functions are shifted vertically for sake of clarity.
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We have performed extensive MC simulations in order to check the re-
liability of the DFT approximations. The results displayed in Fig. 5.10
correspond to systems with q = 0.5 and a matrix packing density η0 = 0.15.
While the results depicted in Fig. 5.11 pertain to systems with q = 0.3
and a matrix packing density η0 = 0.25. Note that the agreement between
the DFT and simulation results is quite good, however there are small de-
viations in the results that correspond to the higher packing fractions. In
these cases one observes that the h11(r) functions from DFT approximation
slightly overestimate the value at r = 0 and underestimate the values that
follow the first maximum.

Since our main concern is the study of the oscillatory behavior of h11(r),
we have represented the logarithm of the total correlation function, i.e.
ln |h11(r)| = ln |g11(r) − 1|, in Figs. 5.12 and 5.13]. In these figures the
QA DFT results are plotted in panel A, while the simulation results are de-
picted in panel B. One notices that the DFT results reproduce qualitatively
the oscillation behavior of h11(r), in fact, in some cases the theoretical results
reproduce faithfully the shape of the oscillations. As the packing fraction of
the fluid particles is increased the wavelength of the oscillations exhibited by
the h11(r) become shorter. This can be seen in both Figs. 5.12 and 5.13, at
low fluid packing densities the oscillatory behavior is governed by the length
scale of the matrix particles, whereas at higher fluid packing densities the
wavelength is ruled by the length scale of the fluid particles. At intermediate
packing fractions the correlation function shows interference effects due to
both contributions (from matrix and fluid particles). This crossover between
two different wavelength was also observed in mixtures of fully equilibrated
HS mixtures [22, 23]. The procedure to calculate the crossover lines is the
same as in the mentioned references [22, 23]. Starting from a fixed matrix
packing density, η0, one calculates the fluid pair distribution functions for
different fluid packing fractions, η1. It is determined the maximum value of
η1 at which the oscillatory behavior of h11(r) is dominated by the length
scale of matrix particles, as well as the minimum η1 at which the wavelength
of the oscillations of h11(r) is governed by the length scale of the fluid par-
ticles. Finally, the crossover packing fraction is computed by averaging over
both values. Unlike fully equilibrated systems, in QA mixtures the border
of transition between both oscillation patterns is apparently wider. In Fig.
5.14 we have depicted the crossover lines in the (η0, η1) plane for systems
with size rates q = 0.5 and q = 0.3. It is noticeable that the crossover lines
are placed at higher η1 than those determined with fully equilibrated HS
mixtures [22]. Probably, the reason of this might be precisely the partial
equilibration of the systems.
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Figure 5.12: Plots of ln |h11(r)| for q = 0.5 and η0 = 0.08. The results
displayed in panel A were obtained from DFT calculations, whereas the
results shown in panel B were calculated by using MC simulations. The
fluid packing densities are: (yellow) η1 = 0.04, (blue) η1 = 0.08, (green)
η1 = 0.13, (red) η1 = 0.18 and (black) η1 = 0.22. As in Fig. 5.10 the curves
are shifted vertically for sake of clarity.
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Figure 5.13: Plots of ln |h11(r)| for q = 0.3 and η0 = 0.13. The results
displayed in panel A were obtained from DFT calculations, whereas the
results shown in panel B were calculated by using MC simulations; (yellow)
η1 = 0.04, (blue) η1 = 0.08, (green) η1 = 0.13, (red) η1 = 0.17 and (black)
η1 = 0.21. The curves are shifted vertically for sake of clarity.
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Figure 5.14: Crossover lines in the (η1, η2) plane of two type of systems
with size rates q = 0.5 (blue) and q = 0.3 (red). The results from QA DFT
calculations are represented with solid lines and circle symbols, and with
dashed lines are displayed results from fully equilibrated systems [22].
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Chapter 6:

Conclusions

In this chapter the final remarks related to the three systems studied in
this thesis are presented:

Modeling and simulation of adsorption of probe molecules in PILCS
[Chapt. 3].

We have proposed a simple model to describe adsorption processes of
different probe molecules in PILCs. Despite its apparent simplicity,
this model possesses most of the relevant features of the PILC mi-
crostructure. On the one hand, the flat geometry inherited from the
lamellar structure, and on the other hand the disordered nature owing
to the distributions of pillars.

The first part of the chapter is devoted to a topological study of the
model. We showed that the high pillar densities considered in the
systems involve the existence of isolated spaces inside the micropore
structure that cannot be reached by the adsorbate molecules. This led
us to define the concepts of available and accessible spaces using for
this latter a percolation criterion. Throughout this geometrical study,
we showed that the adsorption capabilities of PILCs are determined
by their microstructural properties, i.e. pillar density, pillar diameter,
interlayer separation and distribution of the pillars.

Concerning the adsorption simulations, we considered two different
interaction models (Models I and II) and comparing their results, we
could prove that the interaction potential determines to a great ex-
tent the arrangement of the adsorbate molecules inside the micropore
cavities. We could see that the simulations carried out with Model II
supplied more satisfactory results getting a better description of the
adsorption processes. Besides, it is worth recalling that the results of
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Model II were more consistent when taking into account the geomet-
ric relation between the accessible volumes of the probe molecules [Eq.
3.29].

Despite the simplicity of the model considered, it provides a reasonable
explanation of the larger adsorption capabilities of certain samples (i.e.
WYO), and the peculiar high effective packing densities of toluene
and mesitylene in the WYO-3 sample, in terms of the matching of the
interlayer spacing to the size of the aromatic molecules.

Another point to discuss concerns the packing density dpck calculated
from the experimental adsorption data [Eq. 3.1]. As we explained
this quantity was originally used in the adsorption studies of zeolites.
Unlike these microporous materials, PILCs do not have an ordered
and uniform micropore structure and the accessible spaces of two dif-
ferent probe molecules such as nitrogen and toluene can be different.
This implies that the accessible volume determined through nitrogen
adsorption experiments do not correspond to the accessible volume of
toluene or mesitylene. So, we must take into account that the values
of dpck can be distorted by these differences between the accessible
volumes. Hence, that can be the explanation for the variability of
the experimental packing densities, dpck, obtained by the PTS PILC
samples (recalling that they have practically the same structural prop-
erties).

Regarding the neutron scattering study, Model I provides a better
agreement with the experiments results. One might interpret that the
effective attractive interactions considered in the simulations are some-
how overestimated, however if one wants to go beyond a very rough
qualitative comparison, then it is required the use of a model with a
more detailed description of the PILC layers and pillars. Of course,
it would be also necessary a more comprehensive neutron diffraction
study of series of PILC samples using different prove molecules.

Theory of repulsive confined colloidal suspension [Chapt. 4].

In the first part of this study we have compared the density profiles
and normal pressures to the corresponding data from the GCMC sim-
ulations, to assess the performance of the DFT approximations. We
have explored a broad range of bulk densities and wall separations,
and finally we have proved that the FMSA yields overall more accu-
rate results than MFA.
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We have investigated these DFT approximations at high bulk densi-
ties, and we conclude that FMSA still yields a satisfactory description
of the fluid structure at some specific wall separations. These cases cor-
respond with systems whose normal pressure (when p∗zz is represented
as a function of h∗) is localized in the vicinity of relative minima and
in the range of small wall separations, where the oscillations are more
pronounced. Nevertheless, comparing the normal pressure curves to
the simulation results, we find certain shift for large wall separations.
When studying the effect of charged walls on the oscillatory behavior
of the solvation force, we have seen that the DFT approaches provide
results with larger wavelengths. Specifically, that is the reason why
the DFT results exhibit an apparent shift respect to the simulation
results. Additionally, that also explains why the shift becomes more
pronounced as the wall separation increases (at fixed ρ∗b), where the
fluid structure is not dominated by the fluid-wall interaction and the
fluid-fluid interaction becomes more important. All these evidences
suggest that FMSA does not predict correctly the bulk pair correla-
tion function at high densities. The most characteristic sign of inaccu-
racy of the FMSA is the fact that the bulk pressures provided by this
approach differs significantly from the corresponding GCMC values.
Even so, the FMSA still supplies a valuable description of the fluid
structure from a qualitative point of view. In most of the cases pre-
dicting correctly the number of layers inside the slit pore. The MFA,
on the other hand, yields reasonable results only at very low densities.
At larger bulk densities, in most cases MFA does not to predict the
fluid structure inside the slit pore even on a qualitative level.

The last section of the study was devoted to colloidal suspensions
confined by charged walls. Our aim was to investigate the influence of
the charged walls on the fluid structure. In practice, this was carried
out analyzing the oscillatory decay of the solvation pressure. We have
proved that the DFT results confirm the previous observation made in
the GCMC simulations and in experiments [12, 14]. Namely, we have
confirmed that the wavelengths λ∗f yielded by the DFT calculations
does not depend on external potentials, whereas the amplitude Af
and the phase Θf depend on them.

According to the results obtained in this study, the combination of the
FMT approach together with FMSA to treat the long-range interaction
(DLVO potential) yields a valuable tool to describe inhomogeneous
charged colloidal suspensions at not too high densities and moderate
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coupling strength. We have confirmed that some of these findings
are consistent with those in Ref. [146] and also we have seen that
the break-down of the simpler and commonly employed MFA in DFT
studies suggest that is very important to use approximations which do
not neglect the pair correlations of the fluids.

The density functional theory methods used to treat the soft long-
ranged interactions are conditioned by the approximations used to
obtain the correlation functions (h(2)(r) or c(2)(r)), unfortunately up
to date DFT does not provide adequate means for calculating these
functions. The only methods known are given by the integral equation
theories, which as we mentioned have the disadvantage of being highly
numerical demanding.

An important challenge of the DFT of fluids is to find generalization
of the FMT to charged hard-core particles [186]. However, as perspec-
tives of future studies we will consider more modest goals. It would
be interesting to use integral equation theory (using different approx-
imations, e.g. MSA, HNC, etc) to compute the correlation functions
and explore a wide range of densities to find out whether this combi-
nation of DFT and integral equation theory is able to provide mode
satisfactory results than MFA and FMSA.

Hard sphere fluids adsorbed in disordered matrices [Chapt. 5].

We have employed the procedure devised by Schmidt [17], which makes
use of the constructing principle of fundamental measure theory, i.e.
zero-dimensional limit and cavity theory to approximate the free en-
ergy functional for QA mixtures. In the first part of the chapter we
have studied HS fluids confined in porous systems described by slit
pores filed with disordered matrices. By comparing theoretical and
simulation results data we have shown that the DFT approach is par-
ticularly accurate at low and intermediate fluid and matrix particles
densities. While at high densities the agreement between the QA DFT
and simulation results is not so satisfactory, however the theory is still
valuable on a semi-quantitative level. Thus, it is clear that QA DFT
is a powerful theoretical tool for studying disordered porous systems,
specifically those composed of matrix particles whose distributions are
non-uniform, as we can find in gels and pillared clays.

In addition, we have studied the influence of these disordered matri-
ces on the fluid structure, focusing on the oscillatory behavior of the
pair correlation functions. For this study we have considered uniform
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systems, that is, QA systems in absence of external fields or inter-
face surfaces. The correlation functions of the fluid were calculated by
means of the test particle method developed by Schmidt [18] in the
context of QA mixtures. The comparison of the QA DFT and sim-
ulations results clearly showed that this theoretical approach is valid
for determining the fluid correlation function. In fact, we have seen
that in some cases the oscillatory behavior at intermediated distances
is faithfully reproduced. Additionally, we have shown that at low fluid
packing fractions the wavelengths of oscillations exhibited by the ad-
sorbate correlation functions are determined by the length scale of the
matrix particles, whereas at high fluid packing fractions such wave-
lengths are ruled by the length scale of the fluid particles. Similarly
to the totally equilibrated fluid mixtures, the QA mixtures exhibit
structural crossover, however according to our results, these crossovers
take place at higher packing densities. Possible future works may fo-
cus on knowing whether integral equation theory based on the replica
Ornstein-Zernique equations is able to take account of the structural
crossover found in the QA mixtures. Moreover, it would be interest-
ing to investigate whether there is a relation between the structural
crossover and the lateral extension of networks containing only fluid
or matrix particles that are connected by nearest-neighbor bonds, as
found in asymmetric hard sphere mixtures [187].
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[52] E. Schöll-Paschinger, D. Levesque, J.-J. Weis, and G. Kahl. Phys.
Rev. E, 64:011502, 2001.

[53] Y. Duda, D. Henderson, O. Pizio, and D. Wasan. Mol. Phys., 94:341,
1998.

[54] M. J. Fernaud, E. Lomba, J.J. Weis, and D. Levesque. Mol. Phys.,
101:1721, 2003.

[55] E. Kierlik, M. L. Rosingberg, G. Tarjus, and P. A. Monson. J. Phys.:
Condens. Matter., 8:9621, 1996.

[56] O. Pizio and S. Sokolowski. Phys. Rev. E, 56:R63, 1997.

[57] A. Kovalenko, S. Soko lowski, S. Henderson, and O. Pizio. Phys. Rev.
E, 57:1824, 1998.

[58] L. D. Landau and E. M. Lifshitz. Mechanics, Course of Theoretical
Physics Vol. 1. Pergamon, Oxford, 1976.

[59] M. Baus and C. F. Tejero. Equilibrium Statistical Physics: Phase of
Matter and Phase Transitions. Springer, New York, 2008.

[60] H. B. Callen. Thermodynamics. AC, London, 2005.

[61] B. Widom. J. Chem. Phys., 39:2808, 1963.

[62] D. Henderson, F. F. Abraham, and J. A. Barker. Mol. Phys., 31:1291,
1976.

[63] E. Waisman, D. Henderson, and J. L. Lebowitz. Mol. Phys., 32:1373,
1976.

[64] M. S. Wertheim. J. Math. Phys., 5:643, 1964.

[65] T. Morita. Prog. Theor. Phys., 20:920, 1958.

[66] J. M. J. van Leeuwen, J. Groeneveld, and J. de Boer. Physica, 25:792,
1959.

[67] S. Jiang, C. L. Rhykerd, and K. E. Gubbins. Mol. Phys., 79:373, 1993.

[68] D. Nicholson. J. Chem. Soc., Faraday Trans., 92:1, 1996.

160



BIBLIOGRAPHY

[69] R. Evans and U. Marini Bettolo Marconi. J. Chem. Phys., 86:7138,
1987.

[70] Y.-X Yu and J. Wu. J. Chem. Phys., 117:10156, 2002.

[71] G. Rickayzen. Mol. Phys., 55:161, 1985.

[72] J. R. Henderson. Mol. Phys., 59:89, 1986.

[73] R. Evans, J. R. Henderson, D. C. Hoyle, A. O. Parry, and Z. A. Sabeur.
Mol. Phys., 80:755, 1993.
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[131] J. M. Guil, R. Guil-López, J. A. Perdigón-Melón, and A. Corma. Mi-
cropor. Mesopor. Mater., 22:269, 1998.

[132] E. Lomba, C. Mart́ın, N. G. Almarza, and F. Lado. Phys. Rev. E,
71:046132, 2005.

[133] S. Wiseman and E. Domany. Phys. Rev. lett., 81:22, 1998.

[134] S. Wiseman and E. Domany. J. Phys. Rev. E, 52:3469, 1995.

[135] S. Torquato. Random Heterogeneous Materials, Microstructure and
Macroscopic Properties. Springer, New York, 2002.

[136] D. Stauffer and A. Aharony. Introduction to Percolation Theory. 2nd
ed. Taylor & Francis, London, 2003.

[137] C. Mart́ın, M. Lombardero, M. Alvarez, and E. Lomba. J. Chem.
Phys., 102:2092, 1995.

[138] C. Nieto-Draghi, P. Bonnaud, and P. Ungerer. J. Phys. Chem. C,
111:15686, 2007.

[139] D. P. Landau and K. Binder. A Guide to Monte Carlo Simulations in
Statistical Physics. Cambridge University, Cambridge, 2005.

[140] H. A. Lorentz. Annalen der Physik, 248:127, 1881.

[141] D. Berthelot. Comptes rendus hebdomadaires des séances de
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Appendix A:

Delaunay tessellation

Delaunay tessellation is a geometric technique used to divide n-dimensional
spaces into subsets with the same dimension. Delaunay triangulation is per-
formed for a set of points in the space, which are used as the vertices of
the simplexes. This geometrical decomposition of spaces is a well-adapted
technique employed to study and characterize disordered systems. The De-
launay tessellation as well as its dual, the Voronoi tessellation, are methods
widely employed in multiple fields, e.g. astrophysics, biology, solid state.

In two dimensions, the Delaunay tessellation divides the space into tri-
angles. This splitting of the space is called Delaunay triangulation and each
triangle cell fulfills the empty circle condition (Delaunay condition), which
states that the circumscribing circumference of any triangle cell does not
contain any triangle vertex in its interior. In Fig. A.1 (A) it is shown an ex-
ample of a not Delaunay triangulation, whereas in panel B it is also depicted
an example of a Delaunay triangulation.

The Delaunay triangulation possesses some interesting topological prop-
erties, such as the maximization of the smallest angle of the triangles and
the uniqueness of the Delaunay triangulation when there no exist subsets
of four co-circular points [110, 135]. As above mentioned the set of points
considered in the bidimensional space constitute the triangle vertexes, while
if we consider the dual Voronoi tessellation, such points are centered within
the polygons, fulfilling that the lines joining the points belong to adjacent
polygons correspond to edges of Delaunay triangles.

Specifically, in our study the vertexes of the Delaunay triangles corre-
spond to the center of the pillars. We must take into account that in our case
the Delaunay triangulation is calculated for systems with periodic boundary
conditions, thus beside the pillar configuration, it is necessary to take into
account its eight neighboring images [Subsec. 2.6.2]. The Delaunay tessel-
lations were performed by means of an incremental algorithm [110], that is,
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Appendix A. Delaunay tessellation

Figure A.1: Sketches of (A) a not Delaunay triangulation because it is not
fulfilled the empty circle condition and (B) a Delaunay triangulation.

the triangle net is constructed through a sequential procedure adding a new
vertex at each algorithm step. As result, it is obtained a triangle net whose
elements do not necessarily fulfill the Delaunay condition. Subsequently,
it is checked the empty circle condition for each triangle, in such a way
that those triangles that do not fulfill this requirement are deleted and are
constructed new ones with the same vertices.

The most time demanding operations of the algorithm is the calcula-
tion of the circumcenter and the computation of the distances. In order
to improve the efficiency of the algorithm, we have used a simple algebraic
method [188] which uses a determinant as we can see in Eq. A.1. A, B,
C are the vertices and D is the point we are checking. Sorting the vertex
points in a counterclockwise order, we can ascertain whether a point D is
inside by checking:∣∣∣∣∣∣

Ax −Dx Ay −Dy (Ax −Dx)2 + (Ay −Dy)
2

Bx −Dx By −Dy (Bx −Dx)2 + (By −Dy)
2

Cx −Dx Cy −Dy (Cx −Dx)2 + (Cy −Dy)
2

∣∣∣∣∣∣ > 0. (A.1)

This is a procedure to determine whether a given point D is inside the
circumference without the need for circumcenter calculations, we simply
have to compute the sign of the determinant. In Fig. A.2 we have depicted
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Appendix A. Delaunay tessellation

Figure A.2: Representation of the Delaunay triangulation of a system with
periodic boundary conditions. The pillars are depicted as circles and the
lines represent the edges of the Delaunay triangles. The neighboring cells
are also shown in the sketch.

an example of Delaunay triangle tessellation of a pillar configuration with
periodic boundary conditions.
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Appendix B:

IBERCIVIS

IBERCIVIS is a project of volunteer computation, which in addition to
providing a powerful computing resource, it is also a valuable means for
the popularization of science. This project was founded in 2007 and re-
cently it has been transformed in a foundation to continue its computing
support to scientific research. The collaborating institutions are important
foundations and centers such as the Spanish Science Foundation, Univer-
sity of Zaragoza, CSIC, CIEMAT, Red.es, Fundación Zaragoza Ciudad del
Conocimiento, Aragon Goverment, and Ikerbasque Foundation. Moreover,
there is a great variety of participating scientific groups from different science
areas such as high energy physics, biophysics, molecular simulations, solid
state, and net systems. Each participating group is identified by a project
name, namely our name was ”Adsorción”. Detailed information concerning
the IBERCIVIS project and its participating scientific groups is furnished
in the IBERCIVIS’ web page (www.ibercivis.es).

IBERCIVIS uses the Berkeley Open Infrastructure for Network Com-
puting (BOINC), which is an open source middleware system for volunteer
and grid computing. This software was designed to support the ”Search
for Extra-Terrestrial Intelligence” (SETI) project. The aim of this popular
project is to analyze radio signals looking for evidences of extra terrestrial
intelligence. BOINC provides a well adapted framework to process huge
amounts of data. In practice, volunteers install BOINC software in their
personal computers to receive calculation tasks (work units). BOINC soft-
ware is responsible for managing the calculation runs in a manner that these
do not affect the normal functioning of the volunteer computers.

The IBERCIVIS resources were employed in the study of adsorption pro-
cesses in PILCs. As explained in Chapt. 3, this study requires a great num-
ber of calculations, considering systems with different structural properties,
potential parameters and pillar distributions. We employed the IBERCIVIS
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Appendix B. IBERCIVIS

framework to carry out nitrogen and toluene adsorption simulations. Ba-
sically, we used the same simulations programs as those carried out in the
cluster of the “Instituto Rocasolano”. The only modification introduced was
focused on providing a method to store the data already calculated, with
the aim of restarting the calculation from the point in which the calculation
were interrupted. Each calculation (work unit) corresponded to a grand
canonical Monte Carlo simulation at a given temperature, chemical poten-
tial and pillar configuration. These calculations satisfy the requirement of
independence between work units necessary to take full advantage of the
IBERCIVIS resources. The data provided by each work unit were used to
construct, amongst other things, the volumetric and calorimetric isotherms.
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Appendix C:

Isosteric heat

As explained in Subsec. 3.2.1, adsorption processes take place on surfaces
of the pore cavities. Besides, the fluid is in contact with a reservoir of
homogeneous fluid (i.e. bulk), thus both are in thermodynamic equilibrium.
Certain change in the heat of adsorption −∆Q can be expressed as

−∆Q = T∆S, (C.1)

where ∆S is a variation of the total entropy and T is the equilibrium tem-
perature. One can consider jointly both systems (i.e. inhomogeneous and
homogeneous) as a closed system at thermodynamic equilibrium, fulfilling
the equilibrium conditions shown in Eqs. 2.45 and 2.46. The isosteric heat is
defined as the differential heat interchanged when an infinitesimal number of
molecules is transferred at constant pressure from the bulk to the adsorbate
phase [189]. The relations: N = Nb +Ns and S = Sb + Ss are fulfilled. The
subscripts s and b denote the adsorbate and bulk quantities, respectively.
The isosteric qst heat is given by

qst = −
(
∂Q

∂Ns

)
T

= −T
(
∂S

∂Ns

)
= T

[(
∂Sb
∂Nb

)
−
(
∂Ss
∂Ns

)]
. (C.2)

Taking into account the equilibrium condition µs = µb, it is possible to de-
duce an expression that relates the isosteric heat to experimental properties.
Suppose now conditions are changed infinitesimally to a new equilibrium
state

dµb =

(
∂µb
∂T

)
p

dT +

(
∂µb
∂p

)
T

dp, (C.3)

dµs =

(
∂µs
∂T

)
p

dT +

(
∂µs
∂p

)
T

dp. (C.4)

175



Appendix C. Isosteric heat

Then dµb = dµs and hence(
∂µs
∂T

)
Ns

dT +

(
∂µs
∂ps

)
T

dp =

(
∂µb
∂T

)
p

dT +

(
∂µb
∂pb

)
T

dp, (C.5)

getting (dp/dT )N and subsequently applying the Maxwell relations for the
Gibbs free energy potential (G = U − TS + pV ), one obtains

(
dp

dT

)
p

=

(
∂Sb
∂Nb

)
−
(
∂Ss
∂Ns

)
vb − vs

, (C.6)

where vb and vs are the partial molar volume of the bulk and the adsorbed
fluid, respectively. Combining Eq. C.2 with Eq. C.3, it finally yields(

dp

dT

)
N

=
qst

T (vb − vs)
. (C.7)

Taking into account that the volume of the bulk is much larger than the
volume of the adsorbate, we suppose vb >> vs. Moreover, if we assume that
the bulk is a perfect gas, then Eq. C.7 leads to the Clapeyron equation

qst = kBT
2

(
d ln p

dT

)
N

. (C.8)

As we mentioned in Sec. 2.5 the pressure is not an equilibrium quantity,
since in the case of inhomogeneous fluids the pressure is not well defined by
a scalar quantity. Even so, starting from the chemical and the temperature
equilibrium conditions, one obtains:(

∂µs
∂T

)
Ns

dT =

(
∂µb
∂T

)
p

dT +

(
∂µb
∂pb

)
T

dp. (C.9)

Solving Eq. C.9 in the same way as Eq. C.5,

(
dp

dT

)
Ns

=

(
∂µs
∂T

)
Ns
−
(
∂µb
∂T

)
p(

∂µb
∂p

)
T

. (C.10)

The derivatives of µb are(
∂µb
∂p

)
= vb ,

(
∂µb
∂T

)
P

= (µb −Hb)/T = (µb − ub − pvb)/T. (C.11)
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In Eq. C.11, Hb is the molar enthalpy of the gas. The derivative of µs in Eq.
C.10 can be transformed using the Maxwell relationship in the expression
for the Helmholtz energy of the adsorbed fluid. We can expand the total
entropy of the adsorbate TdS = dUs − µsdNs, and differentiating this, we
obtain:

T

(
∂µs
∂T

)
Ns

= µs −
(
∂Us
∂Ns

)
T

= µs − us −Ns

(
∂us
∂Ns

)
, (C.12)

where Us is the configurational energy, which also contains contributions
from external fields. The quantity us is the energy per molecule of fluid.
Combining Eqs. C.11, C.12, C.10, and C.7, one deduces that the isosteric
heat [190] is

qst = Z−1
b

[
ub + pvb − us −Ns

(
∂us
∂Ns

)]
, (C.13)

where Zb is the compressibility factor of the bulk fluid at temperature T ,
Zb = pbvb/kBT . Moreover, us and ub are the average configurational energy
per fluid particle in the porous and bulk systems, respectively. Assuming
that the fluid in the bulk possesses ideal behavior, the expression C.13 can
be simplified taking Zb = 1, ub = 0, and pvb = kT . In practice, the isosteric
heats are obtained by computing numerically the partial derivative ∂us/∂Ns.
To carry out this calculations, we store the configurational energies for each
occupancy Ns in histograms. The calorimetric isotherms are constructed
using the data collected from the simulations performed at different chemical
potentials.
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Appendix D:

First-order mean spherical
approximation

Lebowitz and Percus were who first extended the mean spherical approx-
imation originally used for Ising spin systems to continuum fluids [191]. The
most attractive feature of MSA is the analytical solvability of the equations,
in particular for hard sphere [64] (Percus-Yevick approximation), charged
hard spheres [192, 193] and dipolar hard spheres [194]. MSA is suitable to
study fluids whose particles interact by means of potentials composed of
a hard core contribution and a soft interaction. Specifically, the interac-
tion potential considered in Chapt. 4 fulfills such features. This interaction
potential is defined by the HS (uHS) and the Yukawa potentials (uY ):

u(r) = uHS(r) + uY (r)

{
∞ r < σ,

−ε
(
σ
r exp[−κ r−σσ ]

)
r ≥ σ,

(D.1)

where σ is the diameter of the fluid particle and ε and κ are the parameters
of the Yukawa potential. The parameter ε is the coupling parameter and κ
is called screening parameter, which determines the reach of the potential.
The MSA is formulated in terms of the pair distribution function and direct
correlation function by {

g(r) = 0, r < σ

c(r) = −βuY (r) r > σ.
(D.2)

The first condition of the Eq. (D.2) is an exact relation while the second
can be interpreted as an asymptotical condition. Waisman obtained an
analytic solution [101] for the direct correlation function of a HS Yukawa
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Appendix D. First-order mean spherical approximation

fluid combining the relations of Eq. (D.2) with OZ equation [Eq.2.42],

c(2)(r) = −a− br∗ − ηa

2
(r∗)3 − ν 1− exp(−κr∗)

κr∗

−ν2 cosh(κr∗)− 1

2(βε)z2r∗ exp(κ)
, (D.3)

where r∗ = r/σ and η is the packing fraction defined by η = πρσ3/6. The
three parameters a, b and ν are defined by three different nonlinear equations
[195]. Although the direct correlation function has an analytical expression,
its parameters must be determined solving a system of equations by means
of numerical methods. This makes more numerical demanding the use of
MSA than MFA. In addition, a remarkable negative characteristic of MSA is
the absence of solutions in some cases as reported in the literature [105–108].

First-order mean spherical approximation (FMSA) [11] is an approach
based on the original MSA that employs a perturbative approach to de-
termine the direct correlation function by means of the OZ equation [196].
In contrast, FMSA provides an entirely analytical expression of the direct
correlation function and the implementation of its expressions in the DFT
methods turn out as easy and efficient as MFA. FMSA has been applied in
several studies related to nonuniform fluids [146, 197, 198], showing a more
satisfactory performance than the MFA [5, 197]. According to FMSA, the
two-body direct correlation function of a system with a pair potential defined
by Eq. D.2 is given by

c
(2)
Y (ε, κ, r∗) =



ε e(−κ(r
∗−1))

r∗ r∗ > 1,
ε e−κ(r

∗−1)

r∗ − ε
(1−η)4κ6Q2(κ)r∗×

[S2(κ)e−κ(r∗−1) + 144η2L2(κ)eκ(r∗−1)

−12η2
[
(1 + 2η)2κ4 + (1− η)(1 + 2η)κ5

]
(r∗)4

+12η[S(κ)L(κ)κ2 − (1− η)2(1 + η/2)κ6](r∗)2

−24η[(1 + 2η)2κ4 + (1− η)(1 + 2η)κ5]r∗ + 24ηS(κ)L(κ)] r∗ ≤ 1,

(D.4)
with

Q(κ) =
S(κ) + 12ηL(κ)e−κ

(1− η)2κ3
, (D.5)

S(κ) = (1− η)2κ3 + 6η(1− η)κ2 + 18η2κ− 12η(1 + 2η), (D.6)

L(κ) =
(

1 +
η

2

)
κ+ 1 + 2η. (D.7)
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Appendix D. First-order mean spherical approximation

In eqs. (D.4-D.7), as in Eq. (D.3) r∗ is the reduced distance defined as

r∗ = r/σ. One notices that c
(2)
Y (r) at r > 1 is the same as the recovered

for MFA. The FMSA yields a different expression for c
(2)
Y (r) at r < 1. It

is worth emphasizing that MFA expressions do not depend on the density
while the FMSA equations do (D.4- D.7).
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Appendix E:

Calculation of the pair
correlation function of

quenched-annealed fluid
mixtures

The test particle route requires the identification of the external poten-
tials with the pair potentials [185]. This is applied by fixing a test particle
at the origin and imposing spherical symmetry on the density distributions
and weighted density functions. Thus, all these functions depend on the
radial distance r. In a system with spherical symmetry the scalar weighted
densities are given by

n(i)
α (r) =

1

r

∫
dr′ρi(r

′)r′ω(i)
α (r − r′), (E.1)

where the subscripts i = 0 and i = 1 indicate matrix and fluid particles,
respectively. The one-dimensional scalar weights are basically the same
as those defined in planar geometry [Eqs. 2.119, 2.121, 2.122 and 2.123].
However, the vector weighted densities are differently defined:

n
(i)
2 (r) =

1

r2

∫
dr′ρi(r

′)r′ω
(i)
3 (r − r′)er −

1

r

∫
dr′ρi(r

′)r′~ω
(i)
2 (r − r′). (E.2)

In Eq. E.2, er is the unit vector in the radial direction and the weight
function ~ω2 = 2πerΘ(Ri − r), with Ri = σi/2. The second vector weighted
density is

n
(i)
1 (r) =

1

r2

∫
dr′ρi(r

′)r′
ω

(i)
3 (r − r′)

4πRi
er−

1

r

∫
dr′ρi(r

′)r′
~ω

(i)
2 (r − r′)

4πRi
. (E.3)
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quenched-annealed fluid mixtures

Once the weighted functions are defined correctly in accordance with the
geometry of the system, the density profiles ρ0

0, ρ0
1 and ρ1

1 can be calculated
following the procedure developed by Schmidt [18]. We first consider the
matrix particles, uext, 0(r) = u00(r), one obtains

ρ
(0)
0 (r) = ρ0

b exp{c0(r, [ρ0
0])− βu00(r) + µex0 } (E.4)

In the next step, the fluid density profile is calculated taking a matrix par-
ticle as the test particle. The external potential is set uext, 1(r) = u01(r) in
Eq. 5.32 yielding

ρ
(0)
1 (r) = ρ1

b exp{c1(r, [ρ0
0, ρ

0
1])− βu01(r) + µex1 }, (E.5)

with ρ0
0 as an input quantity. In the final step, we choose a fluid particle

as a test particle and the external potential is given by uext, 1(r) = u11(r).
However, we must take into account that the density profile required in the

ρ
(1)
1 (r) expression is ρ

(1)
0 (r), which can be easily determined resorting to the

symmetry relationship:

ρ
(1)
0 (r) =

ρ0
b

ρ1
b

ρ
(0)
1 (r). (E.6)

Finally, ρ
(1)
1 (r) is calculated by taking

ρ
(1)
1 (r) = ρ1

b exp{c1(r, [ρ1
0, ρ

1
1])− βu11(r) + µex1 }. (E.7)

The pair correlation functions gij(r) are obtained by means of trivial nor-

malizations of the equilibrium profiles ρji (r).
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