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Abstract

Developments in interfacial shear rheometers have considerably improved
the quality of experimental data. However, data analysis in interfacial shear
rheometry is still an active field of research and development due to the
intrinsic complexity introduced by the unavoidable contact of the interface
with, at least, one supporting bulk subphase. Nonlinear velocity profiles,
both at the interface and the bulk phases, pervade the system dynamical
behavior in the most usual experimental geometries, particularly in the case
of soft interfaces. Such flow configurations demand data analysis schemes
based on the explicit calculation of the flow field in both the interface and
the bulk phases. Such procedures are progressively becoming popular in this
context.

In this review, we discuss the most recent advances in interfacial shear
rheology data analysis techniques. We extensively review some recently pro-
posed flow field-based data analysis schemes for the three most common
interfacial shear rheometer geometries (magnetic needle, double wall-ring,
and bicone), showing under what circumstances the calculation of the flow
field is mandatory for a proper analysis of the experimental data. All cases
are discussed starting at the appropriate hydrodynamical models and using
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the equation of motion of the probe to set up an iterative procedure to com-
pute the value of the complex Boussinesq number and, from it, the complex
interfacial viscosity or, equivalently, the complex interfacial modulus. More-
over, two examples of further extensions of such techniques are proposed,
concerning the micro-button interfacial shear rheometer and the potential
application of interfacial rheometry instruments, together with adapted flow
field-based data analysis techniques, for bulk rheometry, particularly in the
case of soft samples.

Keywords: Interfacial Shear Rheology, Flow Field approximations, Finite
differences, Bicone, Magnetic Tweezers, Microwires, DWR, Microrheology,
Langmuir Monolayers, Surfactants

Highlights:

e Flow field-based data analysis techniques can handle the pervading non-
linear interfacial and bulk velocity profiles appearing at moderate and
low interfacial viscosities in the usual interfacial rheometer geometries.

e Flow field-based data analysis techniques allow for a more accurate
separation of the interfacial and bulk phase drags, and a more precise
calculation of the elastic and viscous components of the response.

e With modern microprocessors and mathematical platforms, flow field-
based techniques can be implemented in real-time control and measure-
ment software of interfacial rheometric systems.

e The application of geometries designed for interfacial rheometry (DWR,
MNISR, bicone) together with flow field-based techniques in the study
of the bulk rheology of soft materials appears to be very promising.

1. Introduction

Shear flow and deformation properties of bulk and interfacial systems
are active fields of research because of their importance from applied and
basic points of view [1, 2, 3, 4, B, 6]. However, the translation of rheolog-
ical experimental data into rheometric parameters values is far from trivial
because the process typically involves three coupled ingredients: the experi-
mental system (comprising both the sample and the instrument’s hardware
and software), the fluid-dynamical problem (including the equations of the
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sample and probe dynamics and the boundary conditions), and the rheolog-
ical model of the sample.

In shear oscillatory tests, the rheological model is usually quite simple
because it is typically assumed that the viscoelastic properties of the sample
can be represented by a dynamic modulus, G*, that relates stresses to defor-
mations. Moreover, the dynamic modulus is usually represented as a complex
function of the oscillation frequency, w, so that G*(w) = G'(w)+iG" (w) [1 2].

In the standard treatment of the experimental data, the fluid-dynamical
problem is simplified too because, typically, expressions derived from simple
analytical solutions of the Navier-Stokes equations [I], supplemented with
the boundary conditions appropriate to the instrument geometry, are used
to relate shear stress to shear rate or shear deformation [I} 2]).

In spite of these simplifications, the analysis of experimental bulk rheo-
logical data is often complicated by the presence of perturbations due to the
flow or the instrument, such as instrument inertia ([7]), fluid inertia ([, [©9]),
or both ([10, I1]). Hence, the proper analysis of rheological experimental
data is still a subject of active research [12], [13], [14].

In the case of interfacial systems, further complications appear due to the
presence of the fluid subphase and the unavoidable coupling of the velocity
fields at the interface and the subphase, the different geometries that may
be imposed at the interface (planar Langmuir troughs or spherical drop or
bubble geometries), and the possibility of having simultaneously different
types of deformation (shear, extensional, and dilatational). Several books
[15, 16] and review articles [17, [I8| 19, 20] have reviewed different aspects
of interfacial rheology from both the experimental and theoretical points of
view.

Regarding interfacial shear rheometers, a nice account and description
of many of the instruments designed up to 2009 can be found in Kragel
[21]. Since then other highly sensitive instruments have been proposed,
namely, the double wall-ring (DWR) ISR [22], the microbutton ISR [23], 24
25), 26], and the magnetic tweezers ISR using commercial [27] or microwire
[28] probes.

Since the first attempts to design instruments capable of measuring me-
chanical properties of interfacial systems [29, 30] it became apparent that
the role of the liquid subphase should be considered carefully [311, 32, [33].
In interfacial rheometry, the bulk fluid phases are typically assumed to be
Newtonian, so that the Navier-Stokes equations with constant viscosity are
used to represent the upper and lower fluid phases, while the interface is
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usually represented by the Boussinesq-Scriven boundary condition ([34] [15])
which represents the equilibrium of stresses tangential to the interface, and
introduces the coupling between the bulk and interfacial velocity fields into
the mathematical representation of the problem.

At an air/liquid interface, the relative importance of the interfacial and
bulk stresses is represented by the Boussinesq number [22],

* V
*_nSPSL_s

Bor = 20 Ls
nbAble

(1)
where 77 is the complex interfacial viscosity, P; is the perimeter of the contact
line along the probe surface, 7, is the bulk phase viscosity, A; is the contact
area between the probe and the bulk phase, V is a characteristic velocity
scale (e.g., the velocity at the probe rim), and L and L, are characteristic
length scales of velocity decay at the interface and bulk phases, respectively.

When the Boussinesq number is high (say Bo* > 100), interfacial stresses
dominate the system dynamics and the flow at the bulk phase is dominated
by the interfacial flow. Conversely, when the Boussinesq number is small,
the bulk flow dominates and the interfacial flow follows the flow at the bulk
phase.

In any case, in order to achieve a proper characterization of the interfa-
cial viscoelasticity of a given sample, a correct separation of interfacial and
subphase effects in the system response is mandatory. Such separation re-
quires the introduction of non-oversimplified physical models that include
the coupling of the interfacial and bulk flow fields and that are suitable for
implementation of fast numeric computational schemes.

Since the seminal work of Reynaert et al. [35], such schemes have been
publicized for the most popular interfacial shear rheometer configurations,
namely, the magnetic needle ISR (MNISR hereafter) in both the Helmholtz
coils [35], 36, 28], and the magnetic tweezers [27] configurations, the double
wall-ring (DWR) rotational interfacial shear rheometer [22], and the bicone
bob rotational interfacial shear rheometer [37, 38, [39]. Fortunately, the avail-
ability of fast hardware (multi-kernel microprocessors and graphic cards) and
fast computational platforms (MATLAB®, GNU Octave, Python®, Mathe-
matica®, etc.) has shortened the time cost of the required computations so
that nowadays the computational work can be performed nearly in real time
during the experiments.

In this report we will review the most salient developments concerning
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the application of flow field-based data analysis techniques in the field of
interfacial shear rheology. Our intention is to give a full account of the
developments on the different geometries already published, particularly fo-
cusing on the technical aspects. Experimental data will be introduced to
illustrate the benefit of flow field-based methods when applied to the analy-
sis of bulk rheology data, being this application new, to our knowledge. For
the experimental checks concerning the application of flow field-based data
analysis to interfacial rheology data, the readers are referred to the bibli-
ography purposely cited in each section. In Section 2 we will make a brief
general overview of the common aspects of the flow field-based data analysis
schemes developed in the last years, together with some comparative perfor-
mance test against other data analysis approaches based on simple analytic
flow field configurations. Section 3 will review the details of the different
implementations of such techniques concerning the MNISR. Section 4 will
address the application of such techniques to the DWR ISR, while Section
5 will focus on the bicone bob rotational ISR. Section 6 will sketch some
new developments, namely the extension of the technique to the microbut-
ton ISR and the application of such techniques to bulk rheometry of soft
samples. Finally, in Section 7 we briefly compile some conclusive remarks
and final comments.

2. Method overview

Experimental interfacial shear rheology (ISR) techniques generally use a
probe that exerts a shear deformation on the interface. We refer to tech-
niques in which an external force, F(t) (or torque M (t) when a torsion
rheometer is used), is applied on the probe in a controlled manner as ac-
tive ISR techniques. In this review we will confine ourselves to discuss the
three most extended experimental setups mentioned in the Introduction; ac-
cording to the characteristic length of their probes, we can refer to such
devices as macro-rheometers. However, active micro-rheometers have also
been designed, generally comprising microparticles trapped at the interface
and optical or magnetic tweezers to apply a controlled F'(t) on them. For
details on the hydrodynamical models proposed for such micro-rheometers,
the reader is addressed to Refs. [40], 411 [42] 43, [44] [45].

In the macro-rheometers analyzed in this review, the displacement of the
probe, I,,(t) (0,(t) in rotational rheometers), is known through optical inspec-
tion (or through the rotor angular displacement when a torsion rheometer is



130

131

132

133

134

135

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

154

155

156

157

158

159

160

used). The three experimental approaches essentially differ in the geomet-
rical parameters of the sample under study, and the shape, size, and mass
of the probe. In practice, all probes have a finite size so that, firstly, they
are in contact with the interface and the adjacent bulk phases and, secondly,
they have inertia. Hence, the motion of the probe is affected by several
contributions, where the interfacial drag is just one of them. While, in a
first approximation (considering the interfacial velocity profile as linear), the
interfacial strain ~,(r,t) can be easily calculated from I,(t) (or 6,(t)), the
non-trivial coupling of the above-mentioned contributions makes the prob-
lem much more complex when it comes to calculating the interfacial stress,
os(r,t), from F(t) or M (t) (we will use the subscript s to refer to interfacial
parameters, while the corresponding symbols without subscript refer to the
same magnitudes in the bulk phases).

The relative importance of the interfacial contribution with respect to
the total force (or torque) on the probe (bulk phases contribution, probe
inertia, and device contribution) determines whether the relation between
F(t) or M(t) and o4(r,t) can be simplified, without a significant cost in
the accuracy of the method, or whether more precise schemes, such as the
explicit calculation of the flow field, are mandatory. The non-dimensional
Boussinesq number, Bo, is the ratio of the interfacial drag to the bulk phases
drags on the probe, and is in general a good estimator in this regard.

For the remainder of this review, we will focus on dynamical experiments
where a one-dimensional oscillatory force (or torque) with angular frequency
w is imposed on the probe, which follows an oscillatory motion with the same
frequency

F*(t) = Fyexpliwt} = [;(t) = lo exp{i(wt + &)} = l5 exp{iwt},

M*(t) = Myexp{iwt} = 0)(t) = 0y exp{i(wt + 0g)} = Oy exp{iwt}, (2)
where Fy (M) is the amplitude of the force (torque) imposed, and I (65) is
the amplitude of the longitudinal (angular) displacement of the probe, being
its imaginary part the out-of-phase component of such displacement with
respect to the force (torque). The physical magnitudes defined in Eq.
are the experimental observables that are usually combined to define a single
observable: the complex amplitude ratio, AR*,
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AR; = 20, (3)

If we assume that i) the motion of any fluid element is also oscillatory
with the same frequency w and with only one non null velocity component in
an adequate reference frame, ii) the interfacial system under study and the
bulk phases are homogeneous and isotropic, and iii) the interfacial system is
flat and strictly two-dimensional, we can re-write the stress and strain in the
surface and the bulk phases as

oi(r,t) = ol o(r)expliwt}, oD (r 1) = o P (1) expliwt},

S

Vi, t) = ko) explict), 0D (r 1) =3P (r) explict),  (4)

where the expressions on the left side correspond to the interface and the
expressions on the right side correspond to the bulk phases, being the su-
perscripts 1 and 2 the indication for the lower bulk phase, or subphase, and
the upper bulk phase, respectively. The imaginary part of the strain and
stress amplitudes in Eq. arises from the phase lag with respect to the
phase reference (the external force or torque). Note that, given the non-
trivial coupling of all the contributions to the probe motion, there may be
a phase difference between the external force (or torque) and the stress im-
posed on the interface and the bulk phases. Using the Kelvin-Voigt model
and considering the oscillatory problem, stress and strain are related by

oi(r,t) _ aso(r) P
Vs (’l", t) 'Y;:O(’l") s s )
*(1,2) %(1,2)
O*(l 2) (7’,25) 2(1 2)(7‘) = G*(172) — G/(l,z) + iG"(M), (5)
T )

Analogously, a complex viscosity is defined as



Figure 1: Schematics of the three interfacial rheometers discussed in this review, along
with the corresponding frame of reference. a) Magnetic needle interfacial stress rheometer,
where a is the radius of the needle, L is its length, and the shear channel is cylindrical
with radius R. b) Double wall ring, where Ry and Ry are the inner and outer radius of the
cup containing the upper phase, respectively. R, and Rg3 are the inner and outer radius
of the cup containing the subphase, respectively. The ring has a rhomboidal cross section
and is placed with its two co-planar edges pinned to the interface. The inner and outer
radius of the ring are Rs and Rg, respectively. H;p is the height of the fluid sub-phase,
and Hs is the height of the upper phase. ¢) Bicone setup, where Ry, is the radius of the
bicone fixture, and R, is the radius of the cup containing the sample. H is the height of
the fluid sub-phase.

* G: G/s/ G{s / .1
s (LU) — o - w -1 w - T]s(w) — ) (CU),
G*(l,z) G//(1,2) G/(1,2)
*(1,2) _ _ . _ . /(1,2) e (1,2) 6
ow) = i =07 w) i W), (6)

s which is related to the stress and strain by

. oi(r,t oi(r,t
mw) = 20l _
Fi(r,t)  dwyi(r,t)
x(1,2) *(1,2)
(1,2 o5 (rt) o 7(r,t)
D (w) = *(1,2) +(1,2) ’ (7)

Fs 7 (v, 1) B iwys 7 (r,t)

179 where the dot indicates a time derivative.
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The goal of any hydrodynamical model applied to interfacial rheology is
writing down Eq. as a function of known observables, i.e. the geometrical
parameters of the setup and the experimentally measured amplitude ratio
AR*. Consequently, the way in which Eq. is implemented in each model
defines the corresponding data analysis scheme. Before describing the most
relevant hydrodynamical models, let us introduce the three experimental
approaches discussed in this paper. They will be thoroughly described in the
following section, so that, at this point, we will just describe their key aspects
in order to have an adequate context for the hydrodynamical models. The
schematics of the experimental setups are presented in Fig. [I} In the MNISR
(Fig. ), the probe consists of a magnetic needle resting on the interface
along the center of a shear channel. An external magnetic force is exerted
on the needle in such a way that it describes an oscillatory displacement
along the axis of the channel, I,,(t) = 2 exp{iwt}. Thus, the amplitude ratio
is in this case AR; = Fy/z}. In the double-wall-ring (DWR) setup (Fig.
[lb), a thin ring is attached to the rotor of a torsion rheometer. The rotor is
vertically displaced until the ring rests at the interface in between two coaxial
cylindrical walls that form the shear channel. In this setup, the observable
is ARy = My/05, where M, is the amplitude of the torque imposed by the
rotor and 6 is the angular displacement of the rotor. The conical bob setup
(Fig. [lk) also consists of a torsion rheometer in which a conical shaped
fixture is attached. In this case, the shear channel is formed between the
conical bob rim and the lateral wall of the cup containing the sample, and
the experimental observable takes the same form as for the DWR setup.

2.1. Simple models: linear velocity profile and simply additive contributions

The simplest model one can come up with consists of making two as-
sumptions: first, the interfacial drag is the only relevant contribution to the
probe dynamics; thus, the external force on the probe is entirely applied to
the interface along the contact line between the probe and the interface. The
second assumption considers that the velocity profile at the interface is linear.
To be more precise, one can consider that the interface and the bulk phases
are decoupled assuming that |Bo*| — oo and calculating the corresponding
shear strain at the interface. From this assumption, the velocity profile at
the interface for the MNISR is simply linear, so that the strain is constant
through the shear channel (see the expression for o7 in the Table . In the
DWR and the bicone, imposing |Bo*| — oo in the momentum balance equa-
tion at the interface (the particular form of this equation will be discussed

9
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in detail in Secs. |4 and |5)) yields the expressions for 75 at the probe contact
line that we summarize in Table [T} The corresponding expressions for G for
this model are summarized in the second-to-last column of Table [Il

Under some experimental circumstances, one can take a step forward in
the accuracy of the model by accounting for the rest of the contributions in a
simple manner. Assuming that all the contributions to the probe dynamics
are simply additive (the interfacial drag plus the additional contributions, i.e.
bulk phases drag, probe’s inertia, other eventual device contributions), and
that the additional contributions are independent of the interface drag, one
would be able to subtract the additional contributions from the experimental
raw data as long as such additional contributions are known. This knowledge
can be obtained by performing a calibration experiment, which must be per-
formed in the same condition as the real experiment (same probe, frequency,
and bulk phases) but in the absence of the interfacial system under study,
i.e., with a clean air/subphase interface. The amplitude ratio measured in
these conditions, which we will refer to as AR}, can be subtracted from the
experimental amplitude ratio with the interfacial system in place, AR’ so

exrp’
that the effective amplitude ratio is AR}, = AR;,,— AR?,. The expressz.pions
for this model are summarized in the last column of Table [

These two models (linear approximation with and without calibration
experiment, respectively) have the benefit of a very simple data analysis
scheme, since the calculation of G from the experimental AR* is immediate
with no computational cost. However, it is clear that the aforementioned ap-
proximations are valid only when the interfacial drag is much larger than the
rest of the contributions. Moreover, while the subtraction of the additional
contributions enhances the accuracy of the model, the assumption of such
contributions as simply additive and independent of the interfacial drag is
not necessarily valid. And more importantly, the strain does not follow, in
general, the expressions in Table [T because, for Bo ~ 1, the coupling with the
bulk phases makes the velocity profile at the interface decay in the vicinity
of the probe in motion.

An enlightening discussion on the characteristic length scales for both
interfacial and bulk flows in the MNISR can be found in Ref. [46], where the
authors define the viscous length scales at both the bulk subphase, ¢, and
at the interface, (7, as

10
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RZ-R7 ' R3-R2 RZ-R7 ' R3-R2

Table 1: Summary of the expressions corresponding to the amplitude ratio, surface stress,
surface strain and complex interfacial modulus, G%, in the linear approximation for the

s

three geometries analyzed in the present review (MNISR, bicone, and DWR). The right
column shows the expressions for G’ introducing the subtraction of the additional contri-
butions, AR?,,. The row DWR! shows the surface stress and strain at the inner contact
line of the ring (R5). In this row, M; is the part of the total torque applied to the inner
interface. The row DWR! shows the surface stress and strain at the outer contact line
(Rg), being M, the torque applied to the outer interface. The row DWR! shows the
resulting expression for G, where My = M; + M.

,r]*
0= e, 8
; (8)

where v is the kinematic viscosity of the bulk subphase (v = n/p, being p
the density). ¢, and ¢¢ represent the distance at which momentum decays at
the bulk subphase and at the interface, respectively. In practice, the size of
the bulk phase in the direction perpendicular to the interface (the depth of
the bulk phase) is typically much larger than ¢, so that the relevant length
scale in the bulk phase is ¢,. However, the width of the shear channel may
be smaller or larger than ¢ depending on the value of 7. The analysis
for the MNISR and the bicone geometries depicted in Refs. [46], [37] shows
that these interfacial rheometers are sensitive to values of 7} small enough
to verify /5, < (R —a) (or £}, < (R. — Rp)). In such cases, the interfacial
velocity profile decreases exponentially within a distance ¢ from the probe
in motion, so that the actual surface strain deviates from those written in

11
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Table[I] Thus, the simple models described above, and summarized in Table
1 overestimate the value of G calculated from the experimental AR*. The
overestimation can be of several orders of magnitude at low values of Bo, and
safely negligible at high values of Bo. We will quantify the overestimation of
the simple models as a function of G’ at the end of this section.

2.2. Flow field-based models

The eventual non-linear velocity profile at the interface, and the proper
separation of all the contributions to the probe dynamics, can be solved by
means of the explicit calculation of the flow field at the interface and the bulk
phases. Assuming that all the fluid elements describe an oscillatory motion in
which there is only one non null velocity component (as that of the probe),
we can define an amplitude function ¢g*(r) that relates the velocity of the
fluid element located at r to the velocity of the probe

v(r,t) = g*(r)up(t), 9)

being v,(t) the velocity of the probe. The imaginary part of g*(r) stands
for the out-of-phase component of the fluid element velocity with respect
to the probe velocity. With the appropriate boundary conditions, one can
write down, and numerically solve, the Navier-Stokes equations, finding the
solution for the amplitude function ¢g*(r) for the volume occupied by the
shear channel (including both bulk phases). Once the flow field is known, the
separation of the bulk and interface contributions to the probe dynamics is
achieved through the integration of the gradients of g* over the corresponding
contact areas (contact line in the case of the interface). Analytically, the
contribution of the surface and bulk phases drags to the amplitude ratio
takes the form

AR}y =G [ (Vg(r) - sdL.
ar=c | [ [ (V) as| e | [ [ (V4 (7)) mad.
(10

where s is the unitary vector tangent to the interface and perpendicular
to the probe-interface contact line, and n; and ny are the unitary vectors

12
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perpendicular to the contact area between the probe and the bulk phases 1
and 2, respectively. L represents the contact line between the probe and the
interface, and S; and Sy stand for the contact surfaces between the probe
and bulk phases 1 and 2, respectively.

The force balance equation can now be outlined, which will contain terms
for the probe inertia and any other possible device contribution

AR:a:p - AR:urf - ARZulk + Aleev - AR;{nertia? (11)
where AR}, represents all the additional contributions from the device (cen-
tering potential in the MNISR, bearing friction, etc...), and AR, ..., stands
for the probe inertia, which is known as long as its mass (or moment of
inertia) is known.

The term AR}, may have different origin depending on the interfacial
rheometer geometry. For instance, in the rotational rheometer configurations
(DWR or bicone) residual friction in the air bearing represents the major con-
tribution to AR}, , although its effect is very minor. Conversely, in magnetic
needle ISRs, static trapping subsystems, typically used to avoid the probe
scaping from the measurement window, usually introduce a constant contri-
bution to AR}, [28, 27] that strongly limit the instrument resolution at low
oscillation frequency.

Eq. relates the experimental observable, AR, to the interfacial
dynamic moduli, G%, via AR}, ;. However, once the experiment is executed
and AR, is known, Eq. does not allow for the direct calculation of
G because the drag terms depend on ¢*(7) (the flow field), which, in turn,
depends on GZ%. Thus, an iterative procedure is needed to find the proper
value of G§ that matches the experimentally obtained AR, .

The algorithm that allows for the calculation G from the experimental
observable has the same structure for the three geometries here studied (in-
deed, it does not depend on the geometry, so it can be applied to any other
device as long as the flow field can be obtained). First, one has to define the
simplest flow configuration consistent with the specific geometry, where any
fluid element follows the motion of the probe as v(r,t) = g*(r)v,(f). Sec-
ond, assuming the no-slip condition at the shear channel walls and the probe
surface, and the Boussinesq-Scriven condition at the interface, the Navier-
Stokes equations are solved, obtaining the amplitude function ¢g*(7). Third,
the interface and bulk drag contributions are calculated from ¢*(r), which

13
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allows one to write the force, or torque, balance equation with all the con-
tributions to the probe dynamics explicitly separated. Fourth, an iterative
scheme must be built to find the value of n} that provides the best fit to the
experimental observable, AR.,,.

In the next sections, we will discuss in detail the physical model, the math-
ematical formulation, and the numerical scheme needed to find the complex
velocity amplitude function g*(r) for the three geometries analyzed, along
with the particular form of the Eq. and the iterative procedure to find
G:.

2.3. Comparative performance tests.

We will conclude this section with a numerical comparison of the perfor-
mance of the three models here described (linear approximation, with and
without calibration experiment, and flow field-based) through the results of
their corresponding data analysis schemes for the MNISR and the bicone
geometries. For that purpose we have fed the three data analysis schemes
with the values of AR7,,, obtained by solving the full hydrodynamic and
probe motion problem for an air/water interface with an interfacial film of
given complex interfacial viscosity 7}, and AR, obtained by solving the
full hydrodynamic and probe motion problem for a clean air/water interface
(Bo* =0).

Three cases of interfacial films with different rheological behavior have
been considered: i) purely viscous interfaces (n = 7., = 1,) at a moderately
high frequency (w = 107 rad/s), ii) viscoelastic interfaces (nf = n., —in! =
ns(1 —14)) at an intermediate frequency (w = 7 rad/s), and iii) purely elastic
interfaces (nf = —in’ = —in,) at a low frequency (w = 7/10 rad/s). The
values of 7, span the range 10~" Ns/m < 1, < 10 Ns/m. The numerically ob-
tained values of AR, and AR, are substituted into the expressions in the
central and right columns of Table ], for the two linear approximation mod-
els, and into the version of Equation corresponding to each geometry for
the flow field-based analysis. The values of n! obtained through each of the
three data analysis schemes for each geometry, which we will refer to as the
apparent surface viscosity 7y ,,,, are then compared with the original ones
that were used to obtain the full flow field configuration and, consequently,
the complex amplitude ratio values fed to the data analysis schemes. There-
fore, the overestimation introduced by the oversimplification implicit in the
linear approximation models can be quantified.
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The results are summarized in Figure 2 where the top, middle, and bot-
tom rows correspond, respectively, to the purely viscous, viscoelastic, and
purely elastic interfaces. The panels at left and right columns show, respec-
tively, the ratio between the moduli and the difference between the arguments
of the apparent (calculated) and original values of 7s. The lines with circles,
triangles, and squares belong to the simple linear approximation, the linear
approximation with calibration subtraction, and the flow field-based data
analysis, respectively. Blue graphs correspond to the MNISR and magenta
graphs to the bicone geometry.
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Figure 2: Comparative performance test on purely viscous interfaces (¥ = 7,) at w = 107
rad/s (top row panels), viscoelastic interfaces (n¥ = ns; —ins) at w = 7 rad/s (central row
panels), and purely elastic interfaces (n¥ = —in,) at w = 7/10 rad/s (lower row panels).
Left panels: ratio of the moduli of the calculated and initial interfacial viscosities; right
panels: difference between the arguments of the calculated and initial interfacial viscosities.
The curves with circles, triangles, and squares correspond to the linear approximation,
the linear approximation with calibration subtraction, and the flow field based model,
respectively. The legend in the bottom left panel applies to all the graphs in this figure.

As can be seen in Figure 2| all of the three schemes yield correct results
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above a certain crossover value of 7 which depends on the data analysis
scheme. The simplest linear approximation for the bicone case has the highest
crossover value, most probably due to the high subphase drag torque of such
configuration. On the other hand, the flow field-based data analysis schemes
yield extremely good results all over the range of interfacial viscosity here
studied, indicating that the iterative procedure is capable of finding the initial
value of . Two remarks are in order here. First, the case of the purely
elastic interface shows qualitatively analogous results although it yields at
some points underestimated values of the interfacial elasticity, most probably
due to resonance phenomena [39]. Second, the analysis here outlined does
not take into account the experimental uncertainty which is different for the
different geometries [27] 38, 47].

In any case, the comparison here outlined shows that both versions of
the linear approximation model display cross-over values of the interfacial
viscosity below which using a flow field-based model and data analysis scheme
is mandatory in order to have an accurate translation of the experimental
raw data into values of the rheological parameters.

3. The magnetic needle interfacial stress rheometer

First introduced by Shahin [48] and later developed by Brooks et al. [49],
the MNISR has been extensively used to explore the mechanical response of
fluid-fluid interfaces. A number of research groups have used this setup to
study the mechanical response of particle-laden interfaces [50], lipid Lang-
muir monolayers [51], such as lung surfactant [52, 53], contact lens tear films
[54], or fatty acids/alcohols [55], and protein adsorbed (Gibbs) monolayers
[56].

The classical design of the MNISR comprises a pair of Helmholtz coils
through which an electrical current is driven in such a configuration that a
potential well is established and the equilibrium position (and orientation)
of the needle is fixed at the center of the shear channel (see Fig. [lh). The
application of an oscillatory current through a second pair of coils (or its
superposition in the first pair of coils) imposes an oscillatory force on the
needle. Then, the needle exerts a stress and, by means of its longitudinal
displacement, a strain on the interface (and the adjacent bulk phases). For
more details on the setup design, the reader is addressed to Refs. [49] [35] 36,
78]
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Brooks et al. [49] demonstrated that, with the needle placed on a clean
air-water interface, the system is well described by a driven damped oscilla-
tor, where the elastic contribution is due to the centering potential and the
damping is a consequence of the water subphase drag

Fo

==k — mw’ + iwd, (12)
<0

where m is the needle mass, k is the elastic constant of the centering potential,
and d is the damping coefficient (water subphase drag).

The experimental observables are the electrical current flowing through
the coils and the needle displacement. In order to obtain the experimental
amplitude ratio, AR?, = Fy/25, it is necessary to convert the electrical cur-
rent into magnetic force on the needle. This can be achieved by means of
a frequency sweep at high frequencies, where the probe inertia dominates.
Since the mass of the needle is known, the proportionality constant between
electrical current and force, which we will refer to as C, can be obtained.
The other unknown parameter of the device, the elastic constant of the cen-
tering potential, k, can be obtained by means of a frequency sweep at low
frequencies, where the frequency dependent terms become negligible and the
only relevant term is k. Once the device is calibrated on a clean air-water
interface, AR}, is known and the experiments with the interfacial system in
place can be performed.

The procedure to obtain the flow field in the shear channel of the MNISR
was proposed by Reynaert et al. [35], where they described, first, the nu-
merical scheme to calculate the amplitude function ¢*(r) and, second, the
particular form of Eq. for this device. Regarding the solution of the
Navier-Stokes equation, consider the geometry described in Fig. [Th, where
the shear channel is cylindrical with radius R, being a the rod radius, and
one bulk phase with viscosity 1. Assuming that all the fluid elements move
with a single non null velocity component (along the z axis in this case), the
Navier-Stokes equation takes the form

Dz(r,t) 0?2(r,t)
R ’ 13
where p is the bulk fluid density and z(r,t) is the fluid displacement. Using

the cylindrical coordinate system indicated in Fig. and the substitution
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p = log(r/a), the Navier-Stokes equation in terms of the amplitude function
g*(p,0) takes the form

9%g9*(p,9) N *9*(p,9)

op? 002 =i Re g*(p, 0)€2p7 (14)

where Re is the Reynolds number defined as

pa’w

Ui

Re =

(15)

The boundary conditions are no-slip at the needle and channel walls, and
the mechanical response of the interface is introduced via the Boussinesq-
Scriven boundary condition at the interface, which for this geometry takes
the form

2k * *
Bo*e—p <8 g (p79> _ ag (p70)) o ag (pﬂe) :07 at 8:71-/2, (16)

op? dp 00

where the Boussinesq number is defined as

o s
Bo* = s (17)
Eqgs. — can be solved numerically by means of a centered finite dif-
ferences scheme.
In Figure [3| we show color coded plots of the real and imaginary parts
of the velocity amplitude function, R[g*(r,2z)] (left panel), and [g*(r, z)]
(right panel), respectively. Calculations were made for a typical commercial
magnetic needle (a = 200 um, L = 30 mm, andm = 1.30 x 107°kg) centered
in a cylindrical channel having R = 10 mm. The flow field has been calculated
for Bo* = 50(1 — i) at a frequency w = 7 rad/s, in a 300x300 mesh in the
(p,0) domain. Strong velocity gradients can be appreciated in the subphase
close to the needle surface and at the interface.
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Figure 3: Color coded plots of (a) R[g*(r,0)], and (b) S[g*(r,8)] at Bo* = 50(1 — i) and
w = 7 rad/s. The needle and shear channel radius are ¢ = 200 ym and R = 10 mm,
respectively.

Once the amplitude function g*(p, @) is known, it is particularly illustra-
tive to analyze the shape of its profile at the interface g¥(p) = g*(p, 7/2) or
gi(r) = g*(r,m/2), in (r,0) coordinates. Figure {4] shows the interfacial ve-
locity profile for three cases of viscoelastic interfaces with complex viscosity
values ranging from 77 = 1077(1 — i) Ns/m to |n*| — oo and at a frequency
w = mwrad/s. Solid and dashed lines represent, respectively, the real, R[gZ(r)],
and imaginary, [gZ(r)], parts of the interfacial velocity profile.
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Figure 4: Real and imaginary parts of g*(r) for viscoelastic interfaces at different Bo*
values for a magnetic needle probe with radius ¢ = 200 pm and a shear channel with
radius ® = 10mm. The surface viscosity values used in the calculations are: 7} =
10~7(1 — 4) Ns/m (blue line); n¥ = 107°(1 — i) Ns/m (red line); n¥ = 1073(1 — i) Ns/m
(black line); n* — oo (green line). All cases are calculated at w = 7 rad/s. Continuous
lines: R[g*(r)]; dashed lines: I[g(r)].

The analytical solution for the interfacial radial velocity profile corre-
sponding to |nf| — oo or, equivalently, |Bo*| — oo, has been obtained by
considering an interface fully decoupled from the subphase, i.e., neglecting
the bulk contribution to the interfacial shear stress balance (the gradient
in the angular variable at equation (16])). The analytical solution reads
gs(r) = g:g, i.e., it is a strictly real function that describes a linear ve-
locity profile in phase with the probe velocity (green line in Figure . As
can be seen in the Fig. [] it superimposes on the numerically calculated
interfacial velocity profile for the high Bo* case (black solid line).

Now it becomes clear why the linear approximation (assuming the surface
shear strain as constant through the shear channel) fails at low n¥, demon-
strating one of the reasons of the overestimation of G when ignoring the
actual flow field calculation and using the simplest models instead (see last
two columns in Table . Moreover, the out-of-phase component of the fluid
velocity (dashed lines in Figure {4)) becomes non-zero for low values of 7},
demonstrating that, first, as mentioned in Section 2, 7}, may have a non-zero
imaginary part, and second, that the simplest models not only overestimate
the value of nf, but also err in calculating the loss tangent (the ratio of the
loss to the elastic surface modulus), as can be seen in Figure 2]

The particular form of the force balance equation (Eq. ) for the
MNISR is [35]
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F *
—S = AR;,, = —i2LwnBo" (89 )
20 Ip p=0,0=7/2
71'/2 8 *
—i2Lw77/ ( J ) do + k — mw?. (18)
0 ap p=0

From left to right, the terms on the right hand side of this equation are
AR ARy iy AR, and ARjpertiq. Notice that, in this design of the

MNISlf%, AR}, # 0, so that, besides the bulk drag and the inertia, there is
an additional contribution from the device.

Later, Verwijlen et al. [36] used particles trapped at the interface to track
the velocity profile, finding a very good agreement with the numerical so-
lution of Eqgs. —. Moreover, they proposed an iterative scheme to
calculate G} from the experimentally measured AR’ through Eq. ;

exp

namely, they proposed a method to explicitly account for the flow field when
analyzing experimental data. Initially, a first guess for Bo* is used to solve
Eqgs. —, which provides a numerically calculated value of the ampli-
tude ratio Fy/z5, which we will refer to as AR}, Then, AR, is compared

num:* num
to the experimentally measured AR obtaining the value of Bo* for the
next iteration as

&
exp’

AR
[Bo'ljar = S22 (B (19)

erp

More recently, Tajuelo et al. [28] used thin magnetic microwires as a
probe for the MNISR. These microwires are more than one order of magni-
tude smaller in diameter than the conventional needles, being their length
similar, so that the bulk and inertia contributions are significantly dimin-
ished while the interfacial contribution remains essentially the same. Hence,
the sensitivity of the rheometer is increased at low values of n?. They also
showed that the driven damped oscillator approximation for the calibration
procedure (Eq. (12)) fails for the thin microwires because, due to its lower
mass, the out-of-phase component of the subphase drag is not negligible.
Thus, the explicit calculation of the flow field must also be considered for
the device calibration (calculation of C' and k). Tajuelo et al. [28] proposed
a calibration procedure, later used in Ref. [47], that consists on defining a

22



507

508

509

510

511

512

513

514

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

function S(C, k) that represents, at each point, the sum of the squared dif-
ferences between the Eq. using the corresponding value of k, and the
experimentally measured AR} ,(w) in the proper units of N/m by means of
the corresponding value of C'. Then, the coordinates (C, k) that minimize
the function S are selected as the calibration parameters.

In recent years, a new driving mechanism has been proposed for the
MNISR [27], where the magnetic coils are replaced by a mobile magnetic trap
consisting of two small permanent magnets. The magnetic trap is displaced
in an oscillatory manner along the direction of the shear channel, and, as
a consequence of the magnetic force on the needle, it is also displaced in
the same direction with the same frequency, describing essentially the same
motion as with the magnetic coils. The authors demonstrated [27] that
the dynamics of this system is well represented by an elastic potential with
constant k,,; whose equilibrium point describes an oscillatory motion along
the axis of the shear channel.

The raw data in the mobile magnetic trap MNISR are the displacement
of the magnetic trap, z,:(t) = zm0exp{iwt}, and the displacement of the
needle, z,(t) = zj exp{iwt}. The amplitude ratio obtained through the force
balance equation in terms of these observables is

; « [ Og*
—i2LwnBo (gp)

. w/2 [ Og*
— 2L ( o )
=1+ e I

26 kmt

Zmt,0 p=0

which, for reasons that will be apparent soon, we will label as a position-

position amplitude ratio, [AR}, [P = Z’Zéf’o, at variance with respect to the

force-position amplitude ratio defined in (18]). Indeed, the force-position
amplitude ratio for the magnetic trap driving mechanism can be found by
taking into account the fact that the magnetic force on the needle, Fj, can
be calculated from z,; and 2§ as

Fo(t) = —kme (2p(t) = 2me(t)) = —kime (25 — Zmeo) €, (21)

where k,,; is the spring constant belonging to the magnetic trap, which can
be found by means of calibration experiments [27]. Hence, Eqs. and

lead to
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—S = AR;,, = —i2LwnBo" (i)
20 Ip p=0,0=m/2
w/2 da*
—@'2Lwn/ ( J ) df — mw?. (22)
0 ap p=0

The comparison of Eqs. and is illustrative: they are equivalent
if k =01in Eq. (22)). In other words, using a mobile magnetic trap as a driv-
ing mechanism keeps the probe dynamics essentially the same, but removes
the device contribution (AR}, = 0), increasing the relative importance of
ARg,, ; with respect to the rest of the terms, which manifests as an increased
sensitivity particularly at low frequency.

A variation of the iterative procedure indicated in Eq. can be devised
by solving for Bo* in the expressions or . For the case of the MTISR,

following Eq. , it yields:

exp 0 op

i2Len (5

(MW]W—Umm—mmmfﬁ<%&>

df + mw?
0

p=

[BO*]k+1 = ) (23>

p=0,0=m/2

where [AR}, PP = Z2L,
0
Starting from an appropriate seed, the scheme is iterated till convergence.

A suitable convergence criterion might be:

calc exp

[AR:, v

exp

AR PP — [AR* PP
‘ [ e’ — | ] < tolMin, (24)

where [AR?, /¥ is calculated following expression in each step.

An important aspect in the evaluation of the procedure’s performance is
the capability of giving the correct Bo* values in cases where the value of Bo*
is known. Such tests have been labeled as consistency tests [39] and can be
easily done by feeding the data analysis scheme with values of the amplitude
ratio obtained numerically by previously solving the motion of the needle at
an interface of prescribed interfacial viscosity.

Consistency tests have been made by applying the aforementioned iter-

ative scheme to numerically generated [AR*|PP data for a |n!| in the range
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1071 < |nf] < 1073 (Eq. (20)). The calculations have been made for the
commercial needle described above in a cylindrical channel with R = 10 mm,
at a frequency, w = m rad/s.

Three cases are considered: purely viscous (¥ = n. = n;), viscoelastic
(n* =n. —ni =n, —ngi), and purely elastic interfaces (n* = —nZi = —nsi).
The results are represented in Figure|b, where the left panels show the values
of the real and imaginary parts of n} obtained after convergence, namely [7.].
(filled symbols) and [1?], (open symbols), as a function of the prescribed value
of ns. The red line represents the perfect consistency line, [n.]. = [1}], =
|ns|- The top, middle, and bottom panels correspond, respectively, to the
cases of purely viscous, viscoelastic, and purely elastic interfaces. The right
panels in Figure [5|indicate, in each case, the number of iterations needed for
convergence of the iterative process. The results are remarkably good in all
cases except for in a small range of 7, values in the case of the purely elastic
interfaces. Such an artifact has already been described for the case of the
bicone bob rotational ISR [38, [39], probably due to a resonance phenomenon.
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Figure 5: Results of the consistency test for the MTISR geometry (commercial needle at
w = m rad/s) for purely viscous (top row), viscoelastic (middle row), and purely elastic
(bottom row) interfaces with real and imaginary parts of the complex interfacial viscosity
in the range 10719 < 5, < 1073 Ns/m. Left panels: Comparison of the converged values
(%], (filled symbols), and [n;]. with the programmed value 7, (red line). Right panels:
Number of iterations needed for convergence of the results in the corresponding left panel.
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4. The Double wall-ring interfacial rheometer

The DWR geometry, shown in Figure[l, was proposed by Vandebril et al.
[22]. Tt takes advantage of the excellent control and measurement capabil-
ities of modern digital rotational rheometers regarding torque and angular
displacement. In such a design, the authors were able to put together many
advantages from other geometries, such as: i) the small contact perimeter
to area ratio (similar to the case of the MNISR or knife-edge geometries),
and ii) the sharp edges that pin the interface, mantaining it in a horizontal
plane (similar to the case of the bicone bob rotational rheometer). Moreover,
rotational systems with circular symmetry do not suffer from end effects, an
advantage regarding the MNISR which has a necessarily limited linear dis-
placement range, and consequently allow to make not only oscillatory mea-
surements but also continuous rotation measurements, such as viscometry or
creep/recovery modes. Finally, the DWR geometry usually presents a smaller
moment of inertia compared to the bicone bob probes, which is an advantage
when working at high frequencies or short times. Interestingly, in the case
of the DWR ISR, the corresponding flow field-based data analysis scheme
was proposed simultaneously to the instrument design [22]. In the following
we will mainly focus on the case of oscillatory excitation because, usually, it
allows for a better separation of the viscous and elastic components of the
sample’s response.

4.1. The flow field-based data analysis scheme for the DWR

The physical model [22] assumed a horizontal and flat interface between
two Newtonian fluids, pinned at the sharp edges at the channel and the ring.
The flow velocity, both at the bulk phases and the interface, is supposed to
have just one non null azimuthal component and to be purely axisymmet-
ric. Under such assumptions, the Navier-Stokes equations for the azimuthal
component of the velocity, in a cylindrical coordinate system with the origin
at the center of the bottom surface of the channel, can be written as

9 (10 201 o,
n; [5 (;E(T%‘)) + W} =Pigy (25)

where the subindex j refers to either of the bulk phases. Consequently, 7;
and p; represent, respectively, the dynamic viscosity and the density of the
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bulk phase j. Correspondingly, the boundary conditions are no-slip at the
channel walls and floor, and free surface at the air/upper bulk phase interface

v1(Ry, 2) = v9(Ra,2) = v1(R3, 2) = va(Ry, z) = v1(r,0) =0 (26)

(32}2(7‘, Z)) _ O, (27>
0z z=H1+H>

and

Uj(Rg,) = R5Q, (28)
Uj(RG) = R()'Q, (29)

at the ring surface, where 2 is the instantaneous angular velocity of the ring.
Notice that it can represent either a rotational motion, if €2 is constant, or
oscillatory motion, if Q = ifywe™!, where i is the imaginary unit, and 6
and w the angular amplitude and frequency, respectively, of an oscillatory
motion, O(t) = Gpe™".

In the case of the DWR configuration with two fluid phases, contributions
from both bulk phases appear in the Boussinesq-Scriven boundary condition,
that reads,

0o —myt =g (L eu)) . ate—m (@)
where the subscript s indicates physical quantities corresponding to the in-
terface, and the + signs correspond to the cases of the inner and outer parts
of the interface, respectively. In the case of constant angular velocity and
Newtonian interfaces the interfacial viscosity is a real parameter.

Next, the velocity field is assumed to be separable into a time dependent
part, that follows the probe angular velocity €2, and a spatially varying func-
tion, a;(r, z) that carries the spatial dependence of the velocity field at the
interface and both bulk phases, namely,

v = a;(r, z)<2. (31)
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The mathematical problem defined by the Navier-Stokes equations ,
the no-slip boundary conditions and , the Boussinesq-Scriven condi-
tion at the interface , and the velocity field ansatz , can be discretized
and solved numerically. The numerical solution for the velocity field can be
used later on to calculate the total drag torque, M., comprising the interface
and bulk phases contributions, from the following expression:

o ()]
R, 6

0 s 9
— 27 [ a—vlr2dr + a—vlrzdr}
R; 9P1 R, 9P2

Ry Rg
— 271 {/ %r2dr +/ %TQCZT] , (32)

rs Op3 R ODa

—

where R, is the radial coordinate of the upper and lower vertexes of the ring,
coordinates p; are normal to the ring facets, and the contributions of the
interface and both bulk phases are easily recognized. A complete description
of the flow field configurations obtained with such a scheme and the overall
instrument performance can be found in reference [22].

The calculated total drag torque, My, can be compared with the inertia
corrected torque data given by most commercial rotational rheometers and,
hence, it can be used to devise an iterative scheme to obtain the value of the
complex interfacial viscosity. For instance, Vandebril et al. [22] proposed to
use the simple scheme

Meyp

k W’ (33)

[n;‘]kﬂ = [77:]
where M., is the inertia corrected torque yielded by the rotational rheome-
ter. The MATLAB® implementation of this scheme has been made freely
available by its authors at https://softmat.mat.ethz.ch/opensource.
html

Such a scheme has been successfully exploited in experimental studies of
interfacial systems such as polymer blends [57], particle laden interfaces [58|
59, 60], microgels [61], asphaltene films [62], tiled graphene oxide nanoflakes
[63], protein films [64], 65 66], protein-surfactant mixtures [67], CO5 in water
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foams [68], amyloid biofilms [69], DPPC monolayers [52], cereal dough liquor
[70], [71], and thermo-responsive polymers [72].

However, expression is an ad-hoc choice that has no physical basis.
This might bring problems because Mg is a nonlinear function of [n?], and,
hence, there is no guarantee that the fixed points of the iterative map
are a proper solution for the problem. Opting for iterative schemes based
on physical grounds should be advantageous. The equation of motion of the
probe has been shown [38], 39] to be of great help for this purpose in the
case of the bicone bob ISR. In the following subsection we show how to use

the equation of motion of the probe to set up a physically founded iterative
scheme for the DWR.

4.2. An alternative scheme for the DWR derived from the probe dynamics.

Let us, first, particularize the mathematical problem for the most usual
case of oscillatory forcing, by making physical quantities non-dimensional,
using R and 1/w as characteristic length and time scales, and slightly mod-
ifying expression so that now the ansatz for the velocity field is

vj = g;-‘(r, 2)QRg. (34)

Notice that now the velocity amplitude function is non-dimensional. The
choice of Rg as the characteristic length scale is immaterial because any other
length related to the ring would be equally adequate. Nevertheless, the choice
of Rg as the characteristic length scale is very convenient because it is the
position at which the flow speed will take its highest value and, consequently,
the value of the non-dimensional velocity amplitude function at the external
rim of the ring will be g*(Rs) = 1. After the non-dimensionalization process
and using expression , the Navier-Stokes equations for both bulk phases
are (the overbars indicate non-dimensional quantities)

, L0 (10 , D%g:
iRe;g; (T, z) = g (;E (rgj)) + 02;’ (35)

where the Reynolds numbers for the bulk phases are Re; = pjwR2/n;. The
boundary conditions are again no-slip at the channel walls and floor, and free
surface at the air/upper bulk phase interface.
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gT(Rlv 2) = g;(R% 2) - gT(R& 2) = 95<R47 2) - gr(fa O) =0, (36)
0z z=H+Ho

There must be no-slip boundary conditions at the ring contact lines, too

(37)

9;(1?5) = Rs, (38)

while the Boussinesq-Scriven boundary condition is written as

dg; 1 0g; 0 (10, -
—— — — == =4 N"— | ——(Fg} tz=H 40
9z Y 0z o7 \rar"9e) ) atz =1, (40)
being Y = & and N* = ”}S; , as is done in reference [73]. Following [74], we
2 n e

define the complex Boussinesq number as: Bo* = ﬁ so that the drag
torque can be written in the following way

w9 (9 _9 (%
Por \ 7 )il OF \ T )|iig,

[ R R
) T a * 6 a *
— 2miwloe™'n Ry / 9172 7 + / I 72 g

Rs OD1 &, OD2

M}, = 2miwdoe™  Bo* (n, + o) R

R R
. r 8 * 6 a *
— 2miwboe™ 2 Ry / 922 / 292 72 g
Rs ap?’ R, 8p4 ]

= M* + M; + M;, (41)

where coordinates p; are normal to the ring facets, and, again, the contri-
butions due to the interface, M}, and both bulk phases, M; and M;, are
easily identified. In this scheme, the above equations must be completed
with the probe (rotor plus ring fixture ensemble) equation of motion. Since
0(t) = Ope™" and the total applied torque, without inertia correction, is sup-
posed to be M*(t) = Mye'“*=9 the equation of motion for the probe is
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16 + M}, = Mye!™t=9), (42)

684 Furthermore, the complex amplitude ratio between the (measurable) total
s applied torque and the angular position can be written as:

Moe@t=9) My s MF+ M;+ M§ — Iw?6pe™
—_— = — = -
eoezwt 90 Qoezwt

39 (9% _ 9 (g
OF \ T rehe OF\T ) |_p,

+ iw2m R (m My + neMy) — Tw?, (43)

AR =

iw2m Bo*(ny + n2) R

s which, upon solving for the complex Boussinesq number, Bo*, can be used
7 to set up the following iterative scheme:

ARy, — iw2mRE (1 [M{], + 2 [M3],) + [w?

Bo* = =P , — , 44
B0t iw2m(ny + n2) R [Ms*]k (44)
where the non-dimensional drag torques are:
3 .0 * B *
7 T impy  OT T =R
R * R *
_ T 0 6 0
[Mﬂk _ [g_l]kf2df+/ [g_l]kFZdF’
Rs  OD1 R OD2
R R
_ ™ O gk 6 9 [g*
[M;], :/ —[92]’%*2df+/ —[gf]kf2df.
Rs  OD3 R, ODa
688 Such a scheme does not rely on the rheometer’s automatic inertia cor-

8o rection. A comparative study, in terms of the number of iterations needed
s0 for convergence, the total processing time, and the numerical consistency
s between both formulations of the iterative process, would be of significant
s2 practical interest.

693 To conclude this section we would like to mention briefly that Lopez
s« and Hirsa [75] proposed an elegant approach to the hydrodynamic problem,
s based on a stream function and vorticity formulation. Such an approach
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allows one to find the full three dimensional configuration of the velocity
field for the knife-edge ISR and the DWR ISR. It is appealing to apply such
a formulation to build a flow field-based data analysis scheme for both types
of ISR by finding the solution of the full 3D velocity field, supplementing it
with the calculation of the interfacial and subphase drag torques, and setting
up an iterative scheme that might have a higher accuracy than the simple
single velocity component schemes here mentioned. Such an scheme will have
the obvious drawback of demanding larger computational times.

5. The oscillating conical bob

The bicone bob is one of the oldest geometries still in use in the im-
plementation of interfacial shear rheometers based on stress controlled ro-
tational bulk rheometers (see, for instance, [16, 2I] and references therein).
Among the interfacial shear rheometers built on rotational bulk rheometers
the DWR [36] typically offers higher values of Bo* and better resolution
than the bicone ones, due to its smaller area of contact with the subphase.
However, the bicone bob geometry is a convenient and popular entry point
into interfacial shear rheology for many experimental groups having a stress
controlled rheometer because of the simplicity of the elements needed to set
it up [37]. Not surprisingly, the bicone geometry is still widely used, e.g,
in the study of biofilms [76, 77, [78], PMMA and colloidal polystyrene latex
quasi-monolayers [79], differences between proteins and surfactants [80], in-
terfacial layers of cellulose nanocrystals [81], emulsifiers (e.g., chitosan) [82],
polyhydroxyalkanoate degradation at interfaces [83], or interfacial network
formation induced by crystalization [84].

Common to all interfacial rheometers is the challenge of extracting ac-
curate values for the rheological parameters out of the experimental data,
mainly due to the strong coupling between the interfacial and bulk flow. In
the case of the bicone geometry there is an extreme need to separate the
interfacial and subphase contributions of the system response because of the
large contact area of the probe with the subphase. Consequently, consider-
able effort has been made in the past to obtain analytical models that might
be useful to unravel the rheological information contained in the experimental
data for different geometrical and dynamical configurations.

Soo-Gun and Slattery [73] provided an exact solution for the case of a
zero-thickness disk pending from a torsion wire, with the fluid-containing
cup rotating at a constant angular velocity. Later on, the work of Soo-Gun
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and Slattery [73] was adapted to the case where the cup performs angular
oscillations at a given frequency by Ray et al. [85] and Nagarajan et al. [86].
However, nowadays, the most used configuration consists on the conical bob
being fixed to the moving rotor of a stress controlled rotational rheometer.
During dynamical measurements in this configuration, an oscillating torque
is applied to the rotor plus probe assembly, and its angular displacement is
measured. Erni et al. [74] adapted the exact solution in [73] to the stress
controlled oscillating bob system by imposing appropriate boundary condi-
tions and recasting the constant angular velocity into an oscillatory angular
velocity. However, the validity of such an approach is limited to situations in
which the vertical velocity profile in the subphase is linear, which demands
small subphase depths, low frequencies, and /or moderate viscosity subphase
fluids. A detailed analysis of the flow field configurations in the oscillating
cup and oscillating bob configurations can be found in [37].

Tajuelo et al. [37] transposed the ideas from Reynaert et al. [35] and Ver-
wijlen et al. [30] to the case of the oscillating bob in the stress controlled
mode. In this configuration, the experimental data usually consists on the
complex amplitude ratio, AR*, between the total imposed torque and the
angular displacement of the rotor-+bicone assembly. The experimental dis-
position of the interfacial oscillating bob is depicted in Figure [If.

The rheometer consists of a conical bob, connected to the rheometer ro-
tor, that is level with the air/water interface. The bulk fluid subphase is
contained in a cylindrical cup having its axis aligned with the cylindrical
symmetry axis of the bob (see Fig.). The surface is considered horizon-
tal and having null-thickness, and the flow field is assumed to have only
one non null velocity component in the azimuthal direction, vy. For such a
configuraton, the Navier-Stokes equations in cylindrical coordinates read:

ot p

Ovg n(@%e 0%y 1 dvy 'U@) (46)

or? 022 ' ror r?

where p and 7 are the density and the viscosity of the bulk fluid subphase,
respectively, and r and z the radial and vertical direction coordinates, re-
spectively. The rotor is supposed to oscillate at a constant frequency, w,
with an angular amplitude, 6y, so that 6(t) = fpet. Tt is further assumed
that the fluid velocity at any point will be proportional to the velocity of the
points at the bicone rim, so that the temporal and spatial dependencies of
the velocity field can be separated as

34



vp(r, 2,1))0(t) = v p(t)g*(r, 2), (47)

66 where vy (%) is the velocity of the points at the bicone rim,

V(1) = iwRyfpe™”, (48)

77 and g*(r, z) is a nondimensional amplitude of the velocity field, which is a
e complex function whose real and imaginary parts are in phase and out of
70 phase with the bicone velocity. Making spatial coordinates nondimensional,
70 by using the cup radius as the characteristic length scale, the Navier-Stokes
m  equation for this problem can be written as follows:

D?g*(r,z)  O%g*(r,z) 10g*(r,z) g*(7,2)
o2 972 't or 2
772 Here the Reynolds number is defined as Re = pwR?/n, where p and 7
73 are the bulk density and viscosity, respectively, w is the oscillating frequency;,
772 and R, is the cup radius.
775 Boundary conditions are no-slip at the cup floor and lateral walls, and at
776 the bicone-subphase contact area. Moreover, null fluid velocity is assumed a
777 at points located along the vertical symmetry axis, i.e.,

iReg*(T,2) = (49)

g°(r,0) = g"(1,2) =0,

9°(0,2) =0,

0 < Roh) =5 (50)
778 Moreover, the Boussinesq-Scriven boundary condition applies at the in-

79 terface and, in cylindrical coordinates and in non-dimensional form, reads:

dg* .9 (10
82_3087*( OF

= %af(rg*)) cat Ry <7 <1,z=h, (51)

where the complex Boussinesq number is defined as

*

Bo* = =,
o ch

(52)
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Next, the angular displacement and the torque exerted by the instrument
are related through the equation of motion of the rotor+bicone assembly
which reads

\ \ \ 9*0(t)
M (t) sub<t> surf(t) = IW’ (5?))
where M*(t) is the torque applied by the instrument, M, (t) and M, (%)

are the drag torques imposed by the subphase and interface, respectively,
and [ is the moment of inertia of the rotor+bicone assembly. Incidentally,
many commercial rotational rheometers perform an inertia correction over
experimental data. When working with the full equation of motion , non
inertia corrected (raw) data must be used. Conversely, the inertia term in
equation may be dropped when working with inertia-corrected torque
data, hence, applying just a torque balance condition.

The interfacial and bulk subphase drag torques can be calculated from
the horizontal and vertical velocity gradients of the velocity field. Written in
terms of g*, the corresponding expressions are:

) Rb a *
M, = —inwaneer“t/ r? ( J )
0 0z

) oa*
M, ; = iw2r R2 R, Bo'noc™! (Rb( J )

dr,

z=h
1) (54)
r=Ry, z=h

In this scheme the next step consists in assuming that the torque exerted
by the instrument is an oscillation with frequency w with a certain phase lag
with respect to the angular displacement, i.e.,

s or

M*(t) _ Moei(wt—6) — Mgeiwt (55>

The main output data of modern rotational rheometers is just the time
series corresponding to the time evolution of the applied torque and the
angular displacement. Then, a complex amplitude ratio,

A, = M) _ My s
P Beup(t) o

(56)
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can be easily constructed. An equivalent definition of a theoretical amplitude
ratio, using the applied torque and the angular displacement, followed by the
substitution of expressions into Eq. leads to the following relation
between AR* and the spatial flow field configuration:

Ry, *
/ r? (ag ) ‘ dr
0 aZ —

—RyR, Bo* (Rb (89 ) — 1)] — I, (57)
87" r=Ry,z=h

Hence the question is: given an experimental value of AR*, what is
the value of the complex Boussinesq number, Bo*, that solves the prob-
lem defined by Egs. , , coupled to ? Once that problem is
solved, the complex interfacial viscosity can be found right away from ,
as 1y = R.n Bo*. However, the complex interfacial viscosity is also implicitly
contained in the ¢g* calculation (Boussinesq-Scriven boundary condition, Eq.
(51))). More precisely, equation can be solved for Bo* if one knows the
gradients of the complex velocity amplitude function, but to find such gradi-
ents one needs to know the value of Bo* in order to solve the hydrodynamic
problem with the Boussinesq-Scriven boundary condition, equation .

Hence, it is necessary to resort to an iterative scheme. A first version
of such an iterative scheme [37] was devised along the lines developpd in
Reynaert et al. [35] and Verwijlen et al. [36], iterating over Bo*, starting
from a suitable value and using the experimental value of the amplitude

ratio, AR;,,, as follows:

AR = iw2n Ryn

AR;, .
[Bo'lior = 7 (Bl (58)

calc

However, recently Sanchez-Puga et al. [39] proposed a different scheme,
based on the same arguments here used is Subsection [£.2] that was based on

solving equation for Bo*, so that

dr
=h__ (59)

exp 0z

RyR. (Rb (k) - 1)
r=mnp,z=

— AR, — Iw? + iw2m Ryn fORb r? (6[9*}’“>

[BO" k41 =
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In this scheme, thoroughly described in Sénchez-Puga et al. [39], one
starts from an appropriate seed, for instance, the Bo* value corresponding
to a linear interfacial velocity profile, or the solution of the hydrodynamic
problem corresponding to a clean interface, Bo* = 0. Then, the gradients
of the complex velocity amplitude function are introduced in equation ([59)),
and a new value of Bo* is found. The scheme is iterated till convergence is
achieved.

The condition for convergence might be defined on the successive values
of Bo*. However, since the experimental observable being the complex am-
plitude ratio, we have chosen to stipulate it on the successive values of AR*,
as follows

[AR*,, |x — AR

calc exrp

AR

erp

< tolMin, (60)

where [AR?,.|i is the numerically calculated value for AR* in the k-th iter-
ation, and tolMin is the user-defined threshold tolerance. MATLAB® (or
GNU Octave) and Python3® versions of the code to solve the full iterative
scheme, including the hydrodynamic calculations, have been made publicly
available by the authors at [39].

We will briefly illustrate the performance of this scheme by showing some
results obtained for the case of a bicone with radius R, = 34 mm, in a cup
with radius R. = 40 mm, with a water lower bulk phase with depth H = 10
mm, and a forcing frequency w = m rad/s. Such values are typical of the
experimental realizations [37]. Full details on the second order centered finite
difference numerical scheme used to solve the hydrodynamic problem can be
found in Sanchez-Puga et al. [39).

First we show the results of some convergence tests performed on the
hydrodynamic computations by varying the spatial resolution (mesh spac-
ing) for a clean air/water interface (Bo* = 0). The results using different
rectangular meshes with NV x M nodes (with N = 2M) are shown in Figure
[6l The values of N and M have been chosen so that a node falls exactly at
the bicone rim. The left panel of Figure [f illustrates the dependency of the
values of the real (blue line and symbols) and imaginary (red line and sym-
bols) parts of the total torque of hydrodynamic origin (Mp, = Mg, + M}, )
acting on the rotor+bicone assembly. Very good convergence is attained for
N > 2000. The right panel of Figure [f] shows the time needed to obtain
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the flow field configuration for the clean air/water interface as a function of
N, when computed in a desktop computer having a Pentium Core i5-4460
microprocessor and 16 Gb RAM, with the MATLAB® code using the sparse
matrix routines. The computation time per flow field configuration grows

as N? but remains quite manageable even for high resolutions meshes (for
N =1000, ts ~ 4 s).
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Figure 6: Left panel: Convergence of the real (blue trace) and imaginary (red trace) parts
of the torque M, as a function of mesh size for a clean interface (Bo* = 0). Right panel:
time needed to solve the hydrodynamic problem to obtain the flow field configuration as
a function of mesh size.

To illustrate how the mesh size affects the dynamical variables we have
computed the relative differences in the real and imaginary parts of the total
torque for the solutions obtained with three mesh sizes: 200x100, 440x220
and 1000x500 taking as a reference the solution for the 2520 x 1260 mesh
size. More specifically, we have computed

[AT<§R<M;<0t>)]NXM _ §R((Mtit)gﬁz(]\j\;t;)iiii\{ii)%%><1260) ’ (61)
and
[Ar<%<M;;t)>]N><M _ %((Mtzt)gz(]\j\;t;)iiifif)%%><1260) 7 (62)
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for purely viscous interfaces with 7, in the range 1075 < n, < 1 Ns/m, and
at the same frequency, w = 7 rad/s. The results are shown in Fig. .
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Figure 7: Relative differences in the real part, A, (R(M,)) (solid symbols), and imaginary
part, A, (S(M{,;)) (open symbols), of the total torque between the solutions obtained with
different mesh sizes taking as a reference the 2520 x 1260 mesh solution. Black symbols:
200 x 100 mesh. Red symbols: 440 x 220 mesh. Blue symbols: 1000 x 500.

For the case of the 1000x500 mesh (blue symbols), the relative difference
with the finest mesh is always below 5% in the real part (solid symbols)
and below 0.5% in the imaginary part (open symbols). The 1000x500 mesh
represents, therefore, a good compromise between resolution and computa-
tional costs, comprising memory availability and computational time (ap-
proximately 5 s per flow field configuration solved for the 1000 x 500 nodes
mesh against 55 s for the 2520 x 1260 nodes mesh).

In Figure 8] we show color coded plots of the real and imaginary parts
of the velocity amplitude function, R[g*(r, z)] (left panel), and [g*(r, z)]
(right panel), respectively. The flow fields were calculated for Bo* = 0.1 —
0.1% with a 2520x1260 mesh. Strong velocity gradients can be appreciated
in the subphase close to the bicone surface and at the interface. Notice
that the values of R[g*(r, 2)] are very small everywhere but in a very small
neighborhood of the bicone surface, which is located at the top row of the
images, spanning from r = 0 to r = 34 mm.
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Figure 8: Color coded plots of (a) R[g*(r, 2)], and (b) I[g*(r,z)] at Bo* = 0.1 — 0.17 and
w = rad/s.

To illustrate the influence of the values of Bo* and w on the interfacial
velocity profile, gi(r) = ¢*(R, < r < Rc,z = h), we show in Figure [9
some interfacial velocity profiles obtained in calculations performed with a
mesh of 2520 x 1260 nodes, for three different conditions. Case A (black
lines) stands for a viscoelastic interface with n¥ = (1 —4) x 107> Ns/m at
moderately high frequency, w = 107 rad/s. Case B (red lines) corresponds
to a purely viscous interface, ¥ = 107° Ns/m, at an intermediate frequency,
w = 7w rad/s. Case C refers to a clean interface, nf = 0 Ns/m, at low
frequency, w = 7/10 rad/s. Continuous lines correspond to the real part of
the velocity amplitude function at the interface, R[g%(r)], and the dashed
lines to the imaginary part of the same function, I[gf(r)]. We also plot the
analytical solution corresponding to |Bo*| — oo, that has been obtained by
considering an interface fully decoupled from the subphase, i.e., neglecting
the bulk contribution to the interfacial shear stress balance (left hand side
in expression ) In this configuration, the nondimensional analytical
solution of equation for |Bo*| — oo is [75]

7_Rb(7j2—1)_ Rb 7_1
D= Tmo) T m— (1) (63)

which in all configurations with small bicone rim-to-cup wall distance com-
pared_to the bicone radius (as is the case here: R. — R, = 6 mm, R. = 40
mm; R, = 0.85) is quite close to a linear profile.
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Figure 9: Real and imaginary parts of g% (r) at different w and Bo* values. Continuous
and dashed lines represent the real and imaginary parts, respectively. Case A: High
frequency with a viscoelastic interface (black); case B: Medium frequency with purely
viscous interface (red); case C: Low frequency and clean air-water interface (blue). |Bo*| —
oo analytical solution (green line). Continuous lines: R[g¥(r)]; dashed lines: I[g(r)]

Case A corresponds to a high |Bo*| situation and, consequently, the real
part of the velocity amplitude function is close to the analytical solution
given in equation , and the imaginary part is close to zero. As the value
of |Bo*| decreases, strongly nonlinear radial gradients appear on g* with non
null imaginary parts, as is clearly illustrated by the graphs corresponding to
cases B and C in Figure [9

In order to study the consistency [38] 89 of the iterative scheme to obtain
the converged value of the complex Boussinesq number and, consequently
the value of n¥, we have performed a two step process: i) solving the fluid
dynamical problem for different values of the complex interfacial viscosity
and computing the corresponding amplitude ratio, AR*, and ii) feeding the
iterative process with the AR* values found in order to obtain the converged
value of the complex Boussinesq number and, consequently, the converged
value of n¥. All computations have been made on the same system geometry
considered up to here and at the same frequency.

We have applied such a procedure to interfaces that are purely viscous,
with 0% = ns, viscoelastic, with 7, = n? = n, (ie, nf = (1 —i)ns), and
purely elastic, with n} = —in,. The values of 7, have spanned the range
10007 <n, <1 Ns/m and we have recorded the corresponding number of
iterations needed to achieve convergence. The results are represented in
Figure where the left panels show the values of the real and imaginary
parts of 7} obtained after convergence, namely [1}]. (filled symbols) and [n?],
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927
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929

930

(open symbols), as a function of the programmed value of 7. The red line
represents the perfect consistency line, [1.]. = [n7]. = |ns|. Top, middle,
and bottom panels correspond, respectively, to the cases of purely viscous,
viscoelastic, and purely elastic interfaces. The right panels in Figure
indicate, in each case, the number of iterations needed for convergence of the
iterative process.
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Figure 10: Results of the consistency test of the bicone geometry (R, = 10 pm and w = 7
rad/s) for purely viscous (top row), viscoelastic (middle row), and purely elastic (bottom
row) interfaces with real and imaginary parts of the complex interfacial viscosity in the
range 1077 < 1, < 1 Ns/m. Left panels: Comparison of the converged values [r.]. (filled
symbols), and [1/], with the programmed value 7, (red line). Right panels: Number of
iterations needed for convergence for the results in the corresponding left panel.
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For the purely viscous interfaces (top row), the value of 7/ is nicely re-
covered, while numerical errors yield a value of 77 that is always at least
two orders of magnitude smaller than the value of n,. For the viscoelastic
interfaces (middle row), both the real and imaginary parts of the complex
interfacial viscosity are recovered by the iterative process with high preci-
sion. For the purely elastic interfaces (bottom row), the value of 1 is nicely
recovered, while numerical errors yield a value of 7. that is always at least
two orders of magnitude smaller than the value of . The only exception is
a small region at approximately 7, = 107 Ns/m, where a resonance effect
disturbs the data analysis procedure [38, [39]. The plots of the number of
iterations needed for convergence are very similar to each other in the three
cases considered, varying between 2 and 100 iterations in the full complex
viscosity range here studied.

To estimate the resolution of a particular instrument, a specific study of
the impact of the measurement uncertainties (in the torque and the angular
displacement) of the instrument on the output 7’ values should be carried
out. Different aspects of such a study, for the case of the Bohlin C-VOR
instrument with purposely built conical bob and cup, may be found in [37,
38, 139).

Although we will not make a detailed discussion of the case of rotational
rheometers working in controlled strain mode, some comments can be antici-
pated. The analysis of experimental results on very soft samples obtained in
rheometers working in controlled strain mode (systems with separate motor
transducer, in the terminology of reference [11]) must be made with care,
particularly in the case of low viscosity subphases (such as water). In such
systems, a motor drives one part of the geometry (typically the external cup,
which includes the bottom plate) while the hydrodynamic torque is measured
at the other part (for instance, the upper rotor plus bicone/ring assembly). In
such a case, the viscous length scale, ¢, at the subphase rules the transfer of
momentum from the oscillating cup towards the probe, while the interfacial
viscous length scale, ¢7 rules the transfer of momentum from the lateral wall
of the cup towards the probe rim through the interface. In other words, in an
upwards frequency sweep one might go from a linear vertical velocity profile
situation (¢,, > H;) to a nonlinear vertical velocity profile one (¢, < Hy).

This happens, for instance, for a water subphase with a depth typically
used in the bicone or DWR ISRs (H; ~ 1 ¢cm). Consequently, the condition
for having a linear vertical velocity profile is fulfilled only if w < 10—2 rad/s.
Hence, in most practical situations such condition is not fulfilled, the vertical
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velocity profile in the subphase is not linear, and only an adequate flow field-
based data analysis can properly obtain the interfacial rheological parameters
out of the experimental data in such a situation. Decreasing the gap might
bring back the system to a linear vertical velocity profile condition but at the
expense of increasing the subphase drag torque while keeping the interfacial
drag torque unchanged and, consequently, loosing instrument’s sensitivity.
Anyway, modifying the flow field-based scheme here sketched for the bicone
case (Section to fit the separate motor transducer configuration merely
amounts to a change in the boundary conditions at the probe surface (at
rest) and at the cup’s floor and lateral walls (oscillating). This should be
a rather straightforward modification of the code and should deal smoothly
with the eventually nonlinear interfacial and subphase flow configurations.

6. Extensions of the techniques

In this section we will briefly outline some extensions of the above dis-
cussed techniques to different open problems.

6.1. Flow field-based data analysis for the microbutton ISR

A very elegant and highly sensitive interfacial rheometer based on rotat-
ing microfabricated probes (microbuttons) was proposed and developed by
the Santa Barbara group [23, 24, 25 26]. The probes are ferromagnetic, they
are subject to a magnetic torque generated by externally controlled electro-
magnets, and their position and orientation is measured by an image tracking
system in real time. The data analysis is carried out by using the expressions
obtained by Hughes et al. [41], in their analysis of the rotational drag on a
cylinder moving in a membrane, which implicitly means that the interface
and subphase motions are assumed to be decoupled from each other, i.e.,
such approximation is strictly valid only for Bo >> 1.

Interestingly, the fluid mechanical problem for the microbutton is very
similar to the bicone one [37, B9], and the scheme mentioned in the previ-
ous section for the bicone could conceivably be applied to the microbutton
system [20] right away. However, a careful consideration of the probe and
cup sizes, and the interfacial and bulk viscous length scales [46] shows that a
rectangular mesh should be excedingly fine in order to adequately resolve the
flow structure close to the microbutton rim, at the interface, and under the
microbutton, at the bulk subphase. Hence, it is convenient to use logarithmic
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variables in the radial and vertical directions in order to achieve better res-
olution close the microbutton with manageable mesh sizes and computation
times.

For the sake of completeness we will directly present the formulation of
the problem corresponding to a geometry including two bulk phases under
oscillatory forcing. Using logarithmic variables in such a configuration makes
it necessary to place the vertical coordinate origin in the plane were the
microbutton is located, and making the vertical coordinate to be positive
downwards in the lower bulk phase (1), and positive upwards in the upper
bulk phase (2). With this choice, the signs of the derivatives in the equations
for the lower bulk phase and in the boundary condition at the interface must
be properly taken care of.

We start the formulation of the mathematical problem by using the but-
ton rim velocity in the velocity ansatz for this problem. We assume that the
microbutton, with radius R,,, performs an oscillatory motion with angular
displacement amplitude, 2, and frequency, w, so that Q(t) = iwbye™*. Then,
the velocity field at the bulk phase j is assumed to be separable in spatial
and temporal components as follows

v; = g; (T, 2)QR,,. (64)

The non-dimensional Navier-Stokes equations in regular cylindrical coor-
dinates for such a motion are

_Pgi 1091 _gi  Pdi

orr ror 2 022’
gy 1095 g5 g
or? rFor T 072
where the Reynolds number at each bulk phase is Re; = p;w;R2 /n;, and
the spatial variables have been made non-dimensional by using the following
transformations

(65)

iResgy = (66)

r R _
L <F< - =
T R O_T_Rm R
g—i _i<§<i—ﬁ
R, R, ~ — R,
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Notice that for the microbutton probe Re; will be very small, even in
the case of low viscosity fluid phases, so that, for many practical purposes,
the left hand side of equations and might be discarded. At the
interface, the boundary condition is the usual Boussinesq-Scriven condition
that now reads

L0 (10 w) _ 19095 0Og;
Naf(rar(g))_yaz BE (67)

where we have defined parameters N* and Y as in reference [73].

* 775
N* — s
Rmnl
y
T2

Now, we change to logarithmic spatial variables, taking care to avoid
values in the interval [0, 1) inside the logarithm. Hence, we choose the change
of variables

z+1), (lowerphase)
1—2), (upperphase)

with domains

Performing the change of variables g7 = ¢i(p,s1), g5 = g4(p,s2), the
Navier-Stokes equations for both bulk phases are
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and the boundary conditions turn to
g:(0,5;) =0, (70)
gi(p.s1) = log(h +1)) = 0, (71)
g;(log(R +1), ;) = 0, (72)
g:(0 < p < log(2),0) = ¢ — 1, (73)

where equation imposes symmetry of the velocity field at the rotation
axis, equations and stand for the no-slip condition at the cup floor
and lateral walls, and equation represents the velocity of the fluid in
contact with the probe.

Another boundary condition is required at the top surface of the upper
bulk phase. Two distinct cases may be considered; either a free upper inter-
face, i.e.,

é? *
(g> =0, (74)
682 p,sa=log(h+1)
or a rigid wall (no-slip) condition, namely
9" (p, 52 =log(h+1)) =0, (75)

while the Boussinesq-Scriven boundary condition at the interface turns to
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(76)

at s1,55 = 0, log(2) < p < log(R+1). Notice that in the boundary condition
at the interface there is no an explicit appearance of 1/e® because at s = 0,
1/e® = 1. Now, the complex Boussinesq number does not appear explicitly in
the expression of the Boussinesq-Scriven condition, but the proper definition

[74 is Bo* = g oy
Conversely, the expression for the drag torque imposed by the lower bulk

phase at the lower disk surface is

2 091
681

while the corresponding expression for the drag torque imposed by the upper
bulk phase at the upper disk surface is:

4 log(2)
My = iw27rRi’nn19ée““t/ eP(e? — 1) dp, (77)
0

$1=0

dp. (78)

s2=0

' log(2) dar
My = —inWRimgGSem/ eP(ef — 1) 792
0 69332

The interfacial drag along the contact line between the microbutton and
the interface is:

[ 1 0g
M? = iw2m R, (n1 + 12) Bo*0pe™" (— Je

2 Op

p=log(2),s=0

and the complex amplitude ratio between the total torque and the microbut-
ton angular position is:

M log(2) da*
AR = =% —iw2rR3, —771/ eP(ef —1)? 29 dp
90 0 é)S]r 31::0
log(2) oa*
—1—172/ eP(e? — 1) 992 dp
0 6932 82‘*0
1 g
—(m +n2)Bo* | = Is — 1| — Iw?, (80)
2 8p p=log(2),s=0
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where, again, the contributions from the interface and both bulk phases are
easily recognized. Solving for the complex Boussinesq number, Bo*, we can
set up the following iterative scheme:

_AR* + iw2r RS (m [Mﬂk — 1 [M;]k) + Tw?

exp . " 7 31
iw2m(m + ) RS, [M], (81)

[BO*]IH-I =

where

3 log(2) ) [g*]

M* _ PleP — 1 2 11k d

[ 1 ] k /0v e (6 ) asl 6120 D,
_ log(2) ) [g*]

M* _ D(,.P __ 1 2 21k d

[ Q]k A e (6 ) 082 520 D,

[\

_ ala*
], - (3 28

-~ 1) . (82)
p=log(2),s=0

Now we will briefly illustrate the performance of this scheme by showing
some preliminary results obtained for the case of a microbutton with radius
R,, = 10 ym, in a cup with radius R. = 2.5 mm, with a water lower bulk
phase depth H; = 2.5 mm, and a forcing frequency w = 7 rad/s. Such values
are typical of the experimental realizations [23, 24] 25| 26].

First we show the results of some convergence tests performed on the
fluid mechanics computations by varying the spatial resolution (mesh spac-
ing). The results using different rectangular meshes (in the logarithmic co-
ordinates) with N nodes in, both, the p and s coordinates, respectively, are
shown in Figure The values of N must be chosen so that the node at
the microbutton rim is as close as possible to the radial coordinate value

p = log(2).
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Figure 11: Left panel: Convergence of the real (blue trace) and imaginary (red trace)
parts of the amplitude ratio as a function of mesh size for a clean interface (Bo* = 0).
Right panel: time needed to solve the hydrodynamic problem to obtain the flow field
configuration as a function of mesh size.

In the left panel we show the variation of the real and imaginary parts
of the complex amplitude ratio, AR*, for a clean interface (Bo* = 0) as a
function of mesh size. Both components converge nicely, the convergence
error being higher in S[AR*]. The right panel of Figure [L1| shows the time
needed to solve the full flow field configuration as a function of the mesh size
(in a desktop computer having a Pentium Core 15-4460 microprocessor and
16 Gb RAM). The computation time grows approximately with N2. Based
on the results shown in Figure we have taken N = 1722 for the rest of
the results shown here because it offers a good compromise between spatial
resolution and computational time cost (~ 17.33 s for each full flow field
configuration).

In Figures (12| and [13| we show color coded plots of the real and imaginary
parts of the velocity amplitude function (R[g](r, 2)] and I[g;(r, 2)], respec-
tively) for different interfacial properties. Figure [12 shows the results for a
clean interface, i.e., n¥ = 0, while Figurecorresponds to the case nf = 107°
Ns/m. Representations in both actual spatial and logarithmic coordinates
(top and bottom rows, respectively) are provided. Notice that the values of
R[g; (r, z)] are very small everywhere but in a very small neighborhood of the
microbutton, which in the real space coordinates is located at the top left
corner of the images. Consequently, we have chosen to show R[g;(r, z)] in a
logarithmic colour scale.

As expected, only the real part of the velocity amplitude function takes
large values (the imaginary part is everywhere three orders of magnitude
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smaller that the real one) and it does so close to the microbutton disk. Hence,
large velocity gradients occur close to the probe. The effect of the interfacial
viscosity can be clearly appreciated by the much larger radial extension of
the flow close to the interface.
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Figure 12: Color coded plots of the real and imaginary parts (left and right panels, respec-
tively) of the velocity amplitude function, g7, for the microbutton configuration indicated
in the text with a clean interface (¥ = 0). Representation in real coordinates (top row)
and logarithmic coordinates (bottom row). Notice the logarithmic color scale in the upper
left panel.
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Figure 13: Color coded plots of the real and imaginary parts (left and right panels, respec-
tively) of the velocity amplitude function, g7, for the microbutton configuration indicated
in the text for a purely viscous interface with n, = 107° Ns/m. Representation in real
coordinates (top row) and logarithmic coordinates (bottom row). Notice the logarithmic
color scale in the upper left panel.

1104 In Figure [14] we show the dependence of the interfacial velocity profile,
ues  gi(r) = g*(r,0), or g¥(p) = g*(p,0), on the interfacial viscosity, 7}, for the
s Mmicrobutton configuration previously indicated, at a forcing frequency w = =
nor  rad/s. Results for purely viscous interfaces with n* = 0, 107°, 1077, 107>, and oo
e Ns/m (green, magenta, blue, black, and brown lines, respectively), which
uoe  correspond to the complex Boussinesq number values Bo* = nf/(R,,m) =
o 0, 1071, 10, 103, and oo, are shown. The analytical solution corresponding
un to |Bo*| — oo is obtained by considering an interface fully decoupled from
u2  the subphase, i.e., neglecting the bulk contribution to the interfacial shear
w3 stress balance (right hand side in expression (67))). The Reynolds number
e value is in all cases Re; = 3 x 107%. The real, R[g!(r)], and imaginary,
ws  F[gi(r)], parts of the interfacial velocity amplitude function are shown as
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continuous and dotted lines, respectively. The left panel shows the plots in
the real space coordinate r, while the right panel shows the plot of |R[g%(p)]]|
as a function of the logarithmic variable p and with a logarithmic scale in
the corresponding vertical axis.

In all of the cases, R[g%(r)] is a rapidly decreasing function of r, which
for low values of Bo* changes sign (see the downward peak in the green
and magenta traces at the right panel) at a logarithmic radial position p ~
5.2, i.e., r ~ 1.8 mm. As expected, increasing the interfacial viscosity, 7,
increases the distance in which R[g?(r)] decays and, consequently, the curves
tend to show a less steep decay. For values of the complex Boussinesq number
Bo* > 10? the curves corresponding to R[g*(r)] are not distinguishable from
each other and they decrease in the whole range of the radial coordinate.

gk (r)] always shows negative values, typically much smaller in modulus
that those pertaining to R[g!(r)]. However, the variation of &[gZ(r)] with the
interfacial viscosity is not monotonous. Actually, starting from 7 = 0, the
modulus of $[g?(r)] increases with n* up to some value of about 10~7 Ns/m,
above which the modulus of J[g¥(r)] starts decreasing because in the limit
of very high interfacial viscosity (i.e., [5 >> R.) the imaginary part of the
velocity amplitude function vanishes, as shown in the right panel of Figure
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Figure 14: Radial plots of the real and imaginary parts (continuous and dotted lines,
respectively) of the velocity amplitude function, g at the interface, for viscous interfaces
with n* =0, 1079, 1077, 10~ and oo Ns/m (light green, magenta, blue, black, and dark
green lines, respectively), represented in the real space coordinate, r. Left and right panels
show g¥(r) and ¢%(p) values, respectively. Notice that in the right panel the vertical scale
of the left vertical axis is logarithmic. The legend in the left panel applies to the right
panel too.
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In order to study the consistency of the iterative scheme [38], [39] to obtain
the converged value of the complex Boussinesq number and, consequently the
value of 7%, we have performed the same two step process described in the
bicone section of this report, i.e., i) solving the fluid dynamical problem
for different values of the complex interfacial viscosity and computing the
corresponding amplitude ratio, AR*, and ii) feeding the iterative process
with the AR* values found in order to obtain the converged value of the
complex Boussinesq number and, consequently, the converged value of 7.
All computations have been made on the same system geometry considered
up to here and at the same frequency.

We have applied such a procedure to interfaces that are purely viscous,
with 0% = ns, viscoelastic, with 7, = n? = n, (i.e, nf = (1 —i)ns), and
purely elastic, with n} = —in,. The values of 7, have spanned the range
1071 < 5, < 1075 Ns/m and we have recorded the corresponding number
of iterations needed to attain convergence. The results are represented in
Figure where the left panels show the values of the real and imaginary
parts of 7} obtained after convergence, namely [1}]. (filled symbols) and [n?],
(open symbols), as a function of the programmed value of n;. The red line
represents the perfect consistency line, [1}]. = [77]. = |ns|. Top, middle,
and bottom panels correspond, respectively, to the cases of purely viscous,
viscoelastic, and purely elastic interfaces. The right panels in Figure
indicate, in each case, the number of iterations needed for convergence of the
iterative process.

For the purely viscous interfaces (top row), the value of 7/ is nicely re-
covered, while numerical errors yield a value of 7 that is always at least
six orders of magnitude smaller than the value of n.. For the viscoelastic
interfaces (middle row), both the real and imaginary parts of the complex
interfacial viscosity are nicely recovered by the iterative process. For the
purely elastic interfaces (bottom row), the value of 7” is nicely recovered,
while numerical errors yield a value of 7, that is always at least three orders
of magnitude smaller than the value of 7. The plots of the number of it-
erations needed for convergence are very similar to each other in the three
cases considered, varying between 5 and 25 iterations in the full complex
viscosity range here studied. A full report of the numerical study will be
given in a separate publication. According to the results shown here, the
microbutton ISR appears to be an excellent candidate for the application of
the flow field-based data analysis techniques here described.
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Figure 15: Results of the consistency test, for R,, = 10 um and w = 7 rad/s, for purely
viscous (top row), viscoelastic (middle row), and purely elastic (bottom row) interfaces
with real and imaginary parts of the complex interfacial viscosity in the range 10713 <
ns < 107° Ns/m. Left panels: Comparison of the converged values [n}], (filled symbols),
and [n)], with the programmed value 7, (red line). Right panels: Number of iterations
needed for convergence for the results in the corresponding left panel.
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6.2. Extension to 3D rheometry

As shown in the previous Sections of this report, the application of flow
field-based data analysis techniques has i) extended the usability window of
interfacial shear rheometers, ii) allowed for a much better separation of the
viscous and elastic components of the response, and iii) considerably im-
proved our understanding of the flow field dynamics in the main practical
interfacial rheometer configurations. Would there be any gain in transpos-
ing such techniques to bulk rheometry? The answer is most probably yes in
situations were the structure of the flow field departs from the linear veloc-
ity profile configuration at the subphase or the interface. For instance, two
aspects in which the application of FFBDA techniques in bulk rheology are
expected to be advantageous are the study of very soft samples (water-like
viscosity), where the structure of the flow field would easily develop a nonlin-
ear vertical velocity profile, and shear banding problems where the combina-
tion of a shear thinning constitutive equation with fluid inertia would easily
produce a low viscosity highly sheared region close to the moving probe.

In the context of bulk rheology we will use the terms “gap loading” and
“surface loading” [8], most used when dealing with the plate-plate configura-
tion in rotational bulk rheometry, as corresponding to the two limiting cases
regarding the flow field configuration: “gap loading” refers to the case where
fluid inertia is negligible (typically, very small gap and low frequency) and
the vertical velocity profile is linear, while surface loading refers to the case
where fluid inertia is relevant (typically, at large gaps and/or high frequency)
and the vertical velocity profile is nonlinear.

To our knowledge, all commercial rheometers process the torque and an-
gular displacement experimental data with simple expressions that are cor-
rect exclusively for the gap loading situation, i.e., for linear vertical velocity
profiles. As soon as the experimental situation deviates from the gap loading
situation, the values output by the rheometer software are in error, while flow
field-based techniques may deal with the nonlinear vertical velocity profile
easily, yielding more accurate values of the dynamic moduli, with a more
realistic separation of elastic and viscous components.

Among the many possibilities that can be thought as extensions of the
techniques previously described we will like to mention three combinations of
experimental systems with already published FFBDA software that require
minimum or null software development:

i) Suitably adapting the flat plate approximation scheme here shown for

58



1210

1211

1212

1213

1214

1215

1216

1217

1218

1219

1220

1221

1222

1223

1224

1225

1226

1227

1228

1229

1230

1231

1232

1233

1234

1235

1236

1237

1238

1239

1240

1241

1242

1243

1244

1245

1246

the bicone bob to the analysis of experimental data obtained in the plate-
plate configuration in bulk rheometry. Here Bo* = 0 and the iterative
process should be organized around the Reynolds number, i.e., the probe
equation of motion will have a single drag torque, corresponding to the
lower bulk phase. Solving the equation of motion for Re (or the bulk
phase viscosity) will give the expression on which to build the iterative
process. Such a procedure will certainly extend the usability window
in the cases where the “gap loading” condition is not fulfilled anymore
because the Stokes length scale becomes smaller than the plate-plate
gap in an upwards frequency sweep.

ii) Using the bicone configuration with a lower bulk subphase and an in-
terfacial film with known interfacial viscosity. Choosing a fluid with a
low viscosity and low vapor pressure for the interfacial film, and setting
an adequate film depth, one might have an interfacial film with known
interfacial viscosity and impermeable to the bulk phase solvent. Here
the probe equation of motion will have both bulk phase and interfacial
contributions to the drag torques. Solving, then, the probe equation of
motion for the bulk phase viscosity will provide the expression for the
iterative process. Such a system will be adequate for rheological studies
of low viscosity bulk samples with high vapor pressure.

iii) Using the high sensitivity instruments and data analysis schemes devel-
oped for interfacial rheology (DWR, magnetic tweezers, or microbutton
ISRs) to measure the rheological properties of bulk samples with or with-
out interfacial layers. Here again, the probe equation of motion should
be solved for the Reynolds number or the bulk phase viscosity to set up
the iterative scheme. In the following we will illustrate the application
of this last scheme to measure the viscosity of water/glycerol mixtures
with, both, the magnetic tweezers and the bicone ISR.

Solutions of glycerol (Merck, Reagent grade) in Milli-Q) quality water were
prepared at percent volume concentrations that were multiples of 10. The
solutions were freshly prepared, sonicated for 15-20 minutes, and stored for at
least 24 hours at room temperature before use. The samples were put in a 3D-
printed PLA block with an excavated pool consisting in a concavity shaped
as a horizontal half cylinder (100 mm long and 16 mm in diameter) connected
by a small channel to a 40 x 40 mm square pool (with a depth of 4 mm),
that is used to measure the interface temperature by means of a pyrometer.
The cavity is filled up to the pool rim always with the same sample volume
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so that good horizontality of the interface and the same vertical distance
between the magnets and the needle are assured. The sample temperature
was controlled to within +0.05°C, by placing the 3D-printed block on top
of a much larger Aluminum plate thermostated by means of a temperature
controlled circulation bath (Polyscience 9110) with +0.01°C precision. A
pyrometer (Micro-Epsilon CS-micro-2W) having 425 mK resolution was used
to measure the interfacial temperature continuously.

The magnetic tweezers ISR, together with the probe calibration proce-
dure, has been fully described in reference [27] for both the microwires [28]
and the commercial needles. Here, two different microwires were used, with
diameter a = 24.6 pum, lengths of 8.5 and 9.0 mm, and masses of 19.5 and
20.6 pg, respectively.

The measurements were performed by imposing an oscillatory displace-
ment of amplitude z; = 200 pm and frequency w = 7 rad/s on the magnetic
trap. The large viscosity measurements were made with a vertical distance
h = 20 mm between the probe and the magnet trap, while the small viscosity
measurements were made with A = 35 mm. For each sample, 20 independent
experiments with a typical time span of 10-15 periods of the forcing signal
were performed.

As stated above, the data analysis procedure is identical to the interfacial
rheology one, with the only exception that the iterative scheme has to be
changed. In this case, no interfacial film is present, so that the Boussinesq-
Scriven boundary condition, equation , must be substituted by the free
surface boundary condition (null vertical velocity gradient at the interface).
Moreover, the term corresponding to the interfacial drag torque in the probe
equation of motion can be dropped and, upon solving for Re*, the following
iterative scheme can be proposed:

i2Lw?a?p fow/2 (—8[9*]k/ap>|p:0 df
(ARz,, = Dk +me?

exp

[Re* |41 =

(83)

where p and m are the bulk fluid density and the rod mass, respectively.

For each sample, we performed a set of 20 measurements at a fixed fre-
quency w = 7 rad/s. The results of such measurements are shown in Figure
16, where the left and right panels show, respectively, a typical example of
a set of 20 measurements at fixed frequency and the global results for all of
the measurements made at different concentrations.
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Figure 16: Bulk rheology measurements with the magnetic rod ISR on glycerol in water
solutions. Left panel: Set of 20 measurements at C = 12.25 %wt. and w = 7 rad/s
(filled symbols: 7n’; open symbols: n”"). Right panel: " and 7" versus concentration (filled
symbols: 7’; open symbols: n”’; red line: reference data [87]; black line: data computed
with the van de Ven equation [88] [89]).

The left panel in Figure [16| shows a typical example of a sequence of the
20 values obtained for 1’ and |n”|, just to give an idea of the variability of
the individual measurements. In this case the data correspond to a sample
with 10%vol. = 12.3%wt. concentration, at a temperature 7' = 22.3 +0.6°C.
For this particular case, the individual measurements are dispersed in the
1.24 < 1 < 1.28 mPas interval, the average value is 7/ = 1.25 mPas, and
the standard deviation is 0.01 mPas. The results obtained for all of the
concentration values explored are shown in the left panel, together with the
reference data, according to [87], and data computed from the van de Ven
equation [88, [89]. The error bars of the experimental results are typically
smaller than the symbol size. The agreement of the results here obtained
with the reference and numerical data is remarkable.

An equivalent scheme can be devised for the bicone ISR by discarding the
Mg, term in equation and solving it for the complex Reynolds number,

sur
so that the following iterative scheme is obtained:

iw?2mp Ry R ORb r? <%> L:h dr

Re* =
Rkt ARcyp + Tw? — ibw

(84)

The very same aforementioned glycerol in water solutions were used in the
experiments made with the bicone ISR, in the configuration shown in Figure
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[k, whose physical parameters were described in detail in [37], mounted on
a Bohlin C-VOR rheometer. In the measurements reported here, the sample
depth was h = 10 mm. For each sample, 20 to 25 independent experiments
with a typical time span of 4 periods of the forcing signal were performed.
The angular displacement signals showed important drifts for the low viscos-
ity cases; before applying the FFBDA scheme the drift was subtracted.
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Figure 17: Bulk rheology measurements with the bicone ISR on glycerol in water solutions.
Left panel: Set of 25 measurements at C' = 34.9 %wt. and w = 107 rad/s (filled symbols:
7’; open symbols: n”; lines represent average values). Right panel: 1’ and 7" versus
concentration (filled symbols: 7’; open symbols: n”; red line: reference data [87]; black
line: data computed with the van de Ven equation [88], [89]).

The left panel in Figure [L7|shows a typical example of a sequence of the 20
values obtained for 1’ and |n”|. In this case the data correspond to a sample
with 30%vol. = 34.93%wt. concentration, at a temperature 7' = 20.040.1°C.
For this particular case, the individual measurements are dispersed in the
2.85 < 1 < 3.12 mPas interval, the average value is 7 = 2.85 mPas, and
the standard deviation is 0.12 mPas. Although the individual measurements
have a slightly larger variability than those obtained with the microwire ISR,
the agreement of the global results with the reference data [87], and data
computed from the van de Ven equation [88] 89] is, again, remarkable.

Such a precision is hardly achievable with the C-VOR in the regular
plate-plate configuration even at very small gap size. Moreover, the range
of validity of the standard rheometer software for data processing, that is
strictly applicable only for the case of linear vertical velocity profile, will be
limited in frequency. For instance, for a water sample and a 500 pm gap, the
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vertical velocity profile will be nonlinear for f > 27rZH12 ~ 0.6 Hz, and the
values output by the rheometer will be in error.

Interestingly, when using instruments designed for interfacial rheology
to make bulk rheological measurements the disadvantage of the bicone ISR,
with respect to the DWR or the MNISR, is compensated to a certain extent.
Obviously, the larger area of contact of the bicone surface with the bulk
sample is not anymore a shortcoming because it increases, comparatively,
the drag torque sensed by the probe. Anyway, the fact that viscosities of
a few mPas can be accurately measured with a sample 10 mm deep gives a
good idea of the gain attainable with the use of FFBDA methods in bulk

rheology.

7. Conclusions and final comments

In this report we have presented a unified view of the different flow field-
based interfacial rheology data analysis schemes publicised up to date. The
initial development of such schemes for the MNISR or the DWR are already
about a decade old [35], 22] 36] and are at work in many interfacial rheology
laboratories. The development of such schemes for the bicone bob rotational
ISR is much more recent [37, 38, 39]. Interestingly, some commercial builders
of rotational interfacial rheometers already offer data analysis software pack-
ages incorporating flow field-based data analysis.

A first conclusion can be drawn directly from the comparative perfor-
mance tests made on the MNISR and the bicone ISR in Section R} flow
field-based data analysis techniques have the potential to cope with nonlin-
ear velocity profiles both at the interface and in the surrounding bulk phases.
Such nonlinear velocity profiles pervade the practical situations in interfacial
rheometry for moderate to low values of the complex Boussinesq number,
Bo*, where the flow field-based data analysis methods yield not only more
realistic values of the sample’s rheological properties but also the structure
of the flow field within the sample. This allows for a much better knowl-
edge and assessment of the experimental conditions, a more realistic separa-
tion of interfacial and bulk contributions, and a more precise separation of
the elastic and viscous components of the sample’s response. On the other
hand, the techniques here described require data analysis procedures that are
more complex, mathematically and numerically, and at significantly larger
computational (memory and time) cost. However, we have also shown that
the spatial resolution and computation times are manageable with nowadays
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desktop personal computers, so that embedding flow field-based techniques
in the real time control and measurement software of commercial or “home-
made” rheometers is currently feasible.

Moreover, we have provided examples of the possibility to extend the ap-
plication of flow field-based techniques to two other cases: i) the data analysis
of the measurements performed with the micro-button ISR, which requires
some particular considerations because of the great disparity between the
micro-button and cup sizes, and ii) the application of such techniques in the
3D rheometry of soft bulk samples, which we exemplify through the analysis
of bulk rheometry experimental data obtained in the MNISR and the bicone
bob ISR on glycerol in water solutions. The results of both new examples
appear to be very promising. Applying such techniques to bulk rheology of
soft samples (water-like viscosity samples) is particularly appealing because
in such situations the bulk viscous length scale will be typically very small
and the application of the classical data analysis based on very simple flow
configurations may yield significant errors, while flow field-based techniques
may deal with the nonlinear flow field configurations rather easily.

A key point in the understanding of the origin and the consequences
of the existence of the nonlinear velocity profiles is the role of the viscous
length scales [46], both at the interface, £5, and the bulk subphase, /,,, and
their competition with the lateral extension of the interface, R.— R}, and the
depth, Hy, of the bulk subphase. Such concepts have been used, for instance,
in discussing the subphase flow structure in the bicone case, and can be used
with benefit in other instruments as, for instance, the rotational rheometers
working in controlled strain mode.

Some caveats are in order here, however. Obviously, the limitations of the
particular physical model chosen for a given geometry are imported directly
into the data analysis scheme. For instance, in all geometries here considered,
very simple flow field configurations have been used, having only one non null
and highly symmetric component of the velocity. Situations in which those
two conditions are not fulfilled cannot be dealt with, evidently. Additionally,
the rheological properties of the sample are assumed to be dependent only on
frequency, but not on the local deformation or shear rate. Hence, problems
involving spatially non uniform rheological properties are out of the scope of
the techniques here described. Nonetheless, it is conceivable that some simple
constitutive equations supplemented with a suitable definition of the local
shear rate might be incorporated into the formulation of the fluid mechanical
problem. From the mathematical point of view, the main open front is that,
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to our knowledge, there is not a theorem stating that the iterative process has
a single stable fixed point. In fact, although rare, some consistency problems
may appear, as we have shown in the case of purely elastic interfaces. Hence,
the results obtained when applying the procedures here described have to be
analyzed with care.
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