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Abstract

The aim of this paper is to study the evolution of a material
point of a body by itself, and not the body as a whole. To do
this, we construct a groupoid encoding all the intrinsic properties
of the material point and its characteristic foliations, which permits
us to define the evolution equation. We also discuss phenomena like
remodeling and aging.
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1 Introduction
Our approach to the theory of elasticity is based on the theory developed
by Walter Noll [20], in the sense that the mechanical response of a body
to deformation is determined by a constitutive law, i.e., a functional that
depends on the point and the derivatives of the deformation at that point.
We will not consider more general situations, such as the dependence of higher
order derivatives or media with microstructure. We will always remain in the
scenario of what we will call simple elastic materials.

The existence of a constitutive law makes it possible to compare two
points of the material using the concept of material isomorphism. That is,
given two particles X and Y of a body B, we will say that they are made of
the same material if there exists a linear isomorphism PX,Y : TXB −→ TY B
such that for any other linear isomorphism FY,Z : TY B −→ TZB the condition

W (X,FY,Z · PX,Y ) = W (Y, FY,Z) ,

is satisfied, where W = W (X,F ) is the constitutive law. In this conditions
PX,Y is called a material isomorphism. Here, we will use the notion of 1-jet of
local diffeomorphisms which is equivalent to that of linear isomorphism, but
which allows us a better mathematical treatment (see [23] for more details
about the formalism of 1−jets).
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The collection Ω (B) of all material isomorphisms for each pair of points
has an algebraic structure which is that of a groupoid; in fact, Ω (B) is a
subgroupoid (named material groupoid) of the Lie groupoid of all possible
isomorphisms (not just material ones), Π1 (B,B). The material groupoid
(non-differentiable in principle) makes it possible to establish conditions of
uniformity and homogeneity in a very natural way. If the material groupoid is
a Lie groupoid, then we can associate with it the corresponding Lie algebroid,
which is the infinitesimal approximation in the same way that every Lie group
has a Lie algebra associated with it. The integrability of that Lie groupoid
characterizes the homogeneity of the material [17, 16].

However, there are materials for which the material groupoid is not
differentiable, and therefore is not a Lie groupoid. In [15, 14] we have
developed a construction that generalizes the notion of Lie algebroid
and yields the so-called characteristic distribution. This is a generalized
distribution (in the sense of Stefan and Sussmann [24, 25]) but involutive,
thus determining generalized foliations that divide the body in a differentiable
way. The characteristic distribution of a material has allowed us to introduce
concepts such as graded uniformity and homogeneity, previously unknown.

In this paper, we applied a similar technique to materials that evolve
with time [10, 12, 13]. In this context, we define a body-time manifold as
the fiber bundle C = R × B −→ R. Furthermore, the mechanical response
is assumed to be a “differentiable curve” of mechanical responses, each one
corresponds to the state of the body at the corresponding instant t. Thus, we
may compare the constitutive properties of the particles at different instants
of time via the so-called time-material isomorphisms, defined analogously.

So, for a fixed particle X of the body, we construct a canonically
defined groupoid, called X−material groupoid over R, which consists
of all time-material symmetries at the particle X. We construct the
charateristic distributions of this groupoid, called X−material distribution
and X−body-material distribution. By using these tools, we deals with the
notions of remodeling and aging of materials. The study of these kind of
processes is relevant in biological tissues, like highly stressed solid tumors
[2].

The associated foliations of the material distribution permits us to prove
that any process of temporal evolution of a particle may be divided in periods
of remodelings in a maximal way. These “periods” corresponds, in fact, to a
smooth singular foliation of R. Furthermore, the equation characterizing the
material distributions, the evolution equation, provides a computational way
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to construct this foliation, characterizing remodeling and aging. The results
are really interesting and we believe that they will shed light on the study of
the evolution of material bodies.

The paper is structured as follows. Section 2 is devoted to recall the
essential elements of Noll’s constitutive theory, and it is completed with a
development of a similar theory for time evolution materials in section 3. In
section 4 we shall construct the material body-time groupoid, and in Section 5
we discuss remodeling and aging. An application to laminated liquid crystal
is included in Section 6. Finally, the main ingredients on groupoids are
exhibited in an Appendix, in order not to overload the previous sections of
mathematical contents that can be found in some books and other papers
but that we include in this way to facilitate the reading of the paper.

2 Noll’s constitutive theory
For the notion of elastic simple material (or simply simple materials), we
will follow the theory iniciated by W. Noll [20]. Recommendable references
for a detailed study of this topic are [13, 19, 29].

Definition 1. An elastic simple material is given by an oriented manifold
B of dimension 3 which may be embedded in R3. Points of B are called
material points or material particles and will be denoted by capital letters
(X, Y, Z ∈ B)

Any open subset U of the manifold B is called a sub-body. A configuration
is an embedding φ : B → R3. An infinitesimal configuration at a particle
X is given by the 1−jet j1X,φ(X)φ where φ is a configuration of B. To study
in detail the formalism of 1−jets see [23]. Along the paper, a configuration,
called reference configuration, φ0 will be fixed. The open set B0 = φ0 (B) will
be called reference state. The local coordinates in the reference configuration
will be denoted by XI and any other coordinates will be denoted by xi.
A deformation of the body B is defined as the change of configurations
κ = φ1 ◦ φ−10 or, equivalently a diffeomorphism from the reference state
B0 to any other open subset B1 = φ1 (B) of R3. Analogously, an
infinitesimal deformation at φ0 (X) is given by a 1−jet j1φ0(X),φ(X)κ where
κ is a deformation.
Broadly speaking, the configuration is a way of manifesting the body into
the “real world ”. The points on the euclidean space R3 will be called spatial
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points and will be denoted by lower case letters (x, y, z ∈ R3).
Following the theory developed by W. Noll [20], the internal properties of
the body are characterized for the so-called constitutive equations. For elastic
simple bodies, we will assume that the constitutive law depends on a material
point only on the infinitesimal deformation at that point.

Definition 2. The mechanical response of a (elastic) simple material B, in
a fixed reference configuration φ0, is formalized as a differentiable map W
from the set B × Gl (3,R), where Gl (3,R) is the general linear group of
3× 3-regular matrices, to a fixed (finite dimensional) vector space V .

In this paper, we will not be interested in particular cases of the vector
space V . However, it is relevant to specify that, in general, V will be the
space of stress tensors. More particularly, the contact forces at a particle
X (in a fixed configuration φ) are determined by a symmetric second-order
tensor

TX,φ : R3 → R3

on R3 called the stress tensor. Then, the mechanical response is given as
follows:

W (X,F ) = TX,φ,

where F is the 1−jet j1φ0(X),φ(X)

(
φ ◦ φ−10

)
at φ0 (X) of φ ◦ φ−10 .

We should now introduce the rule of change of reference configuration. In
particular, consider another configuration φ1 and the associated mechanical
response W1. Then, we will impose that,

W1 (X,F ) = W (X,F · C01) , (1)

for all regular matrix F , where C01 is the associated matrix to the 1−jet at
φ0 (X) of φ1 ◦ φ−10 . This fact is equivalent to the identity,

W (X,F0) = W1 (X,F1) , (2)

for any configuration φ, where Fi, i = 0, 1, is the associated matrix to the
1−jet at φi (X) of φ ◦ φ−1i [4].

There are several equivalent ways of presenting the mechanical response.
On the one hand, we may define define W on the space of (local)
configurations in such a way that for each configuration φ we have that

W
(
j1X,xφ

)
= W (X,F ) ,
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where F is the associated matrix to the 1−jet at φ0 (X) of φ ◦ φ−10 . So, Eq.
(2) implies that this map does not depend on the chosen reference
configuration.
On the other hand, consider Π1 (B,B) the manifold of the 1−jets of (local)
diffeomorphisms from B to B ([18]). Then, W may be described as a
differentiable map W : Π1 (B,B) → V from Π1 (B,B) to the vector space
V by the following identity,

W
(
j1X,Y κ

)
= W (X,F ) , (3)

where F is the associated matrix to the 1−jet at φ0 (X) of φ0 ◦ φ ◦ φ−10 . If
there is not danger of confusion, we will use in this paper these three ways
of describing the mechanical response, indistinctly.
Observe that, restricting the mechanical response, any sub-body inherits the
structure of elastic simple body from the body B. A fundamental notion in
the theory of W. Noll is the concept of material isomorphism, which permits
to compare the material properties of two different points.

Definition 3. Let B be a body. Two material particles X and Y are
materially isomorphic if, and only if, there exists a local diffeomorphism
ψ from an open subset U ⊆ B of X to an open subset V ⊆ B of Y such that
ψ (X) = Y and

W
(
j1Y,κ(Y )κ · j1X,Y ψ

)
= W

(
j1Y,κ(Y )κ

)
, (4)

for all j1Y,κ(Y )κ ∈ Π1 (B,B). In these conditions, j1X,Y ψ will be called a
material isomorphism from X to Y . A material isomorphism from X to itself
is called a material symmetry. In cases where it causes no confusion we often
refer to associated matrix P as the material isomorphism (or symmetry).

Remark 1. We should notice that the elements of Π1 (B,B) may be
interpreted as linear isomorphisms LX,Y : TXB → TY B beetwen the tangent
spaces of the body B at two different particles X and Y . ♦

So, from a physical point of view, two points are materially isomorphic if
their intrinsic properties are the same, i.e., they are part of the same material.
In fact, we have that,

Proposition 1 ([4]). Let B be a body. Two body points X and Y are
materially isomorphic if, and only if, there exist two (local) configurations
φ1 and φ2 such that

W1 (X,F ) = W2 (Y, F ) , ∀F,

6



where Wi is the mechanical response associated to φi for i = 1, 2.

The set of all material symmetries at particle X will be denoted by
G (X). So, all the symmetry groups of materially isomorphic particles are
conjugated. In other words, if X and Y are material isomorphic we have
that

G (Y ) = P ·G (X) · P−1,
where P is a material isomorphism from X to Y .

Definition 4. A body B is said to be uniform if all of its body points are
materially isomorphic.

Thus, a body is uniform if all the points are made of the same material.

In our geometrical framework, we have studied the intrinsic properties of
the body without permitting changes in time. The constitutive properties
of the body are frozen, and remain without any change during the whole
process of deformation. Nevertheless, in several practical application the
material tend to be in motion or evolve in time. A relevant example is given
by the remodeling of biological tissues, like muscles or bones. We will deal
with the material evolution following the model studied in the following
references [10, 12, 13].

3 A constitutive theory for time evolution
materials

A body-time manifold will be given by the fibre bundle C = R×B over R. We
assume that time and space are absolute by simplicity, but it is not difficult
to extend the theory to a general case.

Definition 5. A history is given by a fibre bundle embedding Φ : C → R×R3

over the identity.

In other words, a history Φ is characterized by a differentiable family of
configurations φt : B → R3 of B such that

φt (X) = Φ (t,X) , ∀t ∈ R, ∀X ∈ B. (5)
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Thus, Φ present, at each time t, a (possibly) different configuration φt of the
body B. Hence, at any time t, we may consider the 1−jet j1X,φt(X)φt which is
the infinitesimal configuration at time t.
In the case of simple bodies, we assumed that for a fixed reference
configuration φ0, the constitutive law at each body point X and at each
instant t may be determined by one (or more) functions depending on the
infinitesimal configurations j1X,φt(X)φt at particle X and time t. Therefore,
it turns out to be natural to define the mechanical response of the temporal
evolution as a differentiable map,

W : C ×Gl (3,R)→ V,

where V is again a real vector space (as above, V will be generally assumed
to be the space of stress tensors).

Once again, we have a rule of change of reference configuration. In
particular, let us consider a different configuration φ1 and W1 its associated
mechanical response. Then, the rule of change of reference configuration is
given by,

W1 (t,X, F ) = W (t,X, F · C01) , (6)

for all regular matrix F where C01 is the associated matrix to the 1−jet at
φ0 (X) of φ1 ◦ φ−10 . Equivalently,

W (t,X, F0) = W1 (t,X, F1) , (7)

where Fi, i = 0, 1, is the associated matrix to the 1−jet at φi (X) of φ ◦ φ−1i
with φ a configuration. Thus, the mechanical response may be equivalently
defined as a differentiable family of mechanical responses for the body B as
follows,

Wt (X,F ) = W (t,X, F ) ,

for all (t,X, F ) ∈ C × Gl (3,R). Thus, we may see how the mechanical
response is measuring the change in the constitutive properties of the
material in time.

As in the case of simple bodies, there are more several equivalent
ways of presenting the mechanical response. On the one hand, Eq. (6)
permit us to defineW over the space of (local) histories which is independent
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on the chosen reference configuration. In fact, for each history Φ = φt we
will define

W (t,X,Φ) = W
(
j1X,xφt

)
, (8)

On the other hand, let us consider the vertical subbundle associated to the
body-time manifold C, V , and the set Φ (V) of all linear isomorphisms between
fibres of V (see example 1 in the appendix I). Notice that, for all (t,X) ∈ C,
we have that, the fibre at (t,X) is given by,

V(t,X) = {0} × TXB.

An element of Φ (V) may be given by a triple
(

(t,X) ,Φ (t,X) , j1X,φt(X)φt

)
,

where Φ : C → C is an (local) isomorphism of vector bundles over the identity
at R, and φt : B → B is the (local) diffeomorphism induced by Φ at the
instant t as follows,

Φ (t,X) = (t, φt (X)) , ∀ (t,X) ∈ C.

Another, less intuitive but easier way to represent an element of Φ (V) is a
triple

(
t, s, j1X,Y φ

)
with s, t ∈ R, X ∈ B and φ a local automorphism on B

from X to Y .
By using Eq. (8), we may define W on the space of local histories,

W : Φ (V)→ V,

as follows,
W
(
t, s, j1X,Y φ

)
= W (t,X,Φ) ,

such that
Φ (s, Y ) = (s, φ0 ◦ φ (Y )) , ∀ (s, Y ) ∈ C,

where φ0 is the reference configuration.

Definition 6. Let C be a body-time manifold. Two body points X and Y at
two different instants t and s, respectively are materially isomorphic if, and
only if, there exists a local diffeomorphism ψ from an open subset U ⊆ B of
X to an open subset V ⊆ B of Y such that ψ (X) = Y and

W
(
t, r, j1X,Z (φ · ψ)

)
= W

(
s, r, j1Y,Zφ

)
, (9)

for all
(
s, r, j1Y,Zφ

)
∈ Φ (V). In these conditions, j1X,Y ψ will be called a

time-material isomorphisms (or material isomorphisms if there is no danger
of confusion) from (t,X) to (s, Y ). A material isomorphism from (t,X) to
itself is called a time-material symmetry or material symmetry.
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Proposition 2. Let C be a body-time manifold. Two body pairs (t,X)
and (s, Y ) are materially isomorphic if, and only if, there exist two (local)
configurations φ1 and φ2 such that

W1 (t,X, F ) = W2 (s, Y, F ) , ∀F,

where Wi is the mechanical response associated to φi for i = 1, 2.

Thus, the meaning of this result is the following: two body pairs (t,X)
and (s, Y ) are materially isomorphic if, and only if, X and Y are made of
the same material at the instants t and s, respectively.
Observe that, for all t, the manifold {t} × B inherits the structure of simple
body by restricting the mechanical response W . Thus, this simple material
will be called state t of the body B and it will be denoted by Bt. As long
as it invites no confusion, we will refer to the simple body {0} × B as the
material body B.
On the other hand, as in the case of simple bodies, the mechanical response
defines an structure of material evolution on any sub-body U of the body B
by restriction.

4 The material body-time groupoid
Definition 7. Let us fix two material particle X, Y ∈ B. Then, we will
define the (X, Y )−material groupoid ΩX,Y (R) as the set of all material
isomorphisms from the particle X to the particle Y varying the time variable.

Here, the relevant case is X = Y . Indeed, it is easy to check that ΩX,X (R)
is a subgroupoid of Φ (V). For each material point X, ΩX,X (R) is called
X−material groupoid and denoted by ΩX (R).
On the other hand, ΩX (R) may be consider as a subgroupoid of (R× R)×
Π1 (B,B)XX on R, where we are identifying R with R × {X}. Furthermore,
the structure of Lie groupoid of (R× R)× Π1 (B,B)XX is given by,(

s, t, j1X,Xφ
)
·
(
r, s, j1X,Xψ

)
=
(
r, t, j1X,X (φ ◦ ψ)

)
,

for all
(
s, t, j1X,Xφ

)
,
(
r, s, j1X,Xψ

)
∈ R× R× Π1 (B,B)XX .

We will use both interpretations of ΩX (R) along the paper.
At this point it turns out to be important to highlight that the X−material
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groupoid ΩX (R) is an algebraic structure, canonically defined for any
material evolution C, which encodes all the constitutive properties of the whole
variation in time of the material particle X. Therefore, this object will be
one of the most essential pillars of this paper.
However, the X−material groupoid is not (in general) a Lie subgroupoid of
Φ (V). So, it is an algebraic, but not differentiable, structure associated to C.
To solve this fact, we will construct the material distributions for evolution
material.
So, we start considering a particular class of vector field on R×R×Π1 (B,B)XX .

Definition 8. A (local) vector field Θ ∈ Xloc

(
R× R× Π1 (B,B)XX

)
on R × R × Π1 (B,B)XX will be called admissible for the couple(
R× R× Π1 (B,B)XX ,ΩX (R)

)
if it satisfies that,

(i) Θ is tangent to the β−fibres, i.e.,

Θ (g) ∈ Tgβ−1 (β (g)) ,

for all g in the domain of Θ.

(ii) Θ is invariant by left translations, i.e.,

Θ (g) = Tε(α(g))Lg (Θ (ε (α (g)))) ,

for all g in the domain of Θ.

(iii) TWX (Θ) = 0, whereWX is the restriction ofW to R×R×Π1 (B,B)XX .

In other words, the X−material distribution of C is generated by the
left-invariant vector fields Θ on R× R× Π1 (B,B)XX such that

TWX (Θ) = 0

Let Θ be a left-invariant vector field on R×R×Π1 (B,B)XX . Then, locally,

Θ
(
t, s, yij

)
= λ

∂

∂t
+ yilΘ

l
j

∂

∂yij
, (10)

respect to a local system of coordinates
(
t, s, yij

)
on R×R×Π1 (U ,U)XX with

U an open subset of B with X ∈ U . Then, Θ is an admissible vector field
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for the couple
(
R× R× Π1 (B,B)XX ,ΩX (R)

)
if, and only if, the following

equations hold,

λ
∂WX

∂t
+ yilΘ

l
j

∂WX

∂yij
= 0 (11)

Observe that, here λ and Θi
j are functions depending on t. This linear

equation will be called the evolution equation of X, and it will play a
fundamental role in the paper.

Let us consider the source map of R×R×Π1 (B,B)XX , which is given by
the first projection α : R × R × Π1 (B,B)XX → R. On the other hand, the
identity map

ε : R→ R× R× Π1 (B,B)XX

satisfies that
ε (t) =

(
t, t, j1X,XIdB

)
where IdB is the identity on B.
Then, it may be constructed another differentiable distribution on R,
AΩX (R)], characterized by the following diagram

R× R× Π1 (B,B) P
(
T
(
R× R× Π1 (B,B)XX

))

R P (TR)

AΩX(R)
T

Tαε

AΩX(R)
]

where, for each set C, P (C) is its power set. So, it satisfy the following
identities,

AΩX (R)]t = Tα
(
AΩX (R)Tε(t)

)
, ∀t ∈ R

where AΩX (R)]t (resp. AΩX (R)Tε(t)) is the fibre of AΩX (R)] (resp.
AΩX (R)T ) at t (resp. ε (t)).
The distribution AΩX (R)] will be called X−body-material distribution. In
particular, theX−body-material distribution is generated by the vector fields
on R,

Θ] (t) = λ
∂

∂t
,
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such that, there exists an admissible vector field for the couple(
R× R× Π1 (B,B)XX ,ΩX (R)

)
given by

Θ
(
t, s, yij

)
= λ

∂

∂t
+ yilΘ

l
j

∂

∂yij
,

where Θi
j are functions depending on t.

In other words, the distribution AΩX (R)] is generated by the scalar functions
λ in such a way that there exist nine differentible scalar functions Θl

j

satisfying the evolution equation of X (11), i.e.,

λ
∂WX

∂t
+ yilΘ

l
j

∂WX

∂yij
= 0

Thus, to construct both the material distributions is reduced to solve the
linear equation (11).

It is important to say that both distributions are singular (their leaves may
have different dimension). In fact, the material distributions of the material
evolution may be seen as a particular example of the so-called characteristic
distributions [4, 15].

Theorem 3. Let C be a body-time manifold. Then, the X−material
distribution AΩX (R)T and the X−body-material distribution AΩX (R)] are
integrable and their associated foliations I and I are foliations of R × R ×
Π1 (B,B)XX and R, respectively. Furthermore, ΩX (R) is a union of leaves of
I.

This result is proved as a consequence of the celebrated Stefan-Sussman’s
theorem [24, 25] which deals with the integrability of singular distributions.
So, the distribution AΩX (R)T (resp. AΩX (R)]) is the tangent distribution
of a smooth (possibly) singular foliation I (resp. I). Each leaf at an element
g ∈ R × R × Π1 (B,B)XX (resp. an instant t) is denoted by I (g) (resp.
I (t)). Furthermore, the family of the leaves of I (resp. I) at elements of
ΩX (R) (resp. at different instants) is called the X−material foliation (resp.
X−body-material foliation).

Theorem 4. For each instant t ∈ R there exists a transitive Lie subgroupoid
ΩX (I (t)) of R× R× Π1 (B,B)XX with base I (t).
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Thus, we have divided R into leaves I (t) which have a “maximal ”
structure of transitive Lie subgroupoids of R × R × Π1 (B,B)XX . In fact,
we have that

ΩX (I (t)) = tg∈I(t,t,j1X,XIdB)
I
(
s, s, j1X,XIdB

)
, (12)

where g =
(
s, t, j1X,Xφ

)
. In other words, ΩX (I (t)) may be depicted as a

disjoint union of leaves of I at the identities. Furthermore, ΩX (I (t)) may
be equivalently defined as the smallest transitive subgroupoid of ΩX (R)
which contains I

(
t, t, j1X,XIdB

)
. Observe that the β−fibre of this groupoid

at an instant s ∈ I (t) is given by I
(
s, s, j1X,XIdB

)
.

Corollary 5. Let H be a foliation of R such that for each t ∈ R there exists
a transitive Lie subgroupoid ΩX (H (t)) of R × R × Π1 (B,B)XX over the leaf
H (t) contained in ΩX (R) whose family of β−fibres defines a foliation on
R× R×Π1 (B,B)XX . Then, the X−body-material foliation I is coarser than
H, i.e.,

H (t) ⊆ I (t) , ∀t ∈ R.

Futhermore, it satisfies that

ΩX (H (t)) ⊆ ΩX (I (t)) .

This result gives us an idea about the maximality condition which satisfy
the X−material foliation and X−body-material foliation.

5 Remodeling and aging
As a particular case of evolution, arise the so-called remodeling.

Definition 9. Let C be a body-time manifold. A material particle X ∈ B is
presenting a remodeling when any two instants in its history are connected
by a material isomorphism, , i.e., all the points at R×{X} are connected by
material isomorphisms. C is presenting a remodeling when all the material
points suffer a remodeling. Growth and resorption are given by a remodeling
with volume increase or volume decrease of the material body B.
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Broadly speaking, a material particle is presenting a remodeling when the
intrinsic properties does not vary in time, i.e., the material is does not suffer
any kind of aging.
This special case of evolution occurs in biological tissues [22]. Wolff’s
law of trabecular architecture of bones (see for instance [26]) is a relevant
example. Here, trabeculae are assumed to change their orientation following
the principal direction of stress. It is important to note that the fact of
that the material body remains materially isomorphic with the time does not
preclude the possibility of adding (growth) or removing (resorption) material,
as long as the material added is of the same type.

Proposition 6. Let C be a body-time manifold. A material particle X ∈ B
is presenting a remodeling if, and only if, the X−material groupoid ΩX (R)
is transitive. C is presenting a remodeling if, and only if, for all material
point X, the X−material groupoid ΩX (R) is transitive.

Observe that, an evolution could happens to be a remodeling even in
the case of non-uniform materials, for example, for laminate of granular
materials ([11]).

On the other hand, the definition of remodeling is pointwise. In other words,
consider a material particle X0 which presents a remodeling. Then, there
exists a map,

P : R→ ΩX0 (R)t0 (13)

such that, for all t ∈ R, P (t) is a material isomorphism from (t0, X0) to
(t,X0) for a fixed time t0. These kind of maps are called right local (smooth)
remodeling process at t. We may define analogously the leftt local (smooth)
remodeling process at t.
The important fact here is that, the existence of these kind of maps does not
guaratee its differentiability.

Definition 10. Let be a body-time manifold C. A material point X0 is said
to be presenting a smooth remodeling if for each point t ∈ R there is an
interval I around t and a smooth map P : I → Gl (3,R) such that for all
s ∈ I it satisfies that P (s) is a material isomorphism from (t,X0) to (s,X0).
The map P is called a right (local) smooth remodeling process at X0. A left
(local) smooth remodeling process at X0 is defined in a similar way.
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Equivalently, X0 is presenting a smooth remodeling if, and only if, for
any two instants t and s, there are two open intervals I and J of t and s
respectively and a differentiable map

P : I × J → ΩX0 (R) ⊆ Φ (V) ,

which is a section of the anchor map (α, β) : Φ (V)→ C × C of Φ (V). When
t = s we may assume I = J and P is a morphism of groupoids over the
identity map, i.e.,

P (z, t) = P (r, t)P (z, r) , ∀t, r, z ∈ I.

These kind of maps are called local (smooth) remodeling processes.

Since the mechanical response W is a continuous map, for all material point
X ∈ B and all instant t, the symmetry group ΩX (R)tt is a Lie subgroup of
Φ (V)

(t,X)
(t,X).

Proposition 7. Let be a body-time manifold C and a material point X0. X0

is presenting a smooth remodeling if, and only if, ΩX0 (R) is a transitive Lie
subgroupoid of Φ (V).

Proof. Suppose that X0 is presenting a smooth remodeling. Let be a triple(
s, t, j1X0,X0

φ
)
∈ ΩX0 (R) and a local (smooth) remodeling process through(

s, t, j1X0,X0
φ
)
,

P : I × J → ΩX0 (R) ⊆ Φ (V) ,

with s ∈ I and t ∈ J . Then, we will construct the following one-to-one map,

ΨI,J : ΩX0 (I, J) → R× R× Ω (C)(t,X0)
(s,X0)(

k, l, j1X0,X0
ψ
)
7→

(
k, l,P (l, t)

[(
k, l, j1X0,X0

ψ
)]
P (s, k)

)
where ΩX0 (I, J) is the set of material isomorphisms at X0 from instants at
I to instants at J . Taking into account that Ω (C)(t,X0)

(s,X0)
is a differentiable

manifold. Thus, we can endow ΩX0 (R) with a differentiable structure of
a manifold. Finally, a proof of the converse statement may be found in
[18]).
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Next, it is crucial to understand the importance of this result. In fact,
it expresses how the property of smoothness on the remodeling processes
affects to the set of material isomorphisms. Therefore, the study of smooth
remodeling is reduced to study the differentiability of the set of material
isomorphisms and it is not necessary to find specific smooth remodeling
processes which, in general, is obviously much more difficult.
Notice that the existence of remodeling processes is not canonical. In fact,
for a (local) remodeling process at a particle X0

P : I × J → ΩX0 (R) ⊆ Φ (V) ,

any other remodeling process Q satisfies that

Q (t, s) ∈ P (t0, s) · Ω (C)(t0,X0)
(t0,X0)

· P (t, t0)

Thus, the symmetry groups provide a measure of the degree of freedom
available in the choice of the remodeling process.

Let X be a particle at B. Consider the X−material distribution AΩX (R)T

with its associated X−body-material distribution AΩX (R)]. Let us also
consider the X−material foliation and the X−body-material foliation IX
and IX , respectively.
Notice that, the foliation IX is a foliation of R. Hence, each of the leaves are
open intervals (dimension 1) or single instants (dimension 0).
Taking into account Theorem 4 for each instant t, there exists a transitive
Lie subgroupoids ΩX (IX (t)) of Φ (V) over IX (t).

Theorem 8. Let be a body-time manifold C and a material point X. The
X−body-material foliation IX divides R into maximal smooth remodeling
processes.

So, this theorem shows the intuitive assertion of that, even in the case
of a process of aging (changes in the intrinsic properties, Definition 11), the
temporal evolution of a material body B may be divided into a “maximal ”
separation of different period of remodeling (no changes in the intrinsic
properties) processes.
We should notice that, in this case, “maximal” means that any other foliation
H of R by smooth remodeling processes is thinner than IX , i.e.,

H (t) ⊆ IX (t) , ∀t ∈ R.
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Corollary 9. Let be a body-time manifold C and a material point X. X

presents a smooth remodeling process if, and only if, dim
(
AΩX (R)]t

)
= 1

for all instant t, with AΩX (R)]t the fibre of AΩX (R)] at t.

Hence, to evaluate if the a material particle presents a smooth remodeling
process we have to study the solutions of the evolution equation (11),

λ
∂WX

∂t
+ yilΘ

l
j

∂WX

∂yij
= 0 (14)

In particular, if we were able to find a solution of Eq. (11) with λ 6= 0, the
evolution would present a smooth remodeling process.

These last two results could be consider the core results of the theory
of this paper. The first one claims that that, for any evolution, there
exists a maximal partition (foliation) of the time given by remodelings. The
other result give a “computable path” of calculating the foliations (solving the
evolution equation). Several interesting examples of remodeling processes
may be found in the literature. In particular, in [13] it is used a model for
orthotropic solids in which the tensor P is proper orthogonal at all times.
This model simulates an evolution law in trabeculae bones.

Definition 11. Let C be a body-time manifold. A material particle X ∈ B
is presenting a aging when it is not presenting a remodeling, i.e., not all the
instants are connected by a material isomorphism. C is a process of aging if
it is not a process of remodeling.

Clearly, if the material response is not preserved along the time via
material isomorphism, the constitutive properties are changing with the
time. Of course, like in the case of remodeling, it is reasonable the existence
of smooth aging. However, since we do not have something like a map
representing the “process of aging", it is not easy to glimpse how to present
a mathematical definition of this phenomenon. The use of the material
groupoids will solve this problem.

Proposition 10. Let C be a body-time manifold. A material particle X ∈ B
is presenting an aging if, and only if, the X−material groupoid ΩX (R) is not
transitive. C is presenting an aging if, and only if, for some material point
X, the X−material groupoid ΩX (R) is not transitive.
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Then, we are ready to present a proper definition of smooth aging.

Definition 12. Let C be a body-time manifold. A material particle X ∈ B
is presenting a smooth aging if the X−material groupoid ΩX (R) is a Lie
subgroupoid of Φ (V) which is not transitive.

In this way, by using the tool of groupoids, we are able to present a
coherent definition of smooth aging.

Let us fix a material particle X ∈ B. Consider the X−material distribution
AΩX (R)T . Remember AΩX (R)T is generated by the left-invariant vector
fields Θ on R× R× Π1 (B,B)XX such that

TWX (Θ) = 0

Let be the X−body-material distribution AΩX (R)] and the associated
foliations: the X−material foliation IX and X−body-material foliation IX .
By using Theorem 8, we may in fact proves the following result.

Proposition 11. Let be a body-time manifold C and a material point X. X
presents a smooth aging process if, and only if, the dimension of the fibres of
AΩX (R)T is constant and

dim
(
AΩX (R)]t

)
= 0, (15)

for all instants t, with AΩX (R)]t the fibre of AΩX (R)] at t.

Proof. If ΩX (R) is a Lie groupoid, the dimension of the leaves of AΩX (R)]

and AΩX (R)T is constant. However, the dimension AΩX (R)T cannot be 1,
because it would be transitive. Hence, it has to happens that

dim
(
AΩX (R)]t

)
= 0,

for all instants t.

So, as a consequence, we have proved that there is only one possibility of
obtaining a smooth aging: the maximal partition of the time into remodeling
periods does not contain any interval. Furthermore, with this result, again,
we have a computational way to check if a material particle presents present
a smooth aging.
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Therefore, as a summary we have a linear equation, the evolution equation
(11),

λ
∂WX

∂t
+ yilΘ

l
j

∂WX

∂yij
= 0

including ten variables whose solutions divide the evolution in smooth
remodeling and smooth aging. Hence, the implementation of the material
groupoids and their associated distributions has permitted us to prove the
existence of a unique and canonically defined “partition” of the time into
smooth remodeling processes . On the other hand, it has generated a linear
equation, the evolution equation (11), whose solutions permit us to construct
this partition.

6 An application: Laminated liquid crystal
We will consider a modified model of the so-called laminated liquid crystals
[4, 3, 28]. The structure will be given by a body B together with a reference
configuration ψ0, where B is the open ball B0 = Br (0) in R3 of radius r
and center 0 ∈ R3. Furthermore, ψ0 induces on C0 = R × B0 a mechanical
response W determined by the following objects:

(i) A fixed vector field e on B0 such that e (X) 6= 0 for all X ∈ B0.

(ii) Two differentiable maps r, J : Π1 (B0,B0)→ R in the following way

– r
(
j1X,Y φ

)
= g (Y ) (TXφ (e (X)) , TXφ (e (X))) + ‖ X ‖2

– J
(
j1X,Y φ

)
= det (F )

where F is the Jacobian matrix of φ with respect to the canonical basis
of R3 at X, g is a Riemannian metric on B0 and ‖ · ‖ the Euclidean
norm of R3.

(iii) A differentiable immersion Ŵ : R2 → V , with V a finite-dimensional
R−vector space.

(iv) A function µ depending on time, which determines the material
stiffness coefficient.
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Thus, these objects induce a structure of material evolution on B0 by
considering the mechanical responseW : Φ (V0)→ V , where V0 is the vertical
bundle of B0, as the composition

W
(
t, s, j1X,Y φ

)
= µ (t) ·

[
Ŵ ◦ (r, J)

(
j1X,Y φ

)]
.

We are assuming that the density remains constant. The physical meaning
of this assumption is that the aging of the body is uniquely determined by
its qualitative degradation in terms of the components (like magnesium in
bone) present in very small quantities. By using the results in [4], it is easy
to prove that in these conditions, except at the origin, all the states of the
material B0 are divided in concentric spheres of (possibly) different simple
liquid crystal. However, the structure of liquid crystal may be driven by a
process of aging from one instant to another.

Let us now fix the canonical (global) coordinates
(
t,XI

)
of R×R3. Then,

these coordinates induce a (canonic) identification T (R× B0) ∼= [R× B0] ×
R× R3. By using this identification any vector (vt, VX) ∈ Tt,X (R× B0) can
be equivalently expressed as (t,X, v, V i) in [R× B0]×R×R3. For the same
reason, r can be written as follows:

r
(
j1X,Y φ

)
= g (Y )

(
F j
Le

L (X) , F j
Le

L (X)
)

+ ‖ X ‖2,

where e (X) =
(
X, eI (X)

)
∈ B0 × R3. Both expressions will be used with

the same notation as long as there is no danger of confusion.

Now, we want to study the evolution equation (11),

λ
∂WX

∂t
+ yilΘ

l
j

∂WX

∂yij
= 0

Notice that, for each U =
(
U j
i

)
∈ gl (3,R) and v = (vi) ∈ R3 we have that,

(i)
∂r

∂F|j1X,Xφ

(U) = 2 g (X)
(
F j
Le

L (X) , U j
Le

L (X)
)

(ii)
∂J

∂F|j1X,Xφ

(U) = det (F )Tr
(
F−1 · U

)
We are denoting the coordinate XK (X) by XK .
Let

(
T, S,XI , Y J , Y J

I

)
be the induced local coordinates from the canonical
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coordinates
(
T,XI

)
of R × R3 in Φ (V0) (see example 1 in the appendix I).

Then, the evolution equation is given by

0 = λ (t) µ̇ (t) Ŵ
(
r
(
j1X,Xφ

)
, J
(
j1X,Xφ

))
+ 2

∂Ŵ

∂r|j1X,Xφ

g (X)
(
F j
Le

L (X) , F j
LΘL

M (X) eM (X)
)

+ det (F )
∂Ŵ

∂J|j1X,Xφ

Tr
(
Θj
I (X)

)
,

for all
(
t, s, j1X,Xφ

)
∈ Φ (V0). Then, the evolution equation is satisfied if, and

only if,

λ (t) µ̇ (t) Ŵ
(
r
(
j1X,Xφ

)
, J
(
j1X,Xφ

))
=

= −2
∂Ŵ

∂r|j1X,Xφ

g (X)
(
F j
Le

L (X) , F j
LΘL

M (X) eM (X)
)

= −det (F )
∂Ŵ

∂J|j1X,Xφ

Tr
(
Θj
I (X)

)
Let us now consider two different cases:

(1) There exists an instant t, such that µ̇ (t) 6= 0.

Then, by differentiability, µ̇ 6= 0 in an open interval containing
t. So, the above equation may be considered as an equality in such a
way that, on the left side we have a function of t, but the other side is
distinct of zero and depend on F . Notice that the side depending on
F cannot be constant. So, the equation cannot fulfilled and, therefore,
the dimension of the space of solution around t is zero. Then, in this
case, the X−body-material leaf at t is an interval.

(2) µ is constant.

Hence, µ̇ = 0, and the equation is satisfied if, and only if,

−2
∂Ŵ

∂r|j1X,Xφ

g (X)
(
F jLe

L (X) , F jLΘL
M (X) eM (X)

)
= det (F )

∂Ŵ

∂J|j1X,Xφ

Tr
(

Θj
I (X)

)
(16)
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However, it is obvious that the zero matrix satisfies this equation.
Then, the dimension of the space of solutions λ, satisfying the evolution
equation is 1.

Therefore, we may extract the following conclusions:

• The evolution is a smooth process of remodeling if, and only if, the
material stiffness coefficient remains constant in time,

• The evolution is a smooth process of aging if, and only if, the material
stiffness coefficient strictly monotonic.

Appendix I: Groupoids
Let us now introduce the notion of groupoid. A groupoid may be thought
as a natural generalization of the concept of group, and it was introduced
by Brandt in 1926 [1]. Roughly speaking, it is determined by two sets; a set
of “points” M and a set of “arrows” Γ, in such a way that each arrow joins
two points of M . There is a composition partially defined in Γ, such that
two arrows may be composed if the starting point of one is equal to the final
point of the other, i.e.,

Definition 13. Let M be a set. A groupoid over M is given by a set
Γ provided with the maps α, β : Γ → M (source map and target map
respectively), ε : M → Γ (section of identities), i : Γ → Γ (inversion
map) and · : Γ(2) → Γ (composition law) where for each k ∈ N, Γ(k) is
given by k points (g1, . . . , gk) ∈ Γ× k). . . ×Γ such that α (gi) = β (gi+1) for
i = 1, . . . , k − 1. It satisfy the following properties:

(1) α and β are surjective and for each (g, h) ∈ Γ(2),

α (g · h) = α (h) , β (g · h) = β (g) .
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(2) Associative law, i.e.,

g · (h · k) = (g · h) · k, ∀ (g, h, k) ∈ Γ(3).

(3) For all g ∈ Γ,
g · ε (α (g)) = g = ε (β (g)) · g.

(4) For each g ∈ Γ,

i (g) · g = ε (α (g)) , g · i (g) = ε (β (g)) .

These maps are called structure maps. The usual notation for a groupoid is
Γ ⇒M .

Topological or differential structures may be defined on a groupoid. In
particular, we are interested differentiable structure called Lie groupoids
which was firtly presented by Ehresmann in a series of articles [8, 5, 6, 7]
and redefined in [21] by Pradines.

Definition 14. A Lie groupoid is a groupoid Γ ⇒M such that Γ is a smooth
manifold, M is a smooth manifold and the structure maps are smooth.
Furthermore, the source and the target map are submersions.

A subgroupoid of a groupoid Γ ⇒ M is a groupoid Γ′ ⇒ M ′ such that
M ′ ⊆M , Γ′ ⊆ Γ and the structure maps of Γ′ are the restriction to Γ′ of the
structure maps of Γ. A Lie subgroupoid of a Lie groupoid Γ ⇒ M is a Lie
groupoid Γ′ ⇒ M ′ which is a subgroupoid of Γ ⇒ M such that Γ′ and M ′

are submanifolds of Γ and M respectively. Γ′ ⇒ M ′ is said to be a reduced
Lie subgroupoid if it is transitive and M ′ = M .

Definition 15. Let Γ ⇒M be a Lie groupoid with α and β the source map
and target map, respectively. For each x ∈ M , the set β−1 (x) is called the
β−fibre at x and denoted by Γx. Analogously, the set α−1 (x) is called the
α−fibre at x and denoted by Γx. Furthermore, the group,

Γxx = β−1 (x) ∩ α−1 (x) ,

is called the isotropy group of Γ at x. The set

O (x) = β
(
α−1 (x)

)
= α

(
β−1 (x)

)
,

is called the orbit of x, or the orbit of Γ through x.
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Notice that, it satisfies that the β−fibres and the α−fibres are closed
submanifolds of Γ [18].

Definition 16. Let Γ ⇒M be a groupoid. We may define the left translation
on g ∈ Γ as the map Lg : Γα(g) → Γβ(g), given by

h 7→ g · h.

We may define the right translation on g, Rg : Γβ(g) → Γα(g) analogously.

For any g ∈ Γ, the left (resp. right) translation on g, Lg (resp. Rg), is a
diffeomorphism with inverse Lg−1 (resp. Rg−1).

Of course, there is much more to learn about theory of (Lie) groupoids.
However, we would like to focused on the strictly necessary to understand
the paper. For a detailed introduction to this topic, we recommend the
most relevant reference on groupoids [18]. In [9] and [30] we can also find
more intuitive views. The book [27] (in Spanish) is also recommendable as
a rigurous introduction to groupoids.

Example 1. Let be a body-time manifold C. Consider Φ (V) the set of all
linear isomorphisms between fibres of vertical subbundle V of C.
For each three material points X, Y, Z ∈ B, any three instants t, s, r ∈ R and
each two 1−jets, j1X,Y ψ and j1Y,Zφ, of a (local) diffeomorphism, the structure
maps of the groupoid Φ (V) are given by,

(i) α
(
t, s, j1X,Y ψ

)
= (t,X)

(ii) β
(
t, sj1X,Y ψ

)
= (s, Y )

(iii)
(
s, r, j1Y,Zφ

)
·
(
t, s, j1X,Y ψ

)
=
(
t, r, j1X,Z (φ ◦ ψ)

)
This groupoid Φ (V) ⇒ C is called the vertical frame groupoid of C.
Let (xi) and (yj) be two local coordinates defined on the open subsets of B,
U and W respectively. Then, we may define a system of local coordinates of
Φ (V) as follows,

Φ (VU ,W) :
(
t, s, xi, yj, yji

)
, (17)

where, for each
(
t, s, j1X,Y φ

)
∈ Φ (VU ,W)

• t
(
t, s, j1X,Y φ

)
= t.
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• s
(
t, s, j1X,Y φ

)
= s.

• xi
(
t, s, j1X,Y φ

)
= xi (X).

• yj
(
t, s, j1X,Y φ

)
= yj (Y ).

• yji
(
t, s, j1X,Y φ

)
=
∂ (yj ◦ φ)

∂xi|X
.

where Φ (VU ,W) is given by the any triple
(
t, s, j1X,Y φ

)
such that X ∈ U and

Y ∈ W . These local coordinates turns Φ (V) ⇒ C into a Lie groupoid.
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